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Highlights (for review)

Highlights of the paper

The traditional synchronization problem for coupled delayed neural networks has been investigated under the com-
mon assumption that network interactions are described by unsigned graphs, where all the edges are positive. To
the best of our knowledge, the bipartite synchronization of coupled delayed neural networks with a signed graph

topology, which contains negative edges, has rarely been considered up to present.

In this paper, we study the bipartite synchronization in a network of delayed neural networks under a signed graph
topology, which consists of both positive and negative edges, based on the pinning control approach. The main

novelties of this paper can be highlighted as follows.

1) A distributed pinning control algorithm is proposed to achieve bipartite leader-following synchronization in a
network of delayed neural networks under signed graph topology. Some remarks are provided to discuss how to

effectively select the pinned nodes for the signed network.

2) Under some assumptions on the interaction graph and node dynamics, by developing some tools from M-matrix
theory and stability of delayed systems, some novel criteria in terms of low-dimensional linear matrix inequalities
(LMIs) are derived to reach bipartite leader-following synchronization in the network when the node delay is differ-
entiable and bounded. Furthermore, a simple algebraic condition is given to estimate an upper bound for the node

delay.

3) When the node delay is only bounded but may not be differentiable, some bipartite synchronization conditions are
established based on the descriptor method and the reciprocally convex approach. Hence, the results of this paper
also improve some existing results for the synchronization of coupled delayed neural networks with unsigned graphs

where the node-delay is usually assumed to be differentiable or a constant.
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Abstract

This paper considers the bipartite leader-following synchronization in a signed network composed by an array of coupled
delayed neural networks by utilizing the pinning control strategy and M-matrix theory, where the communication links
between neighboring nodes of the network can be either positive or negative. Under the assumption that the node-delay is
bounded and differentiable, a sufficient condition in terms of a low-dimensional linear matrix inequality is derived for reaching
bipartite leader-following synchronization in the signed network, based on which a simple algebraic formula is further given
to estimate an upper bound of the node-delay. When the node-delay is bounded and non-differentiable, some criteria are
established by using the descriptor method and the reciprocally convex approach such that the bipartite leader-following
synchronization problem for the signed network can be successfully solved. Finally, numerical simulations are provided to

illustrate the effectiveness of theoretical analysis.

Key words: Coupled delayed neural networks; bipartite synchronization; signed graph; pinning control; M-matrix.

1 Introduction

In the past few decades, the delayed neural networks (DNNs) have been successfully applied to solve many practical

problems such as speech recognition (Waibel (1989)), image processing (Wohler & Anlauf (1999)), optimization
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(Liu, Cao, & Xia (2005)), cryptography (Yu & Cao (2006)), and secure communication (Lakshmanan et al. (2018)).
Since Pecora and Carroll laid the foundation for chaotic synchronization in the 1990s (Pecora & Carroll (1990)), the
synchronization problem for a class of DNNs, including Cohen-Grossberg, cellular and memristive neural networks,
has been one of the most active research topics and has been intensively investigated by lots of researchers via
different control approaches (see Huang et al. (2014); Yang & Ho (2016); Wan et al. (2016); Zhang, Zhao, & Huang
(2016); Li et al. (2018), and the references therein).

With the rapid development of communication technology and computer science, much effort has been devoted to the
synchronization problem of coupled delayed neural networks (CDNNs), which is much more challenging than that of
a single delayed neural network. Chen, Zhou, & Liu (2004) studied the synchronization in an array of symmetrically
interconnected neural networks with a time delay. Lu, Ho, & Liu (2007) further considered the synchronization in
CDNNSs whose coupling matrices may not necessarily be symmetric. Yu, Cao, & Lii (2008) investigated the synchro-
nization problem for CDNNs with a discrete communication delay. Cao, Chen, & Li (2008) and Zhang & Gao (2017)
studied the synchronization in CDNNs whose communication delays include both discrete and distributed delays.
Yang, Guo, & Wang (2017) explored the synchronization in CDNNs with impulsive interactions between neighboring
nodes. Note that the synchronization in the above literature is reached via the interaction of network nodes without
introducing any external forces to the network. More specifically, this kind of synchronization phenomenon can be

called leaderless synchronization or self-synchronization.

In practical applications, some CDNNs may not achieve leaderless synchronization due to a number of reasons such as
unconnected network structure and weak coupling. Hence, the leader-following synchronization problem for CDNNs
has been considered by designing some appropriate controllers such that all the network nodes finally synchronize to
the manifold of a prescribed leader. To reduce the control cost for reaching leader-following synchronization in large-
scale networks, the pinning control approach is usually adopted by only placing controllers on some critical network
nodes which are called pinned nodes (Wang & Chen (2002); Chen, Liu, & Lu (2007); Song & Cao (2010); Song et
al. (2013); Wen et al. (2014)). The synchronization of networked systems under pinning control is called pinning
synchronization for brevity. In the past few years, some progress has been made in the pinning synchronization
of CDNNs. Lu, Ho, & Wang (2009) stabilized CDNNs subject to stochastic perturbations by pinning the fewest
number of network nodes. Li & Cao (2011) considered the pinning-controlled cluster synchronization problem for
CDNNSs, where the nodes can be partitioned into a set of subgroups. Song, Cao, & Liu (2012) discussed the pinning
synchronization in CDNNs based on the in and out degrees of network nodes. He, Qian, & Cao (2017) addressed

the pinning synchronization of CDNNs by designing some distributed impulsive controllers.

In the coordination control of traditional networks, the interaction digraphs are all assumed to be unsigned where all
the communication links are positive (Wang & Chen (2002); Chen, Liu, & Lu (2007); Yu, Cao, & Lii (2008); Song &
Cao (2010); Wen et al. (2014); He, Qian, & Cao (2017)). In recent years, the coordination control of networks under
signed interaction digraphs, where there may exist negative communication links, has received increasing attention
(Altafini (2013); Hu & Zheng (2014); Fan, Zhang, & Wang (2014); Valcher & Misra (2014); Meng, Du, & Jia (2016);
Zhai & Li (20164,b); Meng (2017); Guo et al. (2018)). Different from the traditional synchronization of unsigned
networks that all the nodes synchronize to a homogenous state (Yu, Cao, & Lii (2008); Song & Cao (2010); Wen
et al. (2014); He, Qian, & Cao (2017)), signed networks may exhibit an interesting phenomenon named as bipartite
synchronization, where a set of nodes synchronize to some manifold s(¢) and the remaining nodes synchronize to
—s(t) (Altafini (2013); Hu & Zheng (2014); Meng, Du, & Jia (2016); Zhai & Li (2016a,b)). The bipartite collective
behaviors of signed networks with linear dynamics have been intensively studied (Altafini (2013); Hu & Zheng (2014);



Fan, Zhang, & Wang (2014); Valcher & Misra (2014); Meng, Du, & Jia (2016); Meng (2017); Guo et al. (2018)).
Note that some progress has also been made in the bipartite synchronization of signed networks with nonlinear
dynamics (Zhai & Li (2016a,b)). More recently, some researchers have analyzed the effect of time-delays on the

bipartite synchronization of signed networks with first-order integrator dynamics (Guo et al. (2018)).

It should be noticed that most of the existing results for the synchronization of CDNNs are based on the assumption
that the interaction graphs are unsigned, where the weights for the communication links between neighboring nodes
are all positive. To the best of our knowledge, the bipartite synchronization of CDNNs with both positive and negative
communication links has rarely been considered. Moreover, the coordination control of signed networks with both
nonlinear dynamics and time delays has not received enough attention up to present. Therefore, it is imperative to
address some challenging issues on the bipartite synchronization problem for a network of delayed neural networks
with each node actually being a delayed nonlinear system, and to analyze the effects of the node-delay, node dynamics

and network structure on the bipartite synchronization of the network.

The main novelties of this paper can be highlighted as follows. Firstly, a distributed pinning control algorithm is
proposed to achieve bipartite leader-following synchronization in a network of delayed neural networks under signed
graph topology. Some discussions are provided to address how to effectively select the pinned nodes for the signed
network. Secondly, under some assumptions on the interaction graph and the node dynamics, by developing some
tools from the property of M-matrix and the stability theory of delayed systems, some novel criteria in terms of
low-dimensional linear matrix inequalities (LMIs) are derived to reach bipartite leader-following synchronization
in the network when the node-delay is differentiable and bounded. Furthermore, a simple algebraic condition is
given to estimate an upper bound for the node-delay. Thirdly, when the node-delay is only bounded but may not
be differentiable, some bipartite synchronization criteria are established based on the descriptor method and the
reciprocally convex approach. It is worth pointing out that the results of this paper also improve some existing
results for the synchronization of coupled delayed neural networks with unsigned graphs where the node-delay is

usually assumed to be differentiable or a constant.

The rest of this paper is organized as follows. Section 2 provides some mathematical preliminaries. Section 3 formu-
lates the bipartite leader-following synchronization problem for a network of delayed neural networks and proposes a
pinning algorithm for the network. Sections 4 and 5 study the pinning bipartite synchronization in the network with
differentiable and non-differentiable node-delays, respectively. In Section 6, simulations are given to demonstrate the

theoretical results. Finally, some conclusions and future trends are stated in Section 7.

2 Preliminaries

This section provides some mathematical preliminaries and supporting lemmas to derive the main results of the

paper.

2.1 Notations

Let Re(z) denote the real part of a complex number z and I,, be the n-dimensional identity matrix. Let sign(-)
denote the standard sign function. For matrix A € R"*"_ define A, = (A + AT)/2 as the symmetric part of A. The



symbol ® represents the Kronecker product (Horn & Johnson (1991)). Let be a symmetric matrix where

the asterisk “*” stands for the transpose of matrix B. Let col(x1, . . é 1T .. T be the column stack vector

of z; € R™ i =1,...,n. For a Hermitian matrix X, write X > 0 (X <0)if X is pos1t1ve (negative) definite.
2.2  M-matriz theory

Some results related to M-matrix theory are useful to study the bipartite synchronization problem for coupled

delayed neural networks.

Lemma 1 (Horn & Johnson (1991)) For a nonsingular matric T € R™ ™ with all off-diagonal elements being

non-positive, the following statements are equivalent

1) T is a nonsingular M-matriz;
2) All the eigenvalues of T are located in the open right-half plane;
3) A diagonal matriz Z = diag(&1, -+ ,&) > 0 can be found such that ZY + YTZ > 0 holds.

2.8 Some supporting results

Lemma 2 (Jensen’s inequality) (Gu (2000)) For matric M € R™ ™ > 0, scalars 5 > «, and vector function
w: [a, B] = R™ such that all the integrations in the following are well defined, then one has

T
(8- a) /B wT (0)Mw(0)do > (/B w(&)d&) M </ﬁw(9)d9> .

Lemma 3 (Schur complement) (Boyd et al. (1994)) The following linear matrix inequality (LMI)

Qz) S(z)
ST(z) R(x)

>0,

where Q(x) = QT (x) and R(x) = RY(z), is equivalent to either of the following conditions:

1) Qz) >0, R(z) - ST(2)Q (x)S(z) > 0;
2) R(z) >0, Q(z) — S(z)R~(x)ST(z) > 0.

Lemma 4 (Reciprocally convex approach) (Park, Ko, & Jeong (2011); Fridman (2014)) For any two real vectors y;

R S
and ya, scalar 0 < a < 1, matrix R > 0 and any matriz S satisfying >0, one has Lyl Ry, +15Y TRy, >
ST R
" R S
y y, where y = col(y1, y2).
ST R



3 Problem formulation

Consider a signed network, whose interaction is denoted by the signed graph G*, composed by NN identical nodes

with each node being a delayed neural network described as follows:
N
#i(t) = —Cuy(t) + Af(@i(t)) + Bf (wi(t = 7(1))) — 0 > _ lag;| (wi(t) — sign(ag;)a; (t)) + wilt), (1)
j=1

where z;(t) = (zi1(t),...,7n(t))T € R™ is the state variable of node i, C = diag(ci,...,c,) > 0, A, B € R"™"
represent the weight and delayed weight matrices for the i-th neural-network node, respectively (Cao, Chen, & Li
(2008); Yu, Cao, & Lii (2008)), f(z;(t)) = (fi(zi1 (1)), ..., falzin(t)))T € R™ is a continuous vector function, 7(t) > 0
is called node-delay, o > 0 is the coupling strength, af; is the (i, 4)-th entry of the adjacency matrix A* associated
with the underlying signed graph G* of network (1) defined as follows: aj; = 0 for alli = 1,..., N; for i # j, a; # 0
if there is a directed communication link from nodes j to i and aj; = 0 otherwise (Altafini (2013); Hu & Zheng

(2014)), and wu; is the control input to be designed.

The initial condition of network (1) is given by z;(t) = ¢;(t), t € [=r,0], i = 1,..., N, where r = sup,>( 7(t) and
¢i(t) belongs to the set of all continuous real-valued functions on the interval [—r, 0] (Yu, Cao, & Lii (2008)).

The leader node of network (1) is described by
$(t) = —Cs(t) + Af(s(t)) + Bf (s(t — 7(1))), (2)
where s(t) = (s1(t),...,5,(t))T € R™,

Remark 1 It is necessary to provide some explanations for the coupling terms in the signed network (1). Let the
pair (j,i) denote the directed link (or called edge) from nodes j to i in the signed graph G*. When aj; > 0, the link
(J, 1) is positive and the coupling term is given by ai; (z;(t) — ;(t)) which means that the interaction between nodes i
and j is cooperative; when aj; < 0, that is, the link (j, 1) is negative, the coupling term is given by —ag; (x;(t) + x;(t))
indicating that the nodes i and j has competitive relationship (Altafini (2013); Hu & Zheng (2014)). If the graph
G* is unsigned, that is, aj; > 0 holds for any i # j, network (1) collapses into a traditional coupled neural network
considered in the previous literature (Chen, Zhou, & Liu (2004); Cao, Chen, & Li (2008); Yu, Cao, € Li (2008);
Song, Cao, & Liu (2012)).

To derive the main results of this paper, some assumptions are needed to be made for the interaction graph G* and
the node function f(-) of network (1).

Assumption 1 The signed graph G* of network (1) is structurally balanced. That is, the node set V = {1,...,N}
of signed graph G° can be partitioned into two disjoint subsets V1 and Vs such that the induced subgraphs associated

with V1 and Vo are both unsigned, and any link between these two unsigned subgraphs is always negative.

Assumption 2 In network (1), for any k € {1,...,n}, the node function fr(-) is an odd function satisfying the

Lipschitz condition, that is,

fr(—=2) = —fr(2),Vz €R,
|76 () — fr(a)] < k|b—al,dr > 0,Va,beR.



Assumption 3 The augmented graph composed by the leader node (2) and the nodes of network (1) contains a
directed spanning tree with the leader node being the only root, that is, the leader node (2) has a directed path to

every node of network (1).

Under Assumption 1, define a diagonal matrix W = diag(ws, ..., wn) where w; € {1, —1}. Then, network (1) is said
to achieve bipartite leader-following synchronization if lim;_, . ||z;(t) — w;s(¢)|| = 0,4 =1, ..., N. Obviously, if

W = Iy, the bipartite leader-following synchronization reduces to the traditional leader-following synchronization.

One can apply the pinning control strategy to solve the bipartite leader-following synchronization problem for signed
network (1). Let Vpin = {i1,...,4} CV (1 <1 < N) be the set of pinned nodes. Under Assumption 1, consider a

pinning control algorithm for network (1):
ui(t) = —O’di(.%'i(t) —wis(t))7 1= 17...,N, (3)

where w; = 1if 7 € V; and w; = —1if ¢ € Vs, and d; is the pinning feedback gain defined as follows: d; > 0if i € Vi,
and d; = 0 if ¢ & Vpin.

Remark 2 Letting the diagonal matriz W = I, the pinning control algorithm (3) can be used to solve the traditional
leader-following synchronization of complex networks with unsigned interaction graphs (Wang & Chen (2002); Chen,
Liu, & Lu (2007); Song & Cao (2010)). Hence, the pinning control algorithm (3) for signed network (1) generalizes
the pinning control algorithms for unsigned networks. However, it is worth noting that when applying algorithm (3)
to a signed network, one should consider the network structure. If Assumption 1 is not satisfied, the graph G° is not
structurally balanced and it will be quite difficult to investigate the bipartite leader-following synchronization of signed
network (1). Actually, for a signed network with first-order integrator dynamics, when the network is not structurally
balanced, Meng, Du, & Jia (2016) have shown that the network can not achieve bipartite synchronization and may

only achieve interval bipartite synchronization.

4 Bipartite leader-following synchronization of network with a differentiable node-delay

In this section, by using M-matrix theory, we study the bipartite leader-following synchronization problem for signed
network (1) with a differentiable node-delay under pinning algorithm (3).

Assumption 4 The node-delay T(t) in signed network (1) is bounded and differentiable satisfying 0 < 7(t) < 7 and
0<+(t)<p<l.

For signed network (1), based on the adjacency matrix A®, let L® = (I};)nxn = B — A° be the Laplacian matrix
of network (1), where B = diag(by,...,by) with b; = Egzl)k# |as.| (Altafini (2013); Hu & Zheng (2014)), yielding
I;; = —aj;,i # j and [5; = Zg:m;&i |aZ,|. Obviously, if there exists some k € {1,..., N} such that af, < 0 holds,
L? is not a zero-row-sum matrix due to Ef@vﬂ 13, # 0, which is quite different from the diffusion property of the
traditional Laplacian matrix for an unsigned network (see Wang & Chen (2002); Chen, Liu, & Lu (2007); Yu, Cao,
& Lii (2008); Song & Cao (2010)).

Based on the adjacency matrix A° of signed network (1), define A" = (aj;)nxn = (|afj|)NxN. Obviously, all the

elements of A" are non-negative where all the diagonal entries are zeros. Let G* and L* = (I}}) be the graph and



Laplacian matrix associated with A", respectively, where I}; = —laj;| for i # j and Ij; = 373, ;4; |aj,[- One can see

that G* is an unsigned graph and can easily obtain L* = B — A4“. Note that L" is a zero-row-sum matrix.
Let

H = (hij) = L* + D, (4)
where D = diag(dy,...,dy) is the matrix of pinning feedback gains in protocol (3).

The following two lemmas are important to study the bipartite leader-following synchronization of signed network
(1) under pinning algorithm (3).

Lemma 5 (Song et al. (2013)) Under Assumption 3, the matriz H defined in (4) is a nonsingular M-matrix.

Lemma 6 (Altafini (2013)) If a signed graph G° is structurally balanced, a gauge transformation matric W =
diag(wy, ..., wy) with w; € {1,—1} can be found such that WASW = A%, where A®* = (as ) and A = (wia,?wj)

ij ij

(’afj’) are the adjacency matrices for signed and unsigned graphs, respectively.

The following theorem presents some conditions for reaching bipartite leader-following synchronization in the signed

network (1) under algorithm (3).

Theorem 1 Under Assumptions 14, the pinning control algorithm (3) can solve the bipartite leader-following
synchronization problem for signed network (1) if there exist matrices P € R™™ > 0, Q € R"™™ > 0 and R €
R™ "™ > 0, and parameters > 0, v > 0 such that the following LMI condition holds:

rs 0 PA PB 0

* FQQ O 0 0

where 'y = —PC — CTP —2aP + Q4+ 7?R+ BATA, Tyy = yATA — (1 — p)Q, A = diag(dy,...,0,) describes the

Lipschitz condition in Assumption 2, and « is a positive constant satisfying
0<ac< alglgnN{Re (i)}, (6)
in which X\; is the i-th eigenvalue of matriz H.

Proof. By the definition of the Laplacian matrix L?, applying pinning control algorithm (3) to network (1) gives

N
i (t) = —Cux;i(t) + Af (zi(t)) + Bf(x;(t — 7(t))) — 0 Zlfjxj(t) —od; (x;(t) —w;s(t)), i=1,...,N. (7)



Recall that L®* = B — A° and L* = B — A". Considering Assumption 1 and Lemma 6, it is easy to show that
L" = WL*W holds, indicating that I}, = w;lf;w; = —|af;| for i # j and [}; = Zi\;lyk#i la|.

One can use coordinate transform to analyze the bipartite synchronization in network (7). Let Z;(t) = w;x;, i =
1,..., N, which also gives x; = w;T;(t). Then, it follows from (7) that

zi(t) = —OFi(t) + Aw; f(wiZi(t)) + Bw; f(wiZi(t — 7(t))) — O'le-’fa d; (7;(t) —s(t)), i=1,...,N.(8)

By Assumption 2, recall that fi(-) (k € {1,...,n}) is an odd function. Since w; € {—1,1}, w; f(w;Z;(t)) = f(Ti(t))
holds for any ¢ € {1,..., N}. Then, from (8), one has

N
Fi(t) = —Czi(t) + Af(z:(t)) + Bf (@:(t — 7(t))) — & Z 11 35(t) — ody (2(t) — s(1), i =1,...,N. 9)

Fori=1,...,N, let

Recall that L™ is a zero-row-sum matrix. From (2) and (9), one can obtain the following error system:
éi(t) = —Cei(t) + An;(t) + Bmi(t — 7(t)) — aZzweJ —odiei(t), i=1,...,N. (11)

If system (11) is asymptotically stable, e;(t) tends to zero as t — oo, that is, w;z;(t) — s(t), i = 1,..., N. Considering
w? = 1, one has z;(t) — w;s(t),i = 1,..., N. Therefore, the bipartite leader-following synchronization problem of

network (1) is transformed to the stability problem of the error system (11).

In view of the definition of matrix H in (4), one can rewrite (11) as
éi(t) = —Ce;(t) + An;(t) + B (t — 7(t —UZhUeJ ,i=1,...,N. (12)

By Lemma 5, H = L* 4+ D is a nonsingular M-matrix under Assumption 3, ensuring Re();) > 0,2 =1,..., N. From
condition (6) and Lemma 1, one can show that o H — alx is a nonsingular M-matrix and there exists a matrix
= = diag(&1, -+ ,&n) > 0 such that

[Z(cH — aly)], > 0. (13)
From Assumption 2, it is easy to obtain

el (AT Aey(t') — nF (t)mi(t') > 0, V' € R. (14)



Construct the following Lyapunov-Krasovskii functional candidate:

N t N
Zgl t)Pe;(t ;g / e;f(g)Qei(g)ngr;gﬁ / /He ¢)Re;(€)d¢dd, (15)

t—7(t)

where matrices P, @, R > 0 satisfty LMI condition (5).

Let e(t) = col(ei(t),...,en(t)) and n(t) = col(ni(t),...,nn(t)). Considering Assumption 4, Jensen’s inequality in
Lemma 2, inequalities (13) and (14), calculate V(¢) along the trajectory of system (12) as follows:

V(t) = —22@ (t)PCe;(t) + 22& t)PAn;(t) + 22@ t)PBn;(t — 7(t))
—20 Z giel (t) Z hijPe;(t) + Z{} t)Qe;(t) — (1 —7( Z Eel (t —1(1)Qei(t — 7(t))

N t
+Z§J el (t)Re;(t Z %/ (O)Re; (¢)d¢

—2€T(f)( ® (PC ))e(t);% (t) (E@ (PA)n(t) +2¢7 (1) (E@ (PB)) n(t — (1))
—2¢T(t) [0 (EH) @ Ple(t) + 2ae” (t) (E@ P)e(t) — 2ae’ (t) (E® P)e(t)
+el(t) (E@ Q)e(t) — (1—M) Tt—7() (E@Q)e (t —71(t))

172 (1) (2 Z@ (/_ dc)TR(/;exodc)

+,BZ@ el () AT Aes(t) —n (t)mi(t)]

IN

[I]

+7 Zéz € (O)AT Aei(t = 7(t)) — i (t = 7(O)mi(t — 7(t)]

= Z&yz )Ty; —2¢7(t) ([E(0H = aly)], ® P)e(t), (16)

where g5(t) = col (e, ex(t = m(t)),mi(t),mi(t = 7(0), JiL es(O)c).

Then, it follows from LMI condition (5) and inequality (13) that the error system (12) is globally asymptotically
stable. Therefore, the pinning control algorithm (3) solves the bipartite leader-following synchronization problem of
signed network (1). This completes the proof. O

Remark 3 From the proof of Theorem 1, one can see the Assumption 1 on the network topology and Assumption 2

on the node-function are necessary to investigate the bipartite leader-following synchronization of signed network (1).

Remark 4 By using the property of M-matriz, Theorem 1 provides a low-dimensional LMI condition (5) whose
dimension is 5n X dn determined by that of a single network node rather than by the size of the network, that is,

5n << N holds for a large-scale network.

Remark 5 For LMI condition (5), let P = R = I,,, Q@ = (1/(1 — p))82,1,, and 8 = v = 1, where 6,, =
maxi<g<n{0k}. Let M = 2C+2al, —(1/(1—pu))62, 1, — ATA—AAT — BBT, in which 0 < a < o minj<;<n{Re (\;)}.



Considering Schur complement in Lemma 3, one sees that condition (5) is equivalent to 721, — M < 0. If « is large
enough such that 72I, — M < 0 holds, LMI condition (5) is satisfied, which gives T < V/Pmin With pmin being the
minimum eigenvalue of matriz M, that is, \/pmin s an upper bound for the node-delay 7(t). Then, an important
conclusion can be drawn as follows: if the coupling strength o is sufficiently large, a parameter a can always be found
such that 721, — M < 0 holds, indicating that pinning control algorithm (3) solves the bipartite leader-following

synchronization problem of signed network (1) under Assumptions 1—4.

Remark 6 By Assumption 8 and the proof of Theorem 1, one can select the pinned nodes and design the pinning
feedback gains based on the unsigned graph associated with the adjacency matriz A*, which can be easily carried out
by using the pinning control strategies for the traditional unsigned networked systems (Wang & Chen (2002); Chen,
Liu, & Lu (2007); Song & Cao (2010); Song et al. (2013); Wen et al. (2014)).

5 Bipartite leader-following synchronization of network with a non-differentiable node-delay

In the previous section, we have studied the bipartite leader-following synchronization in signed network with a
differentiable node-delay. However, in some practical cases, the node-delay may not be differentiable. In this section,
we relax the restriction on the node-delay to investigate the bipartite synchronization problem of signed network

with a bounded node-delay.
Assumption 5 The node-delay 7(t) in signed network (1) is non-differentiable and bounded satisfying 0 < 7(t) < 7.

The following result addresses the bipartite leader-following synchronization of signed network (1) with a non-

differentiable and bounded delay.

Theorem 2 Suppose that Assumptions 1-3 and 5 are satisfied. Under algorithm (3), the bipartite leader-following
synchronization can be achieved in signed network (1) if there exist matrices P, € RN™N" 5 0k = 1,23, S €
RNXNn 00 M € RNn>Nn 5 0 T e RN™Nn G = diag(g1,...,98) > 0 and K = diag(ky, ..., kx) > 0 such that

Q11 Q12 Qi3 T PAy P A,
* QQQ 0 0 P3A1 P3A2
* * Q33 S—-T 0 0
Q= <0, (17)
* *x x —S—-M 0 0
% ok % * -G® I, 0
* * * * * -K®I,
and
S T
>0, (18)
TT S
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where

D1 = P Ag + A(Z;PQ - S+M+G® (ATA),
Quo=P — P+ AlP3, Q13=5-T,
Doy = —2P3 + 728, Q33 = 25+ T+ TT + K ® (ATA),

Ay=—-IN®C—0(H®I,), Ai=In®A, Ay=Iy®B

(19)
Proof. Letting e(t) = col(e(t),

...,en(t)) and n(t) = col(m (¢),...,nn(¢)), rewrite the error system (12) in the
proof of Theorem 1 as follows:

é(t) = Aoe(t) + Ain(t) + Aan(t — (1)),

(20)
where Ay, A1 and Az are defined in (19).
Consider the following Lyapunov-Krasovskii functional candidate
t
V(t) = T (1) Pre(t) +/ T(¢)Me(C)dC + T/ / O)dcdd. (21)
t—T —7 Jt+0

where matrices Py, M and S satisfy LMI condition (17)

In view of the descriptor method (Fridman (2014)), let y(t) = col(y1(t), ..., yn(t)) = é(t) where y;(t) = é;(t). Then
from (20), one has

Age(t) + Ain(t) + Aan(t — 7(t))

—y(t) = 0. (22)
By inequality (14) in the proof of Theorem 1, it is easy to obtain
e"'(t) (G (ATA)) e(t) —n" () (G® L) n(t) > 0,
ef(t —7(1) (K @ (ATA)) e(t = (1)) =" (t = 7(8)) (K & L) n(t — 7(t)) > 0, (23)
where G = diag(g1,...,9n) > 0 and K = diag(ky,...,kn) > 0.
Considering (22)—(23) and y(t) = é(t), calculate the derivative of V'(¢) along the trajectory of system (20)
V(t) = 2T (t)Pré(t) +eT () Me(t) — eT'(t — 7)Me(t — 7) + 7267 (1) Seé(t) — 7 /t - eT'(¢)Se(¢)d¢
< 2T ()Pry(t) +e" ()Me(t) — e (¢ — T)Me(t — 7) +72y" (8)Sy(t) — 7 /ti_ er(¢)Se(¢)d¢
+2 [e"(t) P2+ y" (1) Ps] | Aoe + Am( )+ Aot — 7(t)) — y(t)]
+eT () (G ® ( ATA)e(t ) (G @ I,) n(t)
+el'(t —7(1) (K (ATA)) (t —7(t)) =" (t = 7(t)) (K ® L) n(t — (1)) (24)

11



For any 7(t) € (0,7), it follows from Jensen’s inequality and the reciprocally convex approach in Lemma 4 that

T(Tt) F(1)Sz(t) - = TT(t) 4 (1)Sz(t)
< —2T(t) o 2(t), (25)
7T S

where z1(t) = e(t) — e(t — 7(t)), z2(t) = e(t — 7(t)) — e(t = 7), 2(t) = col(z1(t), z2(t)), and matrices S and T satisfy
LMI condition (18). Note that z;1(t) = 0 when 7(¢t) = 0 and 22(¢) = 0 when 7(¢) = 7. By using Jensen’s inequality,

S T

it is easy to show that —7 [ _¢T(¢)Se(¢)d¢ < —27(t) 2(t) still holds for 7(t) = 0 or 7(t) = 7.
T S
Combining (24)—(25), some tedious calculations give
V(t) < 0T (H0(), (26)

where 9(t) = col(e(t), y(t), e(t — 7(t)), e(t — 7),n(t), n(t — 7(t))). It follows from LMI condition (17) that V() < 0
holds for any ¥(t) # 0. Then, the error system (20) is asymptotically stable at the origin. Hence, algorithm (3) solves
the bipartite leader-following synchronization problem for signed network (1). The proof is finished. O

Remark 7 In this section, the node-delay for signed network (1) is only assumed to be bounded. It is worth men-
tioning that in the literature on the synchronization of coupled delayed neural networks with unsigned graphs, the
node-delay is usually assumed to be a differentiable function or a constant (Lu, Ho, & Wang (2009); Song, Cao, &
Liu (2012); He, Qian, & Cao (2017)).

Remark 8 It is necessary to discuss the feasibility of LMI conditions (17) and (18) in Theorem 2. Let A; be the i-th
eigenvalue of matriz H. By Lemma 5, under Assumptions 1 and 3, one has Re(A\;) >0, i =1,..., N, and can see
that the eigenvalue-set of matriz Ay = —INQC —o(H®1,) is given by {—oX;—ck,i =1,..., N,k =1,...,n}, which
indicates that Ay is a Hurwitz matriz. Then, a positive definite matriz Py > 0 and a parameter 5 > 0 can be found
to satisfy PaAg + AL Py < —BIny,. Let P = Po, P3 = 7(In ® (ATA)), S=P3/7%, T =0, M = S/2, G = Iy /(27)
and K = Iy /(37). Obviously, for S > 0 and T = 0, condition (18) always holds. Applying Schur complement, one
can show that LMI (17) is feasible if T is relatively small and ATA < B7I,, holds.

Remark 9 Due to different assumptions on the node-delay 7(t) for signed network (1), note that the dimension of
LMI condition (17) in Theorem 2 is much higher than that of LMI condition (5) in Theorem 1. Since the node-delay
7(t) in Theorem 2 is only assumed to be bounded, it is difficult to construct an appropriate Lyapunov-Krasovskii
functional including a term explicitly related to 7(t). How to establish some lower-dimensional LMI conditions for
reaching bipartite synchronization in signed network (1) with a non-differentiable node-delay is quite challenging and

deserves to be further investigated in our future work.
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Remark 10 This paper focuses on the leader-following bipartite synchronization of signed network (1). Letting
ui(t) =0,i=1,..., N, signed network (1) is said to reach bipartite leaderless synchronization iflim;_, ||w;x;(t)—
w;x;(t)|| = 0 holds for any i,5 =1,...,N(i # j) where w; € {1,—1}. Under Assumptions 1-2, considering (9) in the
proof of Theorem 1, one can obtain z;(t) = —CT;(t) + Af(Z;(t)) + Bf(Z;(t — 7(t))) — UZj-il Lhzi(t), i=1,...,N,
where T;(t) = w;x;(t). Let e;(t) = T;(t) —Z1(t) and n;(t) = f(Z:(t))— f(Z1(t)), i =2,..., N. Recall that Z;\f:l =0

holds for all i =1,..., N. By some simple calculations, one has the following error system
N
éi(t) = —Cei(t) + Ani(t) + Bui(t — 7(t) — o > _ (1t = 13;) €;(t). (27)
j=2

Define L* 2 (1) € RV=UXWN=1) yhere [t = Wity grn) ~Uigrr) P a=1,..., N=1. Letting e(t) = col(ea(t), . .., en(t))

and n(t) = col(na(t), ..., nn(t)), write the error system (27) in compact matriz form:
é(t) = Aoe(t) + Ain(t) + Aan(t — (1)), (28)

where Ag = —INn_1@C —o(L*®1,), Ay = INn_1®A and Ay = Ixy_1 ® B. It is easy to show that the signed network
(1) achieves bipartite leaderless synchronization if the error system (28) is asymptotically stable. By Lemma 1 in
(Zhang € Tian (2009)), all the eigenvalues of matriz L* have positive real parts if the graph of G contains a directed
spanning tree, where G* is the unsigned graph associated with the adjacency matriz A*. Following the similar line

in Theorem 2, one can analyze the stability of system (28). The related details are omitted due to space limit.

6 Numerical results

This section presents some simulations to study the bipartite leader-following synchronization of network (1) under

pinning control algorithm (3).

Consider the signed network (1) composed by seven delayed neural networks (Lu (2002)) shown in Fig. 1, where
o =25, f(z;(t)) = (tanh(x;1 (1)), tanh(z;2(¢)))T, i = 1,...,7, and the parameters are give by as follows (Lu (2002))

10 2.0 —-0.1 —1.5 —0.1
C = A= B = . (29)

01 —-5.0 1.5 -02 -1

Fig. 1. A signed graph with seven nodes.
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By the results in (Lu (2002)), the leader node (2) with the parameters in (29) may exhibit rich dynamics including
chaotic behaviors. For example, letting the node-delay 7(t) = 1.0 and the initial condition s(¢) = (0.4,0.6)7,Vt €
[—1,0], Fig. 2 plots a single-scroll-like chaotic attractor of the leader node (2).

From Fig. 1, one can see that the topology of the signed network (1) is structurally balanced by simply letting
V1 ={1,2,3} and Vo = {4,5,6, 7}, which indicates that Assumption 1 holds with W = diag(1,1,1,—1,—-1,-1,-1).

Note that the node function fx(-)(k € {1,2}) of network (1) is an odd function satisfying the Lipschitz condition
with A = diag(1,1). Hence, Assumption 2 is satisfied.

4
2 L
=
(7]
0 L
_2 L
-1 -0.5 0 0.5

s,(0)
Fig. 2. Chaotic trajectory of leader node (2).

Choose node 3 in Fig. 1 as pinned node with the pinning feedback gain ds = 20 such that Assumption 3 holds. Some
simple calculations give min!_; {Re()\;)} = 0.9088, where \; is the i-th eigenvalue of matrix H defined in (4).

We now investigate the bipartite synchronization of network (1) under pinning control algorithm (3) with differen-
tiable and non-differentiable node-delays, respectively. For t € [—7,0], let s(t) = (0.4,0.6)7 be the initial condition
of leader node (2), and choose the initial condition of each node in signed network (1) from [—0.2,0.2] x [-0.2,0.2],
where 7 is the bound for the node-delay to be given.

Case 1: Bipartite synchronization of network with a differentiable node-delay

Let 7(t) = 1/(1+e7?). It is easy to obtain 0 < 7(¢) < 1 and 7(t) = e~ !/(1+e~%)? < u = 0.25. According to condition
(6) in Theorem 1, choose o = 18 < 25 x min]_; Re()\;) = 22.72. By using MATLAB’s LMI toolbox, one can verify
that LMI condition (5) is satisfied. Applying pinning control to node 3, the state evolutions of signed network (1)
and the leader node (2) are depicted in Fig. 3, where the dotted line denotes the variations of leader node (2). From

Fig. 3, one can clearly see that the signed network (1) achieves bipartite leader-following synchronization.

Remark 11 One can estimate an upper bound for the node-delay by Remark 5. Recall that o = 18 and 6,, =
maxi<kg<2{dr} = 1. Some simple calculations yield M = 2C + 2aly — (1/(1 — pu))62,Is — ATA — AAT — BBT =

29.3967 9.7500
, whose eigenvalues are given by 3.6801 and 33.0932. Then, an upper bound of the node-delay is

9.7500 7.3767
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t(s)

Fig. 3. Bipartite leader-following synchronization of signed network with a differentiable node-delay.

estimated to be T = +/3.6801 = 1.9184, which means that the bipartite leader-following synchronization of signed
network (1) with algorithm (8) can be reached.

Case 2: Bipartite synchronization of network with a non-differentiable node-delay

Let 7(t) = 0.5 4 0.5|sin(t)|, whose upper bound is 1.0. However, 7(¢) is not differentiable with respect to time t.
Considering Theorem 2, one can verify that LMI conditions (17) and (18) hold simultaneously with the help of
MATLAB’s LMI toolbox. Fig. 4 presents the variations of the states of signed network (1) and leader node (2),

indicating that the bipartite leader-following synchronization problem for signed network (1) is successfully solved
by pinning control algorithm (3).

xll(t) and and sl(t)
o
|

x‘z(t) and sz(l)

) 0 0.1 02 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t(s)

Fig. 4. Bipartite leader-following synchronization of signed network with a non-differentiable node-delay.

7 Conclusions

In this paper, we have studied the bipartite leader-following synchronization in a network of delayed neural networks
under signed graph based on pinning control strategy, where only a subset of nodes can access the information of the
leader. By using the property of M-matrix and the theory of algebraic graphs, we have established some conditions to
ensure that the bipartite leader-following synchronization problem of the signed network can be successfully solved.
Both differentiable and non-differentiable cases for the node-delay in the network have been considered by using
some techniques from delayed systems such as Jensen’s inequality and the reciprocally convex approach. Moreover,
when the node-delay is bounded and differentiable, a simple algebraic approach is given to estimate an upper bound
of the node-delay. Simulation results have been provided to validate the effectiveness of our theoretical analysis. It is

worth mentioning that the bipartite leaderless synchronization of the signed network has also been briefly discussed.
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For the coupled delayed neural networks in this paper, the signed interaction graph is assumed to be fixed and the
communication delay between neighboring nodes has not been considered. It would be of interest to investigate the
bipartite synchronization of coupled delayed neural networks with switching network topology and hybrid delayed

coupling in the near future.

References

Altafini, C. (2013). Consensus problems on networks with antagonistic interactions. IEEE Transactions on Automatic Control,
58(4), 935-946.

Boyd, S., El Ghaoui, L., Feron, E., & Balakrishnan, V. (1994). Linear matriz inequalities in system and control theory.
Philadelphia: STAM.

Cao, J., Chen, G. , & Li, P. (2008). Global synchronization in an array of delayed neural networks with hybrid coupling. IEEE
Transactions on Systems, Man, and Cybernetics—Part B: Cybernetics, 38(2), 488-498.

Chen, G., Zhou, J., & Liu, Z. (2004). Global synchronization of coupled delayed neural networks and applications to chaotic
CNN models. International Journal of Bifurcation and Chaos, 14(7), 2229-2240.

Chen, T., Liu, X. & Lu, W. (2007). Pinning complex networks by a single controller. IEEE Transactions on Clircuits and
Systems—I: Regular Papers, 54(6), 1317-1326.

Fan, M. C., Zhang, H. T., & Wang, M. (2014). Bipartite flocking for multi-agent systems. Communications in Nonlinear
Science and Numerical Simulation, 19(9), 3313-3322.

Fridman, E. (2014). Introduction to time-delay systems: Analysis and control. New York: Springer.

Gu, K. (2000). An integral inequality in the stability problem of time-delay systems. In Proceedings of the 39th IEEE Con-
ference on Decision and Control. Sydney, Australia. pp. 2805-2810.

Guo, X., Lu, J., Alsaedi, A., & Alsaadi, F. E. (2018). Bipartite consensus for multi-agent systems with antagonistic interactions
and communication delays. Physica A, 495, 488-497.

He, W., Qian, F., & Cao, J. (2017). Pinning-controlled synchronization of delayed neural networks with distributed-delay
coupling via impulsive control. Neural Networks, 85, 1-9.

Horn, R. A., & Johnson, C. R. (1991). Topics in matriz analysis. Cambridge: Cambridge University Press.

Hu, J., & Zheng, W. X. (2014). Emergent collective behaviors on coopetition networks. Physics Letters A, 378(26-27), 1787—
1796.

Huang, J., Li, C., Huang, T., & He, X. (2014). Finite-time lag synchronization of delayed neural networks. Neurocomputing,
139, 145-149.

Lakshmanan, S., Prakash, M., Lim, C. P., Rakkiyappan, R., Balasubramaniam, P., & Nahavandi, S. (2018). Synchronization
of an inertial neural network with time-varying delays and its application to secure communication. IEEE Transactions on
Neural Networks and Learning Systems, 29(1), 195-207.

Li, J., Jiang, H., Hu, C., & Yu, Z. (2018). Multiple types of synchronization analysis for discontinuous Cohen-Grossberg neural
networks with time-varying delays. Neural Networks, 99, 101-113.

Li, L., & Cao, J. (2011). Cluster synchronization in an array of coupled stochastic delayed neural networks via pinning control.
Neurocomputing, 74(5), 846-856.

Lu, H. (2002) Chaotic attractors in delayed neural networks. Physics Letters A, 298(2-3), 109-116.

Liu, Q., Cao, J., & Xia, Y. (2005). A delayed neural network for solving linear projection equations and its analysis. [EEE
Transactions on Neural Networks, 16(4), 834-843.

Lu, J., Ho, D. W. C., & Liu, M. (2007). Globally exponential synchronization in an array of asymmetric coupled neural
networks. Physics Letters A, 369(5-6), 444-451.

Lu, J., Ho, D. W. C., & Wang, Z. (2009). Pinning stabilization of linearly coupled stochastic neural networks via minimum
number of controllers. IEEE Transactions on Neural Networks, 20(10), 1617-1629.

Meng, D. (2017). Bipartite containment tracking of signed networks. Automatica, 79, 282-289.

16



Meng, D., Du, M., & Jia, Y. (2016). Interval bipartite consensus of networked agents associated with signed digraphs. IEEE
Transactions on Automatic Control, 61(12), 3755-3770.

Park, P., Ko, J. W., & Jeong, C. (2011). Reciprocally convex approach to stability of systems with time-varying delays.
Automatica, 47(1), 235-238.

Pecora, L. M., & Carroll, T. L. (1990). Synchronization in chaotic systems. Physical Review Letters, 64, 821-824.

Song, Q., & Cao, J. (2010). On pinning synchronization of directed and undirected complex dynamical networks. IEEE
Transactions on Clircuits and Systems—I: Regular Papers, 57(3), 672-680.

Song, Q., Cao, J., & Liu, F. (2012). Pinning synchronization of linearly coupled delayed neural networks. Mathematics and
Computers in Simulation, 86, 39-51.

Song, Q., Liu, F., Cao, J., & Yu, W. (2013). M-Matrix Strategies for pinning-controlled leader-following consensus in multi-
agent systems with nonlinear dynamics. IEEE Transactions on Cybernetics, 43(6), 1688-1697.

Valcher, M. E. & Misra, P. (2014). On the consensus and bipartite consensus in high-order multi-agent dynamical systems
with antagonistic interactions. Systems € Control Letters, 66, 94-103.

Waibel, A. (1989). Modular construction of time-delay neural networks for speech recognition. Neural Computation, 1(1), 39—
46.

Wan, Y., Cao, J., Wen, G., & Yu, W. (2016). Robust fixed-time synchronization of delayed Cohen-Grossberg neural networks.
Neural Networks, 73, 86-94.

Wang, X. F., & Chen, G. (2002). Pinning control of scale-free dynamical networks. Physica A, 310(3-4), 521-531.

Wen, G., Yu, W., Chen, M. Z. Q., Yu, X., & Chen, G. (2014). Hoo pinning synchronization of directed networks with aperiodic
sampled-data communications. IEEE Transactions on Circuits and Systems—I: Regular Papers, 61(11), 3245-3255.

Wéhler, C., & Anlauf, J. K. (1999). A time delay neural network algorithm for estimating image-pattern shape and motion.
Image and Vision Computing, 17(3-4), 281-294.

Yang, S., Guo, Z., & Wang, J. (2017). Global synchronization of multiple recurrent neural networks with time delays via
impulsive interactions. IEEE Transactions on Neural Networks and Learning Systems, 28(7), 1657-1667.

Yang, X., & Ho, D. W. C. (2016). Synchronization of delayed memristive neural networks: Robust analysis approach. IEEE
Transactions on Cybernetics, 46(12), 3377-3387.

Yu, W., & Cao, J. (2006). Cryptography based on delayed chaotic neural networks. Physics Letters A, 356(4-5), 333-338.

Yu, W., Cao, J., &, Lii, J. (2008). Global synchronization of linearly hybrid coupled networks with time-varying delay. STAM
Journal on Applied Dynamical Systems, 7(1), 108-133.

Zhai, S., & Li, Q. (2016a). Bipartite synchronization in a network of nonlinear systems: A contraction approach. Journal of
the Franklin Institute, 353(17), 4602-4619.

Zhai, S., & Li, Q. (2016b). Pinning bipartite synchronization for coupled nonlinear systems with antagonistic interactions and
switching topologies. Systems € Control Letters, 94, 127-132.

Zhang, J., & Gao, Y. (2017). Synchronization of coupled neural networks with time-varying delay. Neurocomputing, 219, 154—
162.

Zhang, J., Zhao, X. & Huang, J. (2016). Synchronization control of neural networks with state-dependent coefficient matrices.
IEEE Transactions on Neural Networks and Learning Systems, 27(11), 2440-2447.

Zhang, Y., & Tian, Y. Consentability and protocol design of multi-agent systems with stochastic switching topology. Auto-
matica, 45(5), 1195-1201.

17



