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1. Introduction

Data envelopment analysis (DEA) is a popular method for evaluating the relative efficiency of decision-making units (DMUs) [2,15,4].
One of the unique features of the classical DEA method is that it does not make any assumption on the production system's internal
structure. This property makes DEA a general and robust method. However, the classical DEA model leaves out information about the
internal structure, which often reveals process improvement opportunities (e.g., [3]). In addition, few industrial production systems
consist of only a single-stage process.

Recently, the classical DEA has been extended to multi-stage serial systems. One useful feature of the multi-stage DEA model is that it can
estimate the technical efficiencies for a DMU as well as the stages inside it. The multi-stage model is gaining increasing prominence in both
theoretical development and empirical applications of DEA [12,17,30,32,34,19]. However, the multi-stage model in its general form is a non-
linear problem, in that the objective function is a weighted sum of stage efficiency indexes. Therefore, the usual assumption adopted by most
researchers is to model the weights (i.e., decomposition weights), which implicitly reflect the relative importance of different stages in a DMU,
as variables and assume that the weights have a specific structure, such that the original problem can be converted to an equivalent LP.

In this paper, we examine the unintended consequences of this assumption on decomposition weights and efficiency scores. We
conclude that caution is required when interpreting and acting on estimation results under this assumption. Specifically, we find that the
decomposition weights can be non-increasing from the first to the last stages in certain multi-stage DEA models, which implies that the
model always assigns higher (or not lower) priority to the upstream stages in efficiency decomposition. This property can be problematic
in practice, as the evaluator is likely to prefer not to set weights as such. As the weights and efficiency scores are both endogenous in the
multi-stage model, we will show through an empirical dataset that the assumption on decomposition weights has influence not only on
weights but also efficiency estimates as well. Regarding this property, we should note that Despotis et al. [ 13] discuss a similar issue for the
two-stage DEA model without exogenous inputs and outputs (i.e., the simplest type of two-stage models). However, it still remains unclear
whether this property also applies to a general two-stage or a multi-stage model, an issue which we examined in the current paper.
Finally, we find that the analytical relationship between different stages' efficiency scores and weights for certain multi-stage DEA models:
the stage-1 efficiency score decreases when its weight increases (and vice versa).

As an alternative to the models with endogenous weights, we investigate the additive DEA model in which weights are pre-determined
by the evaluator based on her perception for different production stages. Since weights are set as constant in this model, the problem due
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Fig. 1. A general serial multi-stage process.

to endogenous weights is circumvented. However, one limitation for this model lies in its nonlinearity. Li et al. [22] develop an algorithm
applicable to a two-stage DEA model. We improve the existing algorithm for the constant weight model and outline how this improved
algorithm can be applied to a general multi-stage DEA model. The proposed algorithm shortens the computation time by approximately
70% based on an application to evaluating twenty-four Taiwanese non-life insurance companies using a two-stage model. We expect that
the difference in computation time between two algorithms will grow exponentially when the number of stages increases. Finally, we
compare the constant weight model with the traditional two-stage model. We illustrate that the standard multi-stage model may generate
spurious weights and efficiency scores when the importance of different production stages in the model can been articulated.

2. Additive efficiency decomposition in a multi-stage DEA model

Several recent studies extend the classical DEA model to a two-stage system and a multi-stage system [12,17]. An illustration of a multi-
stage production process is shown in Fig. 1. Kao [17] provides a detailed survey of DEA studies on the serial multi-stage processes.

Three major distinctions can be drawn between the classical DEA model and the multi-stage DEA model. First, the classical DEA model
only considers the initial inputs and final outputs of a system, whereas the multi-stage DEA model additionally considers the intermediate
outputs that traverse through the entire process. Second, the classical DEA model aims to optimize the efficiency score of the DMU under
evaluation, and the efficiency score is a ratio between weighted initial inputs and final outputs. In contrast, the objective function of the
multi-stage DEA model (i.e., the overall efficiency) is an increasing function of the efficiency scores of all stages, and the stage efficiency
scores are ratios of weighted inputs and outputs of different stages. Finally, the multistage DEA model calculates efficiency scores at the DMU
and the stage levels, whereas the classical DEA can only calculate the DMU (overall) efficiency score. The multi-stage DEA model has been
applied to measure the efficiencies of a wide variety of applications, such as cable TV service operation units [30], cement manufacturing
production process [32], electric power companies [33,34], bank systems [28,19], Airlines [21] and vegetable oil industry [29].

The multi-stage DEA model that we study in the current paper employs ratio-form efficiency measures, and we begin by introducing
the notatlon for it. Fig. 1 shows the Q-stage production process. For DMU;j, we denote the two output vectors of stage p by z°“t € ER and
zln € 2){ .The notatlon z"“t represents the exogenous outputs of stage p, and zln represents the outputs that serve as inputs to stage p+1 In
addltlon Xijp € iRi represents the exogenous input vector of stage p. We use an alternative formulation for the first stage (stage 1) and the

last stage (stage Q). The inputs for stage 1 are denoted by x;j; and outputs of stage Q by yjo. Thus it follows that X" = xj;, z 0="0 zja =0and
zOth — y
jQ jQ-

We define three variants (M2, M3 and M4) of the general multi-stage model in Fig. 1:

° Structure M1 (with external, intermediate inputs and outputs): if both x{, #0 and z"“t #0 for all p=1,...,Q, where Xx{, € ile; and

Zout e }R
ip

o Structure M2 (no external, intermediate inputs): if Xj, =0 for p=2,...,Q and z;* # 0 for all p=1, ..., Q, where x{, € R®" and z"“t e RS

° Structure M3 (no external, intermediate outputs): if Xj, #0 for all p_l ..,Q and z"ur 0 for p_l .,Q-1, Where X{p e?’ti and
ZOLIt c QR D

° Structure M4 (no external, intermediate inputs and outputs): if both Xj, =0 forp=2,...,Q and z°“‘ Oforp=1,...,Q—1, wherexj, e ERIi
and z°‘“ eRY Re.

Among these four structures, M1 (with external intermediate inputs and outputs) has the most general structure. M2, M3 and M4 are
special cases of M1. As we did not find any specific properties for M1, our subsequent analysis and discussion will focus on M2, M3,
and M4.

Following previous studies, we define the input-oriented efficiency for stagep of DMU; as the ratio of weighted outputs and inputs':

Ry
Zr =1 UprZj; _]pr F+ Zk —1pkZ ka

Sp-1 v
oK1 1kzp 1wt Zi:l"pixjpi

L,Q-1. M
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Similarly, the efficiencies of the first and the last stage are respectively,
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! The output-oriented formulation is shown in Appendix A.
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In (1) and (2), up, represents the multiplier for 205“ the output from stage p. Similarly, v,; represents the multiplier for the exogenous
inputs xj,;, and »p,, represents the multiplier for the zZin (ie., ngk is the outputs for stage p and inputs for stage p+1). These multipliers are
the decision variables in the model. Egs. (1) and (2) show that the numerator and denominator of the stage efficiency are weighted sums
of the inputs and outputs of that stage, respectively. We refer to these sums as virtual inputs and virtual outputs.

2.1. Additive multi-stage models

Depending on how the stage efficiency scores enter the objective function, the efficiency decomposition in a multi-stage DEA model
can be either additive or multiplicative. In an additive model, the objective function is a weighted average of the stage efficiency scores. In
a multiplicative model, the objective is the product of the stage efficiency scores. This paper focuses only on the additive model.

We next present the formulation of the additive model under Structure M1 (with external, intermediate inputs and outputs). The
additive multi-stage models for Structure M2, M3 and M4 are similar to that of M1. The overall efficiency of the multi-stage model (or
DMU) is a weighted average of the efficiencies of individual stages [12]. The model maximizes the evaluated DMU's efficiency 6, under the
condition that the stage efficiencies of all DMUs 6;, (p =1, ...,Q) must not exceed unity.

Q
Max 6o = > Wylop s.t. O <1.j=1,...mp=1,...,Q, 3)
p=1
where 0, are defined in (1) and (2).
We refer to w,, in (3) as the decomposition weights, as they decompose the overall efficiency into stage efficiencies. Cook et al. [12]
define the weights w, as the virtual inputs of stage p divided by total virtual inputs:

m
™ X
5 ZS’:‘ = - whenp=1,
m _ . y
Zi _ Vi Z - (Ekp: 1l My~ 1kZjp_pyc+ Exp: 1 VPI"jpi)
wy, = s (4)
P Z p-1, Ip !
1 M-k et Zx _ 1 VpiXjpi _
~ - ; - Jforp=2,...,Q.
Zi g ViXit Zp 2 Zk —1 - wZp gt Zi _ 1 VpiXjpi

By (4), the 0, in the objective function can be rewritten as
-1 R
23:1 (er:1 UprZgp: + Ek_ 1 ”pkzopk> + 301 UrVor
S 1 ViXoi + 23:2 (Zk; 1 ”pflkzoqu*' Zi: 1 Vpix0pi>

In an output-oriented model, the weights are similar to the input-oriented counterparts, and can be defined as virtual outputs over the
sum of virtual outputs across all stages. It is worth noting that by this construction, the decomposition weights w, become endogenous in
(3), in a sense that the weights and stage efficiencies are determined simultaneously within the model. Many subsequent studies on the
additive model adopt this setting (e.g., [6,8,10,9,11]). The rationale is that the weights defined in this way can reflect the resource
consumption of a stage compared with that of the entire DMU. This construction also provides great mathematical convenience, in that
the original fractional linear problem can be transformed to an equivalent LP. Specifically, we can express the objective function of (3) as a
ratio, and then use the Charnes-and-Cooper transformation [1] to convert the problem to the following LP:

Max Z (Z uP"Zopr + Zﬂpk Opk> + Zuryor

r=1 r=1

s.t. ZVX01+ Z <an1k op— 1k+Z"sz0pl> =1

i=1 k=1

1
Zu" jir F+ Z’ﬁk ik = va_]l’] =1,.

r=1 k=1 i=1

Rp
D tr Jpr+Z'7Pk ka<an Wt S VD =2, .05 =
r=1

i=1

0 = (5)

SQ 1 I
Zury]r ZWQ 1kZ Q ]k+ZVQ1XjQ1 J=1,.
r=1 i=1
Uphs Vpks pks> Ur» Vi = 0. (6)

The output-oriented model of (6) can be developed analogously. See Appendix A for details.

2.2. Issue of the additive multi-stage model

Next, we will describe some properties associated with the weights (4). We find that the weights for different stages' efficiencies are
non-increasing from stages 1 to Q. We start by looking at Structure M2, then M3, and finally M4.

In the input-oriented model for Structure M2 (no external, intermediate inputs), the efficiency score of each stage must not exceed one.
Thus, it follows from (6) that

Ry S1 m
. .
DounZi+ Y i< > vixi,

r=1 k=1 i=1
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Ry
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r=1 k=1

Therefore, the decomposition weights have the following relationship:
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Based on (8), we obtain following theorem.

Theorem 1. In the input-oriented additive multi-stage model (Structure M2), it holds that wi >w, > ... > wyq.

For the input-oriented model for M2 (no external, intermediate inputs), Theorem 1 shows that the decomposition weights are non-
increasing in the sequence of stages, regardless stage efficiency scores. This is against the intuition that in DEA, weights w;, should
optimize the overall efficiency, given the stage efficiencies.

Given Theorem 1, one would reasonably expect that the output-oriented model for M3 (no external, intermediate outputs) may have
symmetric property to Theorem 1. That is, the weights are expected to be non-decreasing in the sequence of stages. Interestingly, we could
not establish this relationship for M3. Following our derivation for Theorem 1, we first note that (9) and (10) holds for the output-oriented
model for M3.

m S1 )
mn H
D vixi= Y nuziei=1,..n
k=1

i=1

Sp—1
Z’?p 1kZj p 1k+ZVp1XJp1 = Z’?pkszkap 2,..,Q-1;j=1,.,n,
i=1 k=1
s[l .
Z”Q 1kZJQ 1k+ZVQ1XJQ1 = Zury_]r,]—l (9)
k=1 i=1 r=1
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However, we cannot establish a relationship between the weights for the two stages due to > vpXjp >0 in (9). If the property
i=1

Ip Sp S, Iy Sp

Sp-1 ) ) p-1 )
Wy <Wwy <...<Wq exists, then ) Mp-1kZip_ 1kt 20 VpiXipi = 37 MpkZjp Must be like > M Zip_1k+ 2 VpiXjpi < Z ﬂpkszk But that
k=1 i=1 k=1 k=1 i=1

cannot be true because of the restriction that the sum of virtual inputs must be not less than the sum of virtual outputs in both input- and
output-oriented models by DEA.

We continue the same analysis to both input- and output-oriented models for other structures. Table 1 summarizes the results that we
derive thus far.

Table 1
Implied weights relationship in additive multi-stage models.

Process structure Additive multi-stage models
Input-oriented Output-oriented
M1 (with external, intermediate inputs and outputs)) X, #0 and zj’p“‘ #0 . =
M2 (no external, intermediate inputs) Xj, =0 and zﬁ;‘f #0 Wi =Wy > ... >Wqo -
M3 (no external, intermediate outputs) X, # 0 and zj?;t =0 - -

M4 (no external, intermediate inputs and outputs) X, =0 and pr”t =0 Wi =Wy > ... >Wq Wi =Wy > .. =Wy
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One might ask the following question: as we found wy > w; > ... > wq for input-oriented model under M4, but why is not there a symmetric
result that wy <w, < ... <wjq for output-oriented model? This can be explained as follows. Under M4 without exogenous inputs and outputs
(ie., when xj, =0 and zOut 0), the relationship of the weights between stages p and p+1 depends on stages p's and (p+1)'s sum of virtual

Sp-1 ) Sp
inputs (i.e., Z My~ 1kZjp 1 and Z Npk J‘pk) for input-oriented model, and stages p's and (p+1)'s sum of virtual outputs for output-oriented

Sp+1
model (i.e., Z npkz k! and Z Mp41 kz ' o 1x) according to the definition of decomposition weights in the additive multi-stage DEA model. We

find the same relatlonshlp for Welghts in the input- and output-oriented model under M4 for two reasons. First, the intermediate products zg‘
served as both inputs (for stage p+ 1) and as outputs (for stage p). Second, the DEA constraints in both input-oriented model and output-oriented
model yield the same inequality relationship between the sum of virtual inputs and the sum of virtual outputs for each stage.
However, the relationship may not exist in (i) both input and output-oriented models under M1, and M3, and (ii) the output-oriented
model under M2. In conditions (i) with the input-oriented model and (iii) (i.e., when Xj, # 0), the relationship of the weights between
I
stages p and p+1 depends on both stages p's and (p+1)'s sum of virtual inputs (ie. kz np,lkz b1k zﬂ: VpiXjpi, and

Ipi1
E pk ka"‘ > Vpi1iXjp41i)- However, stage p's efficiency is restricted to be less than or equal to one, and thus the sum of stage p's
i=1

R Sp- Ip

P
virtual inputs must be greater than or equal to the sum of its virtual outputs, i.e., Z] uprzﬁ;‘r‘+ Z HpkZ ka < Z np,lksz 1wt Z VpiXijpi for
=

in the above inequality forms part of the outputs of stage p's as well as inputs for stage p+1's. Similarly, for stage

Sp
M1. Note that kzl qpkzjgk

Sp—] . Ip SD . SP :
p under M3, it holds that E np—lkZ}B,ﬂ(_" Z VpiXipi = Z MpkZipy and Z nprZip, Will be part of stage p+1's inputs. However, the

spfl 1p+1
relationship of > 11p_1k p 1kt Z VpiXjpi and Z ﬂkaJPk-F Z Vp1iXjp+1i cannot be determined because the external input Xxj;, # 0. As a
k=1

result, we could not identify the relatlonshlp between the decomposmon weights of stages p and p+ 1. The same analysis applies to cases
(i) with the output-oriented model and (ii) with the output-oriented models under M1 and M2 (i.e., when zjoput #0).

Finally, Theorem 2 shows additional properties about the decomposition weights and efficiencies of stage 1and stage Q under Structure
M4 (no external, intermediate inputs and outputs). Interestingly, we find that the lower bound of the stage 1 decomposition weight
decreases in both the number of stages (Q) and its stage efficiency. This means that the stage 1 decomposition weight w; can become
lower when stage 1 becomes more efficient, and that w; can still be high (only bounded above by 1.0) even when Q becomes arbitrarily
large. In summary, the theorem shows that w; in the standard multi-stage model is dominant compared with other w's. Part (ii) of
Theorem 2 states a similar property for the output-oriented model.

Theorem 2 (i) For Model (6) under Structure M4, wy > W

5 and wq < 4> (u) For the output-oriented model (A.4) under Structure M4,
wo < W and wy >

QQ

Proof. In Structure M4 (no external, intermediate inputs and outputs),

ez
(i). In the input-oriented additive multi-stage model, the stage efficiencies are ¢, = Z"‘ 1 0p = 2 p=2,...,Q-1,and

’ S 9
VX p—1 in

S m
HQZM. The weights w; and wy are defined as w;= 2oy V% and wg =

Q-1 zin m Q Sp-1 in

SQ-1 in m
N0 — 1kZ, . . . . .
2 oGy ) The restriction that stage efficiencies must be equal or less than unity shows 3 v;xjj>
i=1

m Q Sp-1 i
P in
Zi _q ViXjit Zp > (Zk —1 Mo - 1Zjp_q

s 5 S S S v
1n n — i= L) j—
> Mz = - Z ﬂp—lksz 1K = Z NpkZipk = - E nQ - 1kZ JQ 1K = Z Uy Thenw; =— S 5 -
k=1 =1 Zi _ g ViXii Zp 2 (Zk '7!””<Zj!v71k>
S - in in
1 =1 Q1 : and wg = 2o oy qu 1Q —1k%Q_1k QL
1 in N\ 1+@-1o pp— 5, =
- Z[{ 2 <ka: 1;"””{2]177“() - Zp i (Zk 1Mk ) 1 ZI_ L ViXii+ Zgz , (ka:: - ”‘Z}S—lk> QZ L UrYr
" Do Z 1 V%
(ii). The proof is similar to (i) and is omitted =
Table 2
A three-stage process and efficiencies.
DMU Stage 1 DEA efficiency of the stage Stage 2 DEA efficiency of the stage Stage 3 DEA efficiency of the stage
X Z(])ut Zi]n Zi1" Zgut Zizn Zi2n y
A 5 10 10 1.0000 10 10 10 0.5000 10 5 0.5000
B 10 10 10 0.5000 10 20 20 1.0000 20 10 0.5000

C 10 10 10 0.5000 10 10 10 0.5000 10 10 1.0000
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Table 3
Efficiencies and weights from the additive model.

DMU [ 01 0, 03 wq wy w3
A 0.9997 1.0000 0.5000 0.5000 0.9995 0.0004 0.0001
B 0.6666 0.5000 1.0000 0.5000 0.6666 0.3332 0.0002
C 0.5714 0.5000 0.5000 1.0000 0.5716 0.2857 0.1427
DMU;,j=1,...n l; x]’h,h —1..H
—H Stage 1 Stage 2 —_—

e
I
—
B
=
i
L
———y-
—
»

Fig. 2. A general two-stage process.

2.3. A three-stage example

We next demonstrate that the weights in the objective function as described above may bias the estimates of the stage and overall
efficiencies. Tables 2 and 3 shows the data of three DMUs. Note that all three DMUs in the example have one efficient stage (i.e., efficiency
score equal to 1 if we evaluate the stage with standard DEA) and two inefficient stages (i.e., efficiency score equal to 0.5 if we evaluate the
stage with standard DEA). Specifically, stage 1 of DMU A, stage 2 of DMU B, and stage 3 of DMU C are efficient. Therefore, one would expect
that these three DMUs should have the same overall efficiency in the multi-stage model, and that, across the three DMUs, the weights (i.e.,
w1, W5, and ws) should follow a fixed pattern corresponding to the stage efficiencies.

However, the results are different from our intuitions. The weights are increasing (w; > w, > wj3) for all three DMUs, and DMU A's
overall efficiency score is higher than DMU B's and DMU C's. This example illustrates that the decomposition weights can cause distortion
of efficiency scores, and that the overall efficiency of some DMUs may not be optimal given their stage efficiencies.

3. Additive efficiency decomposition for two-stage processes

In this section, we turn to the two-stage model, which is a special case of the general serial Q-stage process (i.e., Q = 2). The purpose of
discussing the two-stage model is two-fold. First, we obtain some properties about stage efficiencies and weights, which may not apply to
the multi-stage model. Second, the applications of the two-stage model are more common in the literature. Therefore, a discussion about
the properties of the two-stage model can be useful for future research. Fig. 2 depicts the two-stage process structure.

Similarly, we can categorize the two-stage models as follows:

® Structure M1 (with external inputs and outputs): if both x; # 0 and z** 0, where xj ¢ ®'! and z"* e R .
® Structure M2 (no external inputs): if only x; =0, where xj e Rl and z* e R .

e Structure M3 (no external outputs): if only z?'t = 0, where x{ e ®" and z?'t e ®X .

® Structure M4 (no external inputs and outputs): if both x{ =0 and z¢** = 0, where x{ ¢ R} and 2" ¢ R .

Despotis et al. [13] found that w, < w; in their input-oriented model for Structure M4, which is consistent with Theorem 1.

In addition to the property that w; > w, identified in Despotis et al. [13], we discover several interesting properties of the two-stage
model, including the stage-1 efficiency decreases when w, increases which is contrary to practitioners' belief that higher decomposition
weights should be associated with higher stage-wise efficiencies. To illustrate, first recall that the weights in the input-oriented two-stage

m b in
model are w; = — 2 V% —and wy = — 2o "”?d —. First, because w; > w, and w; +w, =1, it follows that w; €[0.5, 1) and
Do ViXit D g naZh DRATED DL
w> e (0, 0.5], indicating that stage 1 always receives at least as much weight as stage 2. Furthermore, for Structure M4, we can express the
decomposition weights (wy,w;) as a function of the stage 1 efficiency:

v _

1
m D in D 1+6:°
in n 1
Z( _q ViXji+ Zd _1Md%jq 1+Zd _1"d%q J
0

Wi =

i=1 VIXJI
D in
2od—114Zg _ n
m D in_ @ .
L1 ViXji+ g1 naZly O +1

Thus, wy will decrease and w, will increase as stage 1 gains higher efficiency. Further, w; =w, = 0.5 if and only if stage 1 is efficient.

W2=17W1= (11)
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Table 4
Classification of two-stage structures and related studies.

Structure Two-stage additive models Two-stage multiplicative models

M1 (with external inputs and outputs: - _
X/ #0 2z #0,x e R and z"* e RY)
M2 (no external inputs: - _
X/ =0,z #0, x/ e R} and 2 e RY))

M3 (no external outputs: Liang et al. [25] Chen et al. [7]; Li et al. [22]
X/ #0, 2 =0, %/ e R and e RE)
M4 (no external inputs and outputs: Chen et al. [5]; Lu et al. [27]; Wang et al. [35]; Yang et al. [36] Kao and Hwang [18]; Liang et al. [23]; Du et al. [14]

A out _ A H out K
X/ =0,z"=0,x/e R, and "' e RY)

Similarly, we can express the weights (wy,w-) in the output-oriented model as

S
S wy 1 1
Wi ==p =1 =D - =0, +1
Zd:ly’dz}3+zi:1u’yﬁ Zd:l"dz_}3+1 I+l
S
z:r=1“”’fr
6‘.
j2
wi=1-wy= ) (12)
Op+1

which show that w, will decrease when stage 2's efficiency increases, and that w; will increase when stage 2's efficiency increases.

Table 4 lists the studies using the two-stage model. Note that several extensions of the basic two-stage model have also
appeared in the literature. For example, Liang et al. [24] develop a two-stage model with a feedback loop from stage 2 to stage 1,
and Chen et al. [6] propose a two-stage model with shared inputs for the two stages. Applications of the two-stage and network
DEA models have been applied to measuring performance of bank branch with information technology [6], corporate governance
on airline [27], Chinese commercial banking [35,26,37], and tourist hotels [16], among others. Cook et al. [12] extend the two-stage
additive DEA model to multi-stage and network models. Cook et al. [12] and Kao [17] contain several real-world examples of the
two-stage model.

4. Additive models with constant weights

The preceding sections illustrate the limitations of the multi-stage DEA model. To circumvent the problem due to variable
decomposition weights, we turn to (13), which is an additive model with constant decomposition weights.

Q
Max 6, = Z WpOop
p=1

R out S in
>l UirZjy, + P MkZjik .
<1,j=1,...,n,

ST viXs ’
i=1 Y11
Ry out Sp in
. > UprZipr + Zk =1 TpkZipk

TSt in Ip .
o= My 1kZip et 201 1 VpiXipi

s
Zr —1 UorYjr

S.tﬂjl =

Oip <1,p=2,...Q-1;j=1,...,n,

% =3 . ; <lj=1,...n,
DM - G0t it 1 VaiXiai
Uph, Vpks Mpk> Ur, Vi = 0, (13)
. . Q
where w,, are weights predetermined by the evaluator and > wp,=1.
p=1

Note that Model (13) is a fractional linear programming problem ([20], [31]). Unlike the standard DEA model, the problem cannot be
expressed as a linear program by the Charnes-and-Cooper transformation. Therefore, we present a heuristic method to approximate its
optimal solution. Our method extends Li et al.'s approach from their 2012 paper, which is developed for the two-stage multiplicative DEA
model. Their approach aims to maximize the geometric mean of the two stages' efficiency scores (i.e., the DMU's efficiency expressed in
the multiplicative form). The solution is obtained by a line search within the upper bound of the two stages' efficiency scores; we will
introduce how the upper bound is determined later in this section. We improve Li et al.'s algorithm by finding a tighter lower bound,
which can significantly reduce computation time. For example, the computation time is reduced by approximately 70% based on the
dataset used in Section 5.2

Next we will introduce the method for the input-oriented two-stage DEA model with Structure M4 (no external inputs xj; and outputs
zﬁj“t), which we will use in the next section. The method can be extended and applied to solving a multi-stage model with different
structures.

2 For example, the computation time for the two algorithms is 515.05 seconds and 154.49 seconds, respectively, when the step length e is 0.001.
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For DMU,, the input-oriented two-stage model with constant weights for M4 (no external inputs xj; for stage 2 and external outputs

zﬁJ‘“ for stage 1) is

D s
Max wy de: 1 1aZaq4 +WAZB: 1 WrYor
Zi _ 1 Vi%oi Zd 1 MaZgq
D in
>d—1MdZjg
—_—n =
21 ViXji
s
Zr =1 uTy]r

S.t.

N4> Vi, Ur 20, vd,i,r, (14

where w; and w, are predetermined weights, and w; +w, =1.

We approximate the optimal solution of (14) as follows. In the first step, we calculate the bounds for the optimal stage efficiency scores.
In the second step, we use the bounds from the first step to specify the value of one of the stage efficiency scores, and then we can solve
the problem as an LP to obtain the other stage efficiency score.

Step 1. Calculating the bounds of the optimal value for ¢, and 6, in Model (14).
To compute the ranges for ¢; and 0,, we calculate the maximal efficiency scores for stage 1 and stage 2 as follows:

0,1 = Max M ,subject to the constraints of (14). (15)
E, — 1 ViXoj
yal Zr =1 UrYor
0,2 = Max &=L=1 =% subject to the constraints of (14). (16)
=1 ndzod

We denote the optimal objective values of Model (15) and (16) as 6,; and 6,;, respectively. Next, Model (17) maximizes stage 1's
efficiency given the stage 2's efficiency score 6,,. Model (18) maximizes stage 2's efficiency given stage 1's efficiency score 6,;.

m

— MaXZd 1"1d%o,
Zx 1 ViXoi

s.t. the same contraints as in (14),

S
Lo Wor g, a7)
2od—11MdZ0q

= Maxm

in
— 1 l4%oq

s.t. the same constraints as in (14),

D in
z _
de= 1Md4od =001 (18)
D=1 ViXoi

The optimal objective values of Model (17) and (18) are denoted ¢ , and @ ,, respectively.
Theorem 3 shows that the optimal values of Models (15)-(18) constitute bounds for the optimal values for efficiency scores from Model

(14).

Theorem 3. Let 0,1, ?oz. , and 8 , be the optimal objective values of Model (15-18). Then 001 <01 <0p1 and 8, <002 < 6,2, where 6,,and
002 are the optimal values for stage 1 and stage 2 efficiencies by Model (14).

Proof. Suppose 0,; and 6,, are the optimal efficiency scores of stage 1 and stage 2 by Model (14), and 0 <6, <6 ,,. We can then have
W1601 +W260 < W10, +W2bp2 < W16, +W,60,,. From Model (17), 9, 1-002) can be a feasible solution to Model (14). This yields a
contradiction that 8, is the optimum. Therefore, 6,7 must be larger than 0,,- Adding that Model (15) shows the upper bound that 6,; < Oo1,
we can derive that 0,1 <001 <01. A similar analysis is applied to proof of 0,5 <002 < 00).

Step 2. Searching the optimal solutions of (14) based on the range obtained from Step 1.

Given the ranges obtained from Step 1, we can express Model (14) as a parametric programming problem with 6,; € {9 01,901] as the

parameter:

s
U
Max w10 +w2725: 1 trkor

D 1%
Ya-1 'ldz}g
SoiL 1 ViXii
Sr 1 U
ng 11dZ; in

s.t. <1,Vj,

<1,vj,

N4> Vi, Ur > 0,Vd,i,r. (19)
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With 6,7 assigned to a value, Model (19) maximizes the stage 2 efficiency score >} _ ; t,y,,/ ZdD: 1 ndzg}j. The optimal solution (g, v;,u;) of
Model (19) can be approximated by solving Model (20):

S
> UrYor
r=1
Max =
d—114%4

D in
2 d=114%q -

S.t.mi —_—
doi— 1 ViXii

D .
Dod—1MdZoq
S 1 ViXoi
na> Vi ur >0, vd,i,1. (20)

=061,

Model (20) is equivalent to the following LP after applying the Charnes-and-Cooper transformation:

S
Max > "y,

r=1
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s D
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D X m
D nazgy =001y ViXei =0,
d=1

i=1
N4> Vi, Ur >0, Vd,i,r. 21

To obtain the optimal stage 2's efficiency 6,,, we start by solving Model (21) with 6,; equal to its upper bound, 6,;. Then we stepwise reduce
0,1 by £ (¢=0.0001 for example), namely, 9’0‘1 =001 —e x k, k=1,2,... until the lower bound ¢ , is reached. We denote the corresponding
optimal objective value for Model (21) is 6%,. The efficiency of the overall process can be estimated as 6, = max { w;6%; +w,06%, }, where the
6%, and 6%, associated with is the optimal stage 1 and stage 2 process's efficiency scores. We summarize this Keuristic method as follows. We
will discuss how to apply this algorithm to a general multi-stage model in the final section.

Heuristics to approximate the optimal solution of (14)

. Initial k=0, ¢ is a user-specify parameter.

- Let k=k+1, and 65, =0, —e x (k—1).

- Solve Model (21) with 6,; = 6, to obtain optimal objective value as 6%,.

- Compute ,(k) = w165, +w,6K,.

- If 0%, >0, go to step 2; otherwise, go to step 6.

- Let k* = arg{max{6,(k)} }. The efficiency of the overall process can be approximated by 6, = 6, (k*), and the optimal stages efficiency

AU WN =

_k* _ okt
scores are 6,1 =065, and 6,3 = 65,.

5. An illustration

In this section, we use the data of a two-stage model from Kao and Hwang [ 18] to demonstrate the issues that we discussed earlier in this
paper. The data contain the inputs (Operation expenses and insurance expenses), intermediate outputs (direct written premiums and
reinsurance premiums), and outputs (underwriting profit and investment profit) of 24 Taiwanese non-life insurance companies (see Appendix
B). Table 5 shows the DMU's efficiencies and the optimal weights that one would obtain by using the two-stage model of Chen et al. [5].

Table 5 shows that stage 1's weight, wy, is larger than stage 2's weight, w, for all DMUs except for DMUs #9, #12, #15, #19 and #24
(w1 =w, =0.5 for these five DMUs). Note that the weights are negatively associated with each stage's efficiencies. For example, both
DMUs #3 and #22's stage 2 efficiency scores are 1.000, but DMU #3's stage 1's efficiency score (=0.690) is greater than DMU #22's
(0.590). However, DMU #3's weight for stage 1 (0.592) is lower than that for DMU #22 (0.629). This is contrary to our expectation that a
DMU (or the model) should assign a higher weight to the stage with a higher efficiency in order to maximize the DMU's overall efficiency
score. This example illustrates the problem of interdependency between weights and efficiency scores, which arises because weights and
stage efficiencies are both endogenous in the model. In other words, one cannot really tell how much of the efficiency score reflects
technical efficiency status and how much is due to the influence from weights.

To illustrate the influence of weights on efficiency estimates, we compare the results from Chen et al.'s method with those from Model
(14) with different predetermined weights. These predetermined weights reflect how the decision-maker values stage 1's efficiency over
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Table 5
Additive efficiency scores and weights in Chen et al. [5].

DMU 0; wq Wy On Op
1 0.8491 0.5019 0.4981 0.9926 0.7045
2 0.8122 0.5004 0.4996 0.9985 0.6257
3 0.8166 0.5917 0.4083 0.6900 1.0000
4 0.5965 0.5799 0.4201 0.7243 0.4200
5 0.8727 0.5462 0.4538 0.8307 0.9233
6 0.6887 0.5100 0.4900 0.9606 0.4057
7 0.5804 0.5707 0.4293 0.7521 0.3522
8 0.5795 0.5795 0.4205 0.7256 0.3780
9 0.6116 0.5000 0.5000 1.0000 0.2233
10 0.7131 0.5372 0.4628 0.8615 0.5408
11 0.5088 0.5783 0.4217 0.7292 0.2066
12 0.8798 0.5000 0.5000 1.0000 0.7596
13 0.5565 0.5523 0.4477 0.8107 0.2431
14 0.5773 0.5798 0.4202 0.7246 0.3740
15 0.8069 0.5000 0.5000 1.0000 0.6138
16 0.6395 0.5303 0.4697 0.8856 0.3615
17 0.6126 0.5803 0.4197 0.7232 0.4597
18 0.5868 0.5576 0.4424 0.7935 0.3262
19 0.7056 0.5000 0.5000 1.0000 0.4112
20 0.7654 0.5173 0.4827 0.9332 0.5857
21 0.5412 0.5713 0.4287 0.7505 0.2623
22 0.7418 0.6291 0.3709 0.5895 1.0000
23 0.6854 0.5427 0.4573 0.8426 0.4989
24 0.5435 0.5000 0.5000 1.0000 0.0870

stage 2's efficiency. We use the same insurance companies' data, and experiment with different values of wy (from 0.1, 0.2,..., to 0.9) to
solve Model (14). We refer to Model (14) with constant weights as the “constant-weight model.” Note that in a two-stage model, the
weights will sum up to one (w;+w,=1); therefore when w; is assigned to a certain value, w, automatically receives a
corresponding value.

Fig. 3 shows the differences between the efficiency scores of these two models. The horizontal axis represents the weight w, for stage
1. The vertical axis in Fig. 3(a) and (b) indicates the differences between the product of efficiency scores and weights (i.e., w16, in Fig. 3(a),
W0, in Fig. 3(b), and w161 +w-6, in Fig. 3(c)) for all 24 DMUs.> A positive value implies that the weighted efficiency score from the
constant-weight model is higher than that obtained from Chen et al.'s model.

We have a number of interesting observations from the results. First, Fig. 3(a) shows that the differences regarding w6, increase from
negative to positive values as wy increases, and that the differences approach zero when w; is within the region of [0.5, 0.6]. Observe that
the optimal wyvalues from Chen et al.'s [5] additive two-stage model shown in Table 5, fall in the range between 0.5000 and 0.6291, or
approximately [0.50, 0.63]. This implies that stage 1's efficiency in Chen et al.'s model carries no less weight than stage 2's efficiency, and
that a slightly higher preference is given to stage 1 for certain DMUs. Thus, when w; is set to lower than 0.500 in the constant-weight
model, the value of w{6; tends to be lower than the Chen et al. counterpart. The differences for w,6, also exhibit a similar but opposite
pattern described above (see Fig. 3(b)). Similarly, when w; is lower than 0.500, the differences for w,0, tend to be positive. The above
patterns demonstrate that Chen et al.'s model can generate stage-wise efficiency scores different from the optimal scores under a fixed
value of w; and w;. Therefore, Chen et al.'s model [5] would be inappropriate in a likely situation where the evaluator intends to attach a
higher importance weight to stage 2 over stage 1.

Second, the two methods also give different overall efficiency scores. Fig. 3(c) shows the differences in the overall efficiency scores
from two methods. It shows that the differences increase as w; moves further away from the range [0.50, 0.63], and that differences
are positive for some DMUs and negative for others. The latter result is related to several DMU-level factors, including (1) whether
stage 1 or stage 2 has better relative efficiency, and (2) the range of 9, and 0, for the constant-weight model. As an illustration, we
pick a few representative DMUs (DMUs #9, #12, and #17) and plot their efficiency scores from the constant weights model in Fig. 4.
The region between dashed lines is the range of §;, whereas the region between round-dotted lines is the feasible range of 4, The
figure also shows the differences between the overall efficiency scores from two models, whose value corresponds to the right-hand-
side vertical axis.

Fig. 4 shows the results for the three DMUs that we choose. The difference between the overall efficiency scores for DMU #9's increases
in wy. The constant-weight model generates a higher score when wy is higher than Chen et al.'s optimal wy value (marked as a “cross” in
the horizontal axis). As noted, the main reason is that DMU #9's stage 1 has an edge over its stage 2's efficiency. Thus, its overall efficiency
score would increase when w; takes a higher value. Note that through our computation we find that its stage 1 efficiency score (6;) can
vary between [0.44, 1.0], while its stage 2 efficiency score (6,) can vary between [0.22, 0.29]. Increasing w; from 0.1 to 0.2 would result in a
higher 6, at the cost of lower 6, and both scores have reached their respective bounds when w; = 0.2. Thus when w; > 0.2, the objective
value, which is also the overall efficiency of DMU #9, will increase linearly at a fixed marginal rate of #; —6,. In other words, the increase in
overall efficiency when w; > 0.2 is due to the increase in w,. The difference in overall efficiencies will increase from negative to zero when
wy is set equal to the optimal w; value of the Chen et al.'s method, and will continue to increase linearly as w; increases. Note that the
difference between the overall efficiency scores can be as high as 0.3.

3 We choose to examine the product of efficiency and weight, w;6; and w,6,, because both variables are endogenous in the Chen et al.'s method. Due to endogeneity,
one cannot isolate the influence of weights on efficiency scores in the optimal solution.
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Let us now turn to DMU #12. Observe that under the constant-weight model, the stage 1 and stage 2 efficiencies of DMU #12 have a
unique solution. Thus, its overall efficiency will be a linear function of w;. This stands in contrast to DMU #17: the bounds of DMU #17's
stage 1 and stage 2 efficiencies have a substantial overlap (Fig. 4(c)), and therefore the difference between overall efficiency scores
becomes nonlinear (in our case a concave function of wy).

In summary, we show that the weights and efficiencies in the existing two-stage DEA model are endogenous, leading to difficulties in
interpreting the results. We also show that the weight of stage 1 always carries at least as much weight as the stage 2. This implicit
assumption is likely to lead to spurious efficiency scores, as was evidenced in the preceding analysis.
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Fig. 3. Differences of the stage-wise and overall efficiency scores under different w;. (a) Differences of the stage 1 wy%6; in the optimal solutions from two models.
(b) Differences of the stage 2 w6, in the optimal solutions from two models. (c) Differences of the overall efficiencies from two models.
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efficiencies from two models. (b) DMU #12's stage and overall efficiencies from two models. (c) DMU #17's stage and overall efficiencies from two models.

6. Discussion and conclusion

This paper reveals several previously overlooked properties about the decomposition weights in the additive multi-stage DEA model. We
summarize our findings as follows. First, we find that the decomposition weights for the input-oriented multi-stage models are non-increasing in
the sequence of stages. This means that the earlier stages would obtain higher decomposition weights and therefore a greater influence on the
overall efficiency. In the two-stage model, for example, this means that the first-stage decomposition weight will be at least as high as 0.5. It is not
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too difficult to find examples where managers may find this property at odds with the process context in question. For example, one may argue
that stage 2 in a two-stage process should carry a higher weight because stage 2 is closer to the customer, whose perception on stage 2 would be
more influential to future demand. The traditional two-stage (or multi-stage) model is not flexible enough to adapt to such environments. Another
possible issue is that the endogenous weights may deviate substantially from the evaluator's preference and the best interest of the evaluated
DMU (for example, if the evaluator prefers to set the weights as 0.1 and 0.9 for stages 1 and 2, respectively). Second, we demonstrate that the
monotonic property of decomposition weights can interfere with the estimated stage and overall efficiency scores. The empirical application
shows that the efficiency scores from a standard two-stage model are subject to the influence from decomposition weights. This also suggests the
need to develop alternative models. We looked at one such alternative: the multi-stage DEA model with constant decomposition weights.

We improve the algorithm for solving the multi-stage DEA model with constant decomposition weights. In the case of two-stage
models, the improved algorithm was able to reduce the computation time by approximately 70% than the competing algorithm. We
believe the performance gap will increase exponentially in the number of stages, as the number of problems that needs be solved will also
increase as such. This improved algorithm also easily lends itself to a multi-stage DEA model with a different internal structure. We outline
the extension as follows. As noted earlier, we can obtain the upper bound of stage efficiency score, by solving one maximization problem
for each stage efficiency score. The lower bound for the stage efficiency score for a particular stage can be obtained by solving a
maximization problem similar to the one for the upper bound, but now the weighted sum of all the other stages' efficiency scores is set to
its maximum value (which we obtain by first solving a separate problem). In other words, we approximate the lower bound of a particular
stage's efficiency score by solving a problem similar to the two-stage method, in which we now fix the aggregate sum of all the other
stages' efficiency scores at its maximum. Once the bounds are determined, we can proceed to compute the stage and overall efficiency
scores by first discretizing the value range within the bounds and then solve problems based on combinations of the discretized values.

Further research into multi-stage DEA models seems warranted. First, we found that decomposition weights and efficiency scores are
linked in the traditional model. Although we use a numerical example as evidence of this confounding effect, more research is needed to
further validate this claim analytically. Second, the model with constant weight is one option to model the multi-stage problem, but we
also acknowledged its limitation in computation, too. Future research can try to develop linear formulations that are not subjective to the
same limitations identified by this paper.
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Appendix A. The output-oriented multi-stage model under structure M1

The output-oriented efficiency for stage p process for DMU; is defined as sum of virtual inputs divided by virtual outputs:

Sp-1 in Ip ETa
2ok = 1 My 1kZipakt 2oi'— 1 VpiXipi 2 1 Al
91’: Ry u out Sp in D= 7"'>Q7 5 ( )
> prZipe + Do NpkZjpk

m :
91 — 2 Z, =1 V'XJS‘
1 out 1 in *
Zr _ W Zk — 1M

So-1 i Io '
2k Mo-wFid ikt 2oi 1 VaiXjai

0q (A2)
Ei =1 uryjr
The weights wj, is the sum of virtual outputs produced in stage p divided by total virtual outputs across all stages:
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where >~ wj, =1. The overall efficiency measure of the system is still represented as a convex linear combination of the Q stage-level
p=1
P

measures, 0= > Wp0,.

p=1

In the output-oriented model, the restrictions for the individual measures 6, (p=1,...,Q) are that they must exceed unity. Similarly,
after the Charnes-and-Cooper transformation, the overall efficiency ¢ of DMUy can be obtained by solving the following LP:
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Appendix B. Data set of 24 Taiwanese non-life insurance companies
See Table B1

Table B1

Taiwanese non-life insurance companies 2001-2002 (in thousands of New Taiwan Dollars. Source: [18]).

(A4)

DMU Inputs Intermediate outputs Final outputs
Operation expenses Insurance expenses Direct written premiums Reinsurance premiums Underwriting profit Investment profit
1 1,178,744 673,512 7,451,757 856,735 984,143 681,687
2 1,381,822 1,352,755 10,020,274 1,812,894 1,228,502 834,754
3 1,177,494 592,790 4,776,548 560,244 293,613 658,428
4 601,320 594,259 3,174,851 371,863 248,709 177331
5 6,699,063 3,531,614 37,392,862 1,753,794 7,851,229 3,925,272
6 2,627,707 668,363 9,747,908 952,326 1,713,598 415,058
7 1,942,833 1,443,100 10,685,457 643,412 2,239,593 439,039
8 3,789,001 1,873,530 17,267,266 1,134,600 3,899,530 622,868
9 1,567,746 950,432 11,473,162 546,337 1,043,778 264,098
10 1,303,249 1,298,470 8,210,389 504,528 1,697,941 554,806
1 1,962,448 672,414 7,222,378 643,178 1,486,014 18,259
12 2,592,790 650,952 9,434,406 1,118,489 1,574,191 909,295
13 2,609,941 1,368,802 13,921,464 811,343 3,609,236 223,047
14 1,396,002 988,388 7,396,396 465,509 1,401,200 332,283
15 2,184,944 651,063 10,422,297 749,893 3,355,197 555,482
16 1,211,716 415,071 5,606,013 402,881 854,054 197,947
17 1,453,797 1,085,019 7,695,461 342,489 3,144,484 371,984
18 757,515 547,997 3,631,484 995,620 692,731 163,927
19 159,422 182,338 1,141,951 483,291 519,121 46,857
20 145,442 53,518 316,829 131,920 355,624 26,537
21 84,171 26,224 225,888 40,542 51,950 6491
22 15,993 10,502 52,063 14,574 82,141 4181
23 54,693 28,408 245,910 49,864 0.1 18,980
24 163,297 235,094 476,419 644,816 142,370 16,976
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