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Abstract—The sensitivity of cylindrical and spherical transformation
cloak to several factors has been carefully studied in this paper. We
find that the performance of the transformation cloak is quite sensitive
to the crevice in the shell. When an obstacle is not completely
wrapped inside the cloaking shell, noticeable scattering will be induced
outside. It is also shown that if the shape of the cloak is changed
in certain ways while the material parameters remain the same, the
backward scattering is still zero. In addition, the combination of
parts of cylindrical cloak can only achieve perfect invisibility in one
direction, while combining the cylindrical cloak with two halves of
spherical cloak can still make a perfect 3-dimensional (3D) invisible
cloak. The findings are verified with finite element based simulations
as well as theoretical calculations. Our discussion results are valuable
to the implementation of cloak in engineering.

1. INTRODUCTION

Recently, there is an increasing interest on hiding objects from EM
detection with cloaking devices [1–17]. Pendry et al. [1] suggested that
with metamaterial, the detecting wave can be bent around the obstacle
without touching it. Schurig et al. verified the idea by calculating the
material properties associated with a coordinate transformation and
used these properties to perform ray tracing [2]. Full wave numerical
simulations on cylindrical cloaking were presented by Cummer, who
also proposed the idea of using reduced parameters to simplify the
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cloaking fabrication process [3]. The experimental demonstration of
circular cylinder cloaks is reported afterwards [4], which attract more
exploration on the topic of invisible cloak regarding the practical
applications [5, 6]. Up to now, most of the theoretical discussion
and experimental realization of cloak are focused on cylindrical and
spherical cloaks, which is due to the relative simplicity of their
parameters [1–10]. However, in engineering, some non-ideal factors
in the fabrication process will sometimes affect the shape of the cloak,
or even result in some crevices in the cloaking shell. In this paper,
we discussed the sensitivity of the cloak to these non-ideal factors.
It is found that the performance of the cloak is very sensitive to the
crevice in the shell. Even a small slit will cause a noticeable scattering
outside. We have also shown that a cloak with perfect material
parameters but changed shape has zero backward scattering. For some
special cases, it can even realize perfect invisibility in one direction.
Finally, the possibility of implementing cloaking of other shapes with
segmented pieces of ideal 2D and 3D cloaks is discussed. It is found that
combining parts of 2D cloaks cannot achieve perfect invisibility. Even
with properly combination method, we can only observe the invisible
behavior when the cloak is illuminated in one specific direction. In
contrast, 3D perfect cloaking can be easily realized by combining a
finite cylindrical cloak with two halves of spherical cloaks. Numerical
simulations are performed to examine all the findings, showing the
validity of results to the implementation of cloak in engineering.

2. 2D IMPERFECT CLOAK CREATED WITH
SEGMENTS OF SPHERICAL CLOAKS

Let us start with scrutinizing the scattering behavior of the two cloak
parts separated by a slit with numerical simulation based on finite
element method. Fig. 1 describes the field distribution of cloak parts
in four cases. In Fig. 1(a), an ideal cylindrical cloak with the following
material parameters is illuminated by a TE plane wave [2, 17]:

ερ = µρ =
f (ρ)
ρf ′ (ρ)

, εϕ = µϕ =
ρf ′ (ρ)
f (ρ)

, εz = µz =
f ′ (ρ) f (ρ)

ρ
(1)

where f (ρ) is the transformation function with f (R1) = 0, f (R2) =
R2. R1 and R2 represent the inner and outer radius of the cloak,
respectively. For some special cases, we might not be able to
completely wrap an object inside a closed shell. Therefore, it is
necessary to estimate how a crevice in a cloak shell affects the cloaking
performance. We first remove half of the cloak shell and calculate
the field distribution by using finite element method (FEM), which
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is shown in Fig. 1(b). The simulated results indicate large forward
scattering is caused and a shadow can be observed behind the half
cloak shell. Adding the other half of the cloak but still leaving a
slit between the two halves will not improve the scattering behavior,
which can be seen in Fig. 1(c). Moving these two parts far apart can
cause an even larger scattering, as depicted in Fig. 1(d). The above
results clearly show that chapped cloak can not make the object inside
invisible, even if the rift is very small.

 

Figure 1. (Color online) The electric field distribution of TE wave
illuminated 2D cloaks in four different cases: (a) the ideal cloak (b)
half of the cloak (c) two equal halves of the cloak with a small slit
which separates the two parts (d) two separated equal halves of the
cloak with a distance apart.

Since perfect invisibility cannot be achieved when there is a
crevice in the cloak, we next discuss the possibility of improving the
performance of this chapped cloak. For the purpose of wrapping the
object completely, we add two slabs to the separated cloak shells to
make a reshaped cloak. The relative permittivity and permeability
tensors of the upper slab are

εx = µx = g′(y), εy = µy =
1

g′(y)
, εz = µz = g′(y) (2)

In order to make the connected boundary perfect matched, here linear
transformation function is selected as g(t) = f(t) for R1 < t < R2. The
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parameters for the nether slab can be similarly achieved. We simulate
both TE polarized incidence and TM polarized incidence cases in two
orthogonal directions. The results shown in Fig. 2 indicate that only
when a TM polarized plane wave is incident along x direction, the
scattering outside is exactly zero. Thereby, only imperfect 2D cloak
which can realize invisibility in one certain direction can be achieved
by combining the two pieces of cylindrical cloak.

 

Figure 2. (Color online) The electric field distribution of a 2D cloak
created by combining two separated halves of the circular cylindrical
cloak with metamaterial slabs. (a) vertical TE wave illumination (b)
horizontal TE wave illumination (c) vertical TM wave illumination (d)
horizontal TM wave illumination.

Our next step is to analyze how sensitive the cloak is to the
shape, since a cloak fabricated in engineering might not always be
realized with the perfect profile. In order to simply the discussion,
we first segment the cloak shell into two unequal parts with material
parameters unchanged and then combine two parts which are smaller
than half together to make a reshaped cloak, as shown in Fig. 3(a)
and (b). It is found that the backward scattering is always zero,
which indicates that from monostatic detection, an obstacle inside
the cloak is still invisible to the observer. In addition, it can be
seen that under a vertical illumination (Fig. 3(a)), perfect invisibility
can be achieved while in horizontal illumination case (Fig. 3(b)),
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Figure 3. (Color online) The electric field distribution of TE
wave illuminated cloaks created by combining two parts of the ideal
cylindrical cloak (a) the ‘one cell’ reshaped cloak under the vertical
illumination (b) the ‘one cell’ reshaped cloak under the horizontal
illumination (c) the ‘two cell’ reshaped cloak under the vertical
illumination (d) the ‘two cell’ reshaped cloak under the horizontal
illumination.

strong forward scattering is induced. This phenomenon is not difficult
to understand. We know that the inner boundary of the original
cylindrical cloak is mapped from a point. The truncation of the
inner boundary will disturb the paths of the rays when the wave is
horizontally incident, which will cause scattering as a result. This
can also be confirmed by another case, where two parts of the cloak
larger than half are combined to form a “two cell” reshaped cloak. In
this case, the light paths in the central region will be disturbed in both
vertical and horizontal illumination conditions. Thereby, large forward
scattering can be observed in both Figs. 3(b) and (d), although the
backward scattering remains zero for both cases. This result indicates
perfect invisibility cannot be achieved in all the cases. What should be
noticed is that the field inside the core of the shell is still zero, though
here small electric field inside the cloak can be observed in Fig. 3,
which is due to the limited precision of the numerical simulation (It
has already been demonstrated that even a small perturbation at the
boundary can introduce EM field to the inside region of the cloak).
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The zero inner field indicates that the scattering is caused by the
coating itself. Therefore, the observer outside cannot see what exactly
the obstacle is inside the coating, since whatever the obstacle is, the
scattered field outside is always the same.

3. 3D PERFECT CLOAK CREATED WITH SEGMENTS
OF CYLINDRICAL AND SPHERICAL CLOAKS

We will show in this section that perfect invisibility can be achieved by
a proper combination of two pieces of slit spherical cloak, the process
of which is shown in Fig. 4. We consider a 3D reshaped cloak by
adding a truncated cylindrical cloak (with length L along the axial
direction) and two half spherical shells (whose centers are located at (0,
0, L/2) and (0, 0, −L/2) respectively) together. Suppose the material
parameters of the truncated cylinder take exactly the same forms of
Eqs. (1), and the relative permittivity and permeability tensors of the
upper semi-sphere are expressed as:

εr = µr =
h2 (r1)
r21h

′ (r1)
, εθ = µθ = εϕ = µϕ = h′ (r1) . (3a)

while the parameters of the bottom semi-sphere are

εr = µr =
h2 (r2)
r22h

′ (r2)
, εθ = µθ = εϕ = µϕ = h′ (r2) . (3b)

where r1 =
√
x2 + y2 + (z − L/2)2 and r2 =

√
x2 + y2 + (z + L/2)2.

h (t) is the transformation function with h (R1) = 0 and h (R2) =
R2. R1 and R2 represent the inner and outer radius of the cloak,
respectively. Since at the interior boundary of the cloaking f (R1) = 0

 

Figure 4. Schematic for the process of combining truncated
cylindrical cloak and two halves of spherical cloak.
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and h (R1) = 0, it can be demonstrated that the fields scattered by
this boundary as well as the fields penetrating inside the cloaking
are exactly equal to zero [9]. Meanwhile at the outer boundary of
the cloaking f (R2) = R2 and h (R2) = R2, which indicates that the
reshaped cloaking is perfectly matched to the background. Therefore,
the scattered power outside could only be caused at the connected
boundary. The transformation function h (t) is hence chosen to be
f (t) for R1 < t < R2 in order to make the fields matched at the
connected boundary. The scattering characteristics of this reshaped
cloaking can be further examined by analytically calculating the field
distribution [18–28]. Following the same steps of [7] and [9], we
decompose the fields into TE and TM modes by introducing vector
potentials ĀTM and ĀTE, respectively [9]:

BTM = ∇×
(
ĀTM

)
(4a)

DTM =
i

ω

[
∇×

(
¯̄µ−1 · ∇ ×

(
ĀTM

))]
(4b)

DTE = −∇×
(
ĀTE

)
(4c)

BTE =
i

ω

[
∇×

(
¯̄ε−1 · ∇ ×

(
ĀTE

))]
(4d)

Let cos (θ1) = (z − L/2) /r1, cos (θ2) = (z + L/2) /r2, then we can
obtain the scalar potentials in the truncated cylindrical cloak layer,
the top semi-spherical layer and the bottom semi-spherical layer to be
of the following forms, respectively:

Ācly
TM = ẑ

∫
Γcly

TM

dkz

∑
n∈�cly

TM

aTM
kz ,nJn

(√
k2

0 − k2
zf (ρ)

)
einϕ+ikzz

Ācly
TE = ẑ

∫
Γcly

TE

dkz

∑
n∈�cly

TE

aTE
kz ,nJn

(√
k2

0 − k2
zf (ρ)

)
einϕ+ikzz

(5a)

Āup
TM =

(
r̂1h

′ (r1) cos θ1 − θ̂1
h (r1)
r1

sin θ1

) ∫
Λup

TM

dν

∑
n∈�up

TM

bTM
ν,n jν (k0h (r1))Pn

ν (cos θ1) einϕ

Āup
TE =

(
r̂1h

′ (r1) cos θ1 − θ̂1
h (r1)
r1

sin θ1

) ∫
Λup

TE

dν

∑
n∈�up

TE

bTE
ν,njν (k0h (r1))Pn

ν (cos θ1) einϕ

(5b)
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Ābot
TM =

(
r̂2h

′ (r2) cos θ2 − θ̂2
h (r2)
r2

sin θ2

) ∫
Ωbot

TM

dν

∑
n∈ℵbot

TM

cTM
ν,n jν (k0h (r2))Pn

ν (cos θ2) einϕ

Ābot
TE =

(
r̂2h

′ (r2) cos θ2 − θ̂2
h (r2)
r2

sin θ2

) ∫
Ωbot

TM

dν

∑
n∈ℵbot

TM

cTE
ν,njν (k0h (r2))Pn

ν (cos θ2) einϕ

(5c)

where Jn, jν , and Pn
ν are n-th order Bessel function, ν-th

order spherical Bessel function, and ν-th order associated Legendre
polynomials of degree n. All the unknown coefficients aTM

kz ,n, aTE
kz ,n,

bTM
ν,n , bTE

ν,n, cTM
ν,n , and cTE

ν,n as well as the admissible value of separation
parameters kz, ν, and n can be determined by applying boundary
conditions. Finally, all the components of the fields can be obtained
by substituting Eqs. (5) into Eqs. (4). Fig. 5 shows the analytically
calculated field distribution of a 3D cloak under the TE polarized
illumination of three different directions. It can be seen that the waves
are guided around the cloak cover without inducing any scattering,
which indicates an omni-directional perfect invisible capability.

Figure 5. (Color online) The electric field distribution of a 3d cloak
created by combining two halves of the spherical cloak with cylindrical
cloak. (a) vertical TE wave illumination (b) horizontal TE wave
illumination (c) oblique TE wave illumination.

4. DISCUSSION

One point that should be taken into consideration when we combine
the cloak pieces to make a reshaped cloak is the continuity of fields at
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the connected boundary. Take the case shown in Fig. 2 as an example.
As the parameters are all matched at the connected boundaries, a plane
surface which connects the centers of the two halves of the cylindrical
shell is mapped to the inner boundary of the cloak while the outer
boundary is matched to free space. And it’s easy to understand that
only in the direction that is parallel to the original plane, the incident
wave can be guided smoothly around the inner region. However, in
the 3D case as depicted in Fig. 4, the inner boundary of the cloak is
transformed from a straight line connecting the centers of the two half
spheres. That is why the inside region is invisible no matter observed
in which direction.

We already know that the invisibility of the cylindrical cloak
desires the infinity in the axial direction. Adding two half spherical
cloak shells to the truncated ends provides a solution to the problem
of inducing scattering. Therefore, we can choose the length of the
cylindrical cloak as we need and ‘seal’ the open ends simply with
the segments of the cloak of other shapes. This design scheme is
applicable in many cases where we need to conceal some objects with
long cylindrical contours.

5. CONCLUSION

How the transformation cloak with ideal parameters reacts to some
disturbance factors in engineering is discussed in this paper. It is
shown with numerical simulations that the performance of cloak will be
deteriorated when a crevice appears in the cloak. In 2D case, combining
the two separated parts with appropriately designed metamaterial
slabs will only yield an imperfect cloak which can realize invisibility
in one direction, while in 3D case, connecting two half spheres with a
truncated cylindrical cloak can achieve perfect invisible behavior. The
sensitivity of 2D cloak to the shape is also studied with two specific
cases.
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