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Abstract: The problem of cooperative attack of multiple missiles is studied in this paper, and these missiles
are supposed to suffer from external disturbances, communication delay. A kinematics model of the multi-
missile under the situation of external disturbances and communication delay is firstly developed.And then
based on the topology of directed graph, the problem of multi-missile convergence is transformed into the
stability analysis of a closed-loop control system. A state feedback robust controller is designed by linear
matrix inequality. Finally, a numerical simulation is given to demonstrate the effectiveness of the proposed

control strategy.
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1. INTRODUCTION

With the development of Anti-Aircraft Missile Systems
(AAMS) and Close-In Weapon System (CIWS) in the world,
it is becoming more and more difficult for a single missile to
breakthrough defense(Lyu etal, 2019). Missile cooperation
provide a new way of combat for modern warfare. Missile
cooperation can share mulitiple missles information with each
other to get the tactical coordination after launch, and finish
the mission as formation group. In this case, the possibility of
breaking through defenses and the capability of successfully
striking against enemy targets will get a considerable
enhancement.

This paper focused on cooperative attack of multiple missiles
under cooperative control. This is more difficult than one
missile launched from different positions at the same time and
aimed at a common enemy target. It is an effective way to
improve the probability of completing the task. convergence
attack is mainly divided into two ways: one is guidance using
cooperative control, and the other is impact time control
guidance (ITCG). The cooperative control requires online data
connection between missiles, and synchronizes the arrival time
by communicating with each other and adjusting their own
flight status. cooperative control has been widely studied and
can be devided into three aspects: time cooperative guidance
(Jeon etal, 2010), directional communication topology (Zhao
etal, 2017) and space cooperative guidance (Shaferman etal,
2017). And the ITCG requires the determination of a suitable
attacking time before guidance (Hu etal, 2018).

However, missiles cannot carry high powered communication
equipment, the quality of connection is difficult to guarantee,
so communication delay and interference would occur in both
sending and receiving of process. In addition, due to the
measurement noise and error, missiles have huge difficult to
get accurate information about their status. The problems of
communication delay, noise interference and model

uncertainty within the missile cooperative control system have
not been adequately studied.

Consensus control has been widely studied in the multi-agent
system (MAS), and as an important research aspect of the
MAS, consensus control has received more and more attention
since last decade. Many research works on MAS mainly
focused on some special graph, such as undirected graph (Hu
etal, 2016), strong connected graph (Yi etal, 2017), balanced
graph (Yu etal, 2016), and so on. As for the MAS under
external disturbances and network imperfections, (Elahi etal,
2019) presents a distributed control protocol for consensus
control MAS.

From the above analysis, it can be found that studies of
controller designed for MAS has received much attention and
multiple missiles can be treated as MAS. But the design steps
of this approach are cumbersome, the solving process of MAS
heavily dependent on the state information of other agent, and
variable topology will substantially increase the computational
effort. All these problems prevent graph theory-based
approach from being put to real battlefield use. Therefore, this
paper proposes a linear matrix inequality (LMI) method to
solve the convergence attack problem. By transforming it into
a stability analysis problem A robust controller is then
designed and the input of the controller adopts a decentralized
structure. To reduce the computational complexity, the input
of each controller only depends on itself. Considering the
communication delay and interference happened in the
battlefield environment, the performance of index L,/L,,was
chosen to evaluate the constrained output. The method has
some practical significance when applied to the convergence
attack of multiple missiles.

2. MISSILE MODELING AND PROBLEM DESCRIPTION

A reasonable missile kinematic model is designed and then
the control objective is proposed.
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2.1 Missile model with delay and disturbances

Since most of the missiles always fly in a plane, it can be
assumed that the attitude of the missile does not change. Then
we take external disturbances into account. A missile model is
given as follows.
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where, V is the velocity of the mass center, V. is the velocity
of disturbance, w is the angular velocity of the missile in the
plumb plane, w, is the angular velocity disturbance. 6 is the
angle between the ground plane called path angle, x,y is the
displacement in the horizontal and vertical directions
respectively.

Define the state variables and inputs as follows.
3 X
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where a is the linear acceleration of the missile. According to
the new definition, equation (1) and equation (2) can be
rewritten as.
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For the convenience of controller design, equation (3) is
transformed as follows and defined.

X1 %’1
_ X _ _ EZ
ol P T = &4 c05(&3) )
Xg &y sin(é3)
cos(&3)  sin(&3)
n=| sin(§s) cos(s)|u,=M@u (5)
¢4 $a

Based on the above substitution of variables, the state mode
can be got and.
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It is necessary to fully consider the delay happened during the
process of model building. Therefore the missile motion
control model containing input time delay is established as
follows.

x(t) = Ax(t) + Bu(t — 1) + Gw(t) (8)
where 7 is the time delay of the control input.

Through the above analysis, a mathematical model of the
missile under the action of external disturbance and input time
delay is established, and the model can better describe the
motion of the missile.

2.2 Convergence problem description

The missile model with controller input time delay and
external disturbances developed above and the convergence
problem to be solved are restated for analytical purposes.

In the control problem for convergence attack of multiple
missiles, each missile is assumed to have the same control
model of the following form.

J.Ci(t) = Axi(t) + Bui(t - ‘L') + GWi(t)
yi(t) = Cyx;(¢) 9
z;(t) = Cox;(t)

where x;(t) € R*,y;(t) € R*, z;(t) € R?,u;(t) € R?,w;(t) €
R*represent the motion state, the measured output of the
control system, the controlled output, the control input and the
external disturbance of the ith missile respectively. The
constants in (9) are defined as follows.
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Based on the model for each missile in (9), the Kronecker
product is used to derive the model for the entire missile
convergence control system as follows.

x(t) = Apx(t) + Bpu(t — 1) + Gpw(t)
{ y(&) = Cipx(6) (10)

z(t) = Cppx(t)

For a cooperative convergence control system with N missiles,
the constants in (10) are defined as follows.

AD =IN®A,BD =IN®B,GD =IN®G,

Cip=Iy®Cy,Cp=IyQCyp (an

The solution to the convergence problem is to design a state
feedback controller for each object with a decentralized
controller of the following form.

u; = z Kjfbxj + Kifbxi
JEN;

(12)

where Kjf Pis the feedback gain to be determined. The con-

troller is designed so that the state variables of each object
converge to the same vector. For any i,j, we have the
limitation as follow.

(13)

lim|[|x: (&) - x; ()] = 0

where ||*||represents the Euclidean norm of the vector.
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The LMI approach proposed is now used to design a state
feedback controller to implement convergent control of the
missile in the following form.

u(t) = KLex(t) (14)

where K is the external controller gain.

The design goal is to have all missiles eventually converge to
the origin of the coordinate system we have established.

Under the assumption that the external disturbances to the
system are satisfied w(t) € L,[0,), consider the use of
L, /L, performance metrics to measure the ability of the
control system to attenuate the disturbances. The convergence
problem can be briefly stated as follows: consider the system
(10), determine the controller gain K in (14) so that multiple
missiles converge to the origin of the coordinate system in the
condition of time delay and external disturbances. For a given
constant u, the transfer function of the system satisfies the
following equation.

Iz,
wol, ~*

So, the model of the close-loop system can be expressed as
follow.

(15)

y(@) = Cipx () (16)

z(t) = Copx(t)

3. MAIN RESULT

{x(t) = Apx(t) + BpKLcx(t — 1) + Gpw(t)

Before design the controller of multiple missiles, the following
lemmas are given.

Lemma 1: Suppose a(*) € R, b(x) € R™,C € R"*™b all
are definedon the interval 2, then for any matrix X €
R™a*™ Y € RMaXMb 7 € R™a*™b  we can get the following
equation.

@7 - cy[al@)
-2 LaT ()Ch(a)da < L[Z(Z)] [YT)—(CT yz c] [Z(Z)]da a7
where the matrixX, Y, Zsatisﬁes[;‘; g] > 0.

Lemma 2: Suppose M, P, Qis a matrix of suitable dimensions
given and satisfies Q > 0 ,then the following inequality is
equivalent.

P+MQ‘1MT<0<:>[A5T Ig] <0 (18)
Considering the case of external disturbances and input time
delay, the state feedback controller is designed using the form
of (14) so that the close-loop system remains stable and each
missile finally converges to the target, that is the origin of the
coordinate system. Meanwhile the performance indexL, /L,
of the system meets the requirements in (16).

Theorem 1 Consider the system model (16), when there exist
matrices with positive definite and symmetric matrices
L,R,W and matrices M, N satisfying the following matrix
inequalities (19) to (21), the close-loop system is

asymptotically stable at a given performance index u > 0.
And for any constant time delay 7 satisfies0 < T < Tjqy-

[® BpV =N Gp LALTmax |
[« W 0 VTt “0 (19)
| * * —I Ghtpmax |
l* * * —RTpax J
where ® = LAY + ApL + Mt + N+ NT+ W
M N
[NT LR—lL] >0 (20)
L LCT
[ ;D] >0 (21)
Cop

The state feedback control rate of the multiple missiles
convergent system is given by the following equation.

u(t) = VL 1x(¢) (22)

Then the gain of the controller in (22) is K = VL 1L,

Proof: According to the Newton-Leibniz formula, there are:

t

x(t — 1) = x(t) —f 2(6)d6 (23)

t-1
Substituting into the first equation in (30), we have:

t

t—-1

Let KL = K, the equation (24) can be abbreviated as:

t

x(t) = (Ap + BpK)x(t) — BDEf x(0)do + Gow(t) (25)
t—T
Choose the following Lyapunov function.
V(x(®) 2 Vi (x@®) + Vo (x (@) + Vs(x(1)) (26)
Among them:
Vi (x(6)) 2 xT(£)Px(t) 27)
0 ,t
V,(x() = f f T (@) Zx(a)dadp (28)
-T/t+p
0 t
Va(x() = f f xT(a)Qx(a)dadf (29)
t—-tJt+p

where P =PT >0,Z=2"7 >0,Q0 = QT > 0 is the matrix to be
selected.

Taking the derivative of V; (x(t)) and substituting (25) in it,
we can get:

Vi (x(6) = x"(6) [(4p + BoR)'P + P(Ap + ByK)| x(2)

—2xT(t)PBD17f x(0)d8 + wT (£)GIPx(t) + xT(t)PGrw(t) (30)

t—1
Defining a(x) £ x(t), b(*) 2 x(t),C = PBpK , and using
Lemma 1, we get:
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< Tax X (1) Xx(2) +2x7 (1) (Y - PBDIE)[x(z) —x(t-7)]

+ f () Z5(a)dar 31)
X Y

o7 Z]zo

(32)
Substituting (31) and (32) into (30), we get:
Vi(x(®)) < xT(¢)(ALP + PAp + Tonax + Y + YTx(2)

+2xT(t)(Y — PBpK)x(t — 1) + w7 (£)GHPx(t)

t

+xT(t)PGDWd)+f x(@)Zx(a)da (33)

t—-1
Similarly, taking the derivative of V,(x(t)), Va(x(t)), we get:

Vo (x(®) = " () Zx" () — t 2()Zx(a)da

t—-1
t

< —Tmax () x(@)Zx(a)da

t—-1

(34)

where I' = Apx(t) + Gpw(t) + BpKx(t — 7).
Va(x(0) = xT(0)Qx () — xT(t — D)Qx(t — 7)
Combining (33~35), we get the derivative of V (x(t)) as:

V(x(@®) = Vi (x@®) + V2 (x(0) + V5 (x ()
< xT(O)(A5P + PAp + Tunax (DTZ(A))

+xT(®)Qx(t) — xT(t — 1)Qx(t — 1)
+wT (£)GEPx(t) + xT () PGrw(t)

(35

(36)
where A = Apx(t) + Gpw(t) + BpKx(t — 1)

Under zero initial conditions, we can get V(x(t))|;=o =
Oeasily, then we consider the following performance index
function.

t
Jr2V(x®) —f wT (s)w(s)ds 37)
0
Transforming (37) under zero initial conditions,we get:
t .
Jr 2 f [V(s) —wT(s)w(s)]ds (38)
0

Let n(t) 2 [x(£)x(t — T)w(t)]",we can transform (38) into
the (39) as follow.

Jr = f 0" ()M (s)ds (39)
0

@, PBpK — Y + 10 AN ZBpK  ThayALZGp + PG
where 17 = | * —Q + TyaxK"BYZBK TmaxKTBYZGp

* * —I + Ty GHZGp
and @; =

LAY + ApL + Trax X + Y + YT + Q + 10, AL Z A,

If [T < 0, we have J; < 0 in (37), then we get the following
inequality.

T
xT(@)Px(t) < V(x()) < f wT(s)w(s)ds (40)
0

Using Lemma 3.2, equation (21) is equivalent to (41) as follow.

CipCop < U*P (41)

In summary, using (16), (40), and (41), we can draw the
conclusions as follow.

t
z2T(£)z(t) = xT(£)CI Copx () < p2xT (&) Px(t) < /,sz wT (s)w(s)ds (42)
0
Since p? fot wT()w(s)ds < u? f(:o wT(s)w(s)ds, fort >0
and w(t) € L,[0,) , we obtain ||z(t)]|2 < u?|lw(t)||3, so
that the requirements for the control system L,/L,
performance index (15) are met.

Using Lemma 3.2 again, [T < 0 equivalent to (43) as follow.

&, PBpK—Y PGp  TpaAb
— TRT
n=|" ¢ 0 TmakBoZ) (43)
* * =1 TmaxGhZ
* * * _TmaxZ

&, = LAL + ApL + T, X + Y + YT 4+ Q

Next, definel 2 P~1, and multiplying the (43) first by the left
matrix diag(, L 1 2z )T, and then by the right
matrixdiag(L, L 1 Z~1), we have (44) as follow.

&3 BpKL—LYL Gp Ty LAb
—LQL 0 LKTB}
n=|" ¢ fmaxt® 5bl oo (a4)
| * =1 TmaxGp |
* * * _TmaxZ_l

@5 = LAS + ApL + TyaxLXL + LYL + LYTL + LQL

Similarly, multiplying the (32) first by the left matrix
diag(L L)T, and then by the right matrixdiag(L L), we
have (48) as follow.

LXL LYL
>
LYTL LZL] =0

Now, letV 2 FL,M 2 LXL,N 2 LYL, W 2 LQL,R2 Z7 1,
and substituting them into (44) and (45), we obtain (19) and
(20) in Theorem 3.1. The proof of Theorem 3.1 is completed.

(45)

However, equation (21) contains LR™1L term , which is not a
linear term. Therefore (21) is not a linear matrix inequality. To
solve this problem, a new variable S is defined to the following
equation.

LR7IL>S (46)

And let T=5S"LU=L"1G=R"t, equation (21) can be
transformed into (47).

I

MN] ;

NT S 2()'[ITJ Z]ZO'E

[ l=zol; ¢l=o0

By solving the linear matrix inequality set formed by the union
of (19), (20) and (47).The design of the multiple

=0

(47)
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missilescontroller in the situation of external disturbances and
input time delay is finished, and meet the control system
L, /L, performance index.

4. SIMULATION RESULTS

Using the model given in (10), the control method proposed in
section 3 is verified by simulation in the Matlab. The flight
trajectory of the missiles is given to show the effectiveness of
the controller.

4.1 Numerical calculation of controller

Set the controller parameters as:
Number of missiles:N = 3
Max Input Time Delay:t,,4, = 0.5
L, /L performance index: u = 0.7

Using the control system model given in equation (30), the set
of linear matrix inequalities based on the union of equations
(33), (35) and (61) in section 3, and using LMI toolbox in
Matlab, the controller gain K is obtained.

4.2 Flight trajectory simulation under small disturbances

Assume that the initial values of the three missile positions
(km) and velocities (km/s) are as follows.

X0 =[500 500 1 1]7
X0 = [500 1000 3 2]F
X30 = [1000 800 2 1]7

Let the input time delay be 0.2, and we use rands(12,1) to
simulate the small disturbances during the flight. The time-
dependent trajectories of the missiles in the plumb plane under
controlled and uncontrolled conditions are as follow.

The positon of the 1st missile

The positon of the 3rd missile
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m

41
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l / |
2600 F g
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:§ 400+ AN | - A-X position with control
8 AN - = -Y position with control
a. AN}
200 K\‘l
R
ok R PP
. . . . L . .
Q 50 100 150 200 250 300
tme (s)
(a)The position of first missile
The positon of the 2nd missile
1500 | 1
7 o a—A
< —A—X position without control
= 1000 - =< —=—Y position without control 4
£ = ~A~X position with control
Z . - ® -Y position with control
= s00F AR T 1
a
S R
R
ok AR R e A AR
. . . . . . .
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B
=
— 1000+ y
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3 SN —4— position without control
= 500k N - = -X position with control

AN -A-Y position with control

X,
Eog
of B o PP
0 50 100 150 200 250 300
time (s)

(c)The position of third missile

Fig.1. The position of 3 missiles change with time under small
disturbances (with or without control)

From the Fig.1 above we can see that the controller took effect
on missiles. But the control effect didn't happen immediately
due to the time delay we set on the controller. Missiles flight
with the velocities been given on them as initial values, it takes
about 2 seconds since simulation began. And then missiles
with control converged to zero under small disturbances at
about 240 seconds, while missiles without control maintained
original speed, deviated from target.

Trajectories of the three missiles

m

= N
o =3
=} o
o o

o
o
o

500

Y position (km)

2000

1500

1000

X position (km) time (s)
Fig.2. 3D simulation of missiles flight trajectory under small
disturbances(with or without control)

Fig.2 displays an overview of missiles’ trajectory in the 3D
coordinate system formed by time and plumb plane. We can
compare the difference more visually in the flight trajectory of
the missile with or without control.

4.3 Flight trajectory simulation under large disturbances

The initial values of missiles are the same with the condition
under small disturbances. We use 100*rands(12,1) to simulate
the large disturbances during the flight.

The positon of the 1st missile
1400 T T T

1200

1000 - 1
§ 800 1
c
2 600} =< g
7
o S ——X position without control
o SN

400 Y =Y position without contro
. - A-X position with control
200 b Y - = - position with control

g
e e SO G e
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L L L L
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tme (s)

(b)The position of second missile

time (s)

(a)The position of first missile
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The positon of the 2nd missile

| /
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[%)
(=]
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¥
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ok g a p-n-w-u---
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(b)The position of second missile

The positon of the 3rd missile

1=}
=}
S

position (km)

A —=—X position without control
\\‘\ —A—Y position without control
500 ‘\:\ - = -X position with control
\\:\ -A-Y position with control
R N
Tlcom..g
ol =i e e Bl
. . . . . .
0 50 100 150 200 250 300

time (s)

(c)The position of third missile

Fig.3. The position of 3 missiles change with time under large
disturbances (with or without control)

Trajectories of the three missiles

position (km)

position (km) 500 0

time (s)

Fig.4. 3D simulation of missiles flight trajectory under large
disturbances (with or without control)

In Fig.3, it is apparent that missiles under large disturbances
had obvious deviation compared with Fig.1. Although all three
missiles converged to the desired position with control under
large disturbances, the simulation time became longer. This is
more realistic and demonstrates the controller's ability to resist
interference.

5. CONCLUSIONS

In this paper, a multiple missiles convergence control method
is proposed, and a rubust controller meet the performance
index L, /L., for the purpose of anti-interference is designed.
The design of the controller is relatively clear. The solution
process is simple, and the gain of the controller can be solved
directly by computer, which is convenient to be applied to the
flight control system of the missile. The method can be easily
combined with other control methods, has potential for use in
actual battlefield situation
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