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A B S T R A C T

Simulation of multi-support (i.e. spatially variable) seismic underground motions in sea areas plays a significant
role in the seismic analysis of cross-sea structures such as cross-sea bridges or subsea tunnels. However, existing
approaches for predicting multi-support seismic motions mainly focus on the dry site soils without overlying
surface water. This paper proposes an approach for predicting multi-support seismic underground motions in
layered saturated half space under surface water, subjected to oblique incident P waves. The transfer function in
saturated soil under surface water, as the theoretical basis of the subsequent numerical simulation, is first de-
rived based on wave propagation theory and the calculated reflection coefficients of P wave–induced P1, P2, SV
waves in saturated soils. The derived transfer function is further employed to deduce and obtain the under-
ground (sub-seabed) power spectral density function and response spectrum function. The two obtained func-
tions, combined with the additional cross-coherence function, are subsequently employed to construct the cross
power spectral density matrix and thus to simulate multi-support seismic underground motions. The solutions
are validated against the target power spectral density, target response spectrum and target cross-coherence
functions. A parametric analysis is presented where the effects of the soil thickness, the incident angle and the
overlying water depth are investigated. Results show that the soil thickness, incident angle and overlying water
depth have significant influences on the amplitude of transfer functions, which further affect the ratios between
seismic ground and underground motions.

1. Introduction

Various components including wave scattering, wave passage, and
site simplification effects cause the ground motion to vary spatially
[1,10,12,21,39,9]. It has been observed that the spatial variation of
seismic motions has significant influence on the dynamic response of
engineering structures, especially for those structures such as long-span
bridges, transmission tower-lines systems, tunnels and dams [2,41–44].
Therefore, the reasonable simulations and predictions of multi-support
seismic motions are necessary for a reliable structural response analysis
[21,23,3,33,46].

Generally, it is necessary for simulating the multi-support seismic
motions to construct the cross power spectral density matrix, which
need the target PSD (power spectral density) function, target response
spectrum and coherence function [20,22,24,27,31,35]. Based on this
research framework, a number of methods have been developed, pro-
posed and employed. In particular, Deodatis [15] presented a method

to simulate spatial ground motions with different power spectral den-
sities at different locations and investigated the influence of the spatial
variation of ground motions on the seismic response of large embank-
ment dams. This method was then extended to generate spatially
varying seismic ground motion time histories by Deodatis et al. [16].
Considering the influence of layered irregular sites and random soil
properties on coherence functions, [4,5] presented an approximate
method to simulate the spatially varying ground motions on the surface
of non-uniform sites. Their method was then paid close attention and
was extensively developed by many researchers [26,28,45]. Further-
more, the impact of the spatially varying seismic motions on the seismic
response of different types of structures, such as transmission tower-
lines, large dams and large-span bridges, were also investigated by
[1,37,14,30,48,19,34].

Current researches on the multi-support seismic motions mainly
focus on the seismic response in the dry soil sites without overlying
surface water [49,50]. However, for those long-span cross-sea
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structures, such as cross-sea bridges and subsea tunnels, the site soils
(or sub-seabed) are saturated and overlain by the surface water. Thus,
the theoretical models or functions that are applicable to simulate
seismic motions in dry soil are not appropriate. Therefore, it is very
necessary to investigate the specific theoretical functions that are ap-
plicable to predict multi-support seismic motions in saturated soils with
overlying surface water. Based on the Biot theory [6–8], researchers
extensively investigated the wave propagation in the saturated soils and
further emphases were given to the investigation on the complex re-
flection and refraction in saturated solid and at medium-fluid interface.
Such representative works include [18,17,32,11,47,40], etc. In addi-
tion, [38] particularly investigated the effects of random variations of
soil properties on site amplification of seismic waves considering soil
saturation, considered as a development of the study on seismic mo-
tions in saturated soils, despite not considering the overlying surface
water. Recently, Liu and Liang investigate the approach for simulating
the multi-support earthquake underground motions, but the research is
only limited to the dry soil without considering the overlying surface
water.

This paper focuses on a feasible approach for predicting multi-
support seismic motions in the layered saturated soil under surface
water, which can be used for the seismic analysis of large-span cross-sea
structures. Firstly, the potential functions of saturated elastic-solid
media overlying with ideal fluid are deduced and the corresponding
transfer functions, the theoretical basis of the subsequent numerical
simulation, are derived in this paper. Subsequently, the underground
power spectral density (PSD) function and response spectrum function
for generating the multi-support seismic underground motions are ob-
tained with the derived transfer functions. Furthermore, the two key
functions combined with the additional cross-coherence function are
subsequently employed to construct the cross power spectral density
matrix and thus to simulate multi-support seismic underground mo-
tions. Finally, the multi-support seismic underground motions are si-
mulated and validated against the target functions. In addition, a
parametric analysis on the effects of the soil thickness, incident angle
and overlying water depth are investigated.

2. Wave equations and transfer function in saturated soil under
surface water

First, the theoretical formula of seismic waves in saturated soil with
overlying water are deduced. Fig. 1 schematically shows the considered
multi-layer saturated soil with overlying surface water. In the figure, H
and hj represent the depth of the overlying water and the thickness of
the (j)th layer respectively; ρw and K are the density and bulk modulus
of the overlying water respectively; ρs, ρf , μ and ϕ respectively re-
present the soil density, fluid density, shear modulus, porosity; Ks, Kf, Kb

and K0 denote bulk modulus of the solid, bulk modulus of the fluid, bulk

modulus of the solid skeleton and permeability coefficient, respectively;
ρn is the density of the bedrock and λ μ,n n represent Lame constants
respectively.

2.1. Basic theory: potential functions in different media

The governing equations for the displacement of the solid medium
and liquid portion of porous skeleton are obtained by taking the effect
of dissipation due to flow of the viscous liquid relative to the solid.

According to the Biot porous media theory [6–8], the potential
functions of saturated soil can be expressed as

= + =− − − +ϕ E e F e k, ( 1, 2)k Pk
i ωt δ xw zw

Pk
i ωt δ xw zw[ ( )] [ ( )]k k k1 3 3 31 33 (1)

= +− − − +ψ E e F eS
i ωt δ xw zw

S
i ωt δ xw zw

1
[ ( )] [ ( )]3 31 33 3 31 33 (2)

where φ1, φ2 and ψ1 are the potential functions of the P1, P2 and SV
waves respectively; EP1, EP2 and ES are the potential amplitudes of the
corresponding upward-travelling waves; FP1, FP2 and FS are the poten-
tial amplitudes of the corresponding downward-travelling waves; wkx

and wkz denote the components of the unit vector in the x-direction and
z-direction.

According to Snell's law, the horizontal wave numbers (kx) of har-
monic waves are the same in x-direction

= = ⋅ = ⋅ = − =k δ w θ ω c w ω c θ δ w w ksin / , ( / sin )/ , (1 ) , ( 1, 2, 3)x k kx k kx k k kz kx
2 1/2

(3a)

= =c M ρ Ω k( / ) /Re( ), ( 1, 2, 3)k k
1/2 1/2 (3b)

where ω is the circular frequency of the incident wave; θ is the incident
angle; ck are the phase velocity and k=1, 2, 3 denoting the P1, P2, and
SV waves respectively; Re denotes the real part of the parameter. For
more introduction, the following expressions are given and defined as
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In Eq. 4b, = + +α γ φ φ1 (1 )/ with γ as the coefficient of the in-
duced inertia on the solid phase (due to the oscillation of solid skeleton
in fluid).

The displacements of the solid fluid phase can be expressed by the
potential functions as
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Fig. 1. Schematic diagram of a layered half-space saturated soil with an over-
lying water layer.
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According to Eq. (5), the stresses of the solid-fluid phase can be
expressed as
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where δij is Kronecker coefficient; = ∇⋅e u; = ∇⋅ξ U ; p is pore fluid
pressure.

The potential functions of ideal fluid can be expressed as

= +− − − +ϕ E e F ef pf
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pf
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where the wave numbers of P wave in ideal fluid are =k ω c/f f and

= −k k kfz f x
2 2 ; =c K ρ/f f .

The displacements and pressure of fluid can be expressed as
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2.2. Boundary conditions

The boundary conditions of the saturated soil model in Fig. 1 are
investigated in this section. The boundary consists of two types, i.e. the
interface of soil layers and the interface between saturated soil and
overlying water.

At the interface of elastic solid-saturated soil layers, both the dis-
placement and stress continuity should be satisfied, as follows.

(1) The vertical displacement is continuous

=u uz zn (9a)

(2) The horizontal displacement is continuous

=u ux xn (9b)

(3) The normal stress is continuous

+ =σ τ σzz zzn (9c)

(4) The shear stress is continuous

=σ σzz zzn (9d)

(5) The relative displacement of solid-liquid is zero at the interface of
elastic solid-saturated soil

=u Uz z (9e)

Due to the fact that the component of P wave disappears in the
overlying water, at the interface between saturated soil and overlying
water, we have

(1) The vertical displacement is continuous

=u Uz zf (10a)

(2) The horizontal displacement is continuous

=u Ux xf (10b)

(3) The normal stress is continuous

+ = −σ τ pzz (10c)

(4) The shear stress is continuous

=σ 0xz (10d)

(5) The pressure is zero at the free surface of ideal fluid

∂
∂
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ϕ

t
0f

f
2

2 (10e)

2.3. Derivation process of transfer matrix

Based on the above analysis, each saturated soil layer has three up-
going waves and three down-going waves. The amplitude vector Hn and
the stress-displacement vector Sn of the bedrock can be expressed as

= =H E F E F S u u σ σ( , , , ) , ( , , , )n Pn Pn Sn Sn
T

n z x
T

33 13 (11)

=S T Hn n n (12)

where Tn is a matrix of 4× 4, in which each parameter is defined in
Appendix A.

According to Eqs. 1 and 2, each saturated soil layer has three up-
ward-travelling waves and three downward-travelling waves. The am-
plitude vector Hj and stress-displacement vector Sj of the (j)th layer can
be expressed as

= = −H E F E F E F j n( , , , , , ) , ( 1, 2, 3, ... , 1)j P j P j P j P j Sj Sj
T

1 1 2 2 (13)

= + − = −S u u σ τ σ p ϕ U u j n( , , , , , ( )) , ( 1, 2, 3, ...., 1)j zj xj j j j j j zj zj
T

33 13

(14)

Eqs. 13 and 14 can be connected by using the following equation

=S T Hj Sj j (15)

where TSj can be obtained by substituting Eqs. (1) and (2) into Eqs. (5)
and (6), each parameter of TSj is defined in Appendix B.

In the (j+1)th layer, we have

=+ + +S T Hj Sj j1 1 1 (16)

According to the continuous conditions between adjacent layers, the
following relationship can be obtained

== + =S S| |j z h j z1 0j (17)

Substituting Eqs. (15) and (16) into Equation (17) yields

=+ = + =T H T H| |Sj z j Sj z h j1 0 1 j (18)

Using left multiplication inverse matrix of + =T |Sj z1 0 by the two sides
of Eq. (18), it arrives

= = ⋅ ⋅+ + =
−

=H T H T T H| |j j j S j z Sj z h j1 ( 1) 0
1

j (19)

Therefore, the amplitude vector of each layer can be associated with
the top layer in accordance with the recursive Eq. (19) and can be
expressed as

= = ⋅ ⋅⋅⋅− −H T H T T T Hj j j j1 1 1 1 1 1 (20)

where Tj1 is a matrix of 6× 6.
The relationship between the amplitude vector of the bedrock and

that of the bottom layer can be established based on Eq. (9).

= ′= × × − = × − ×−( )T H T H( | ) ( ) | ( )n z n s n z h n0 4 4 4 1 ( 1) 4 6 1 6 1n 1 (21)

By defining n-1 equal to j in Eq. (21), the following equation can be
obtained

= = ′× =
−

× − = × − × ×−( )H T H T T T H( ) ( | ) | ( ) ( )n n n z s n z h n4 1 1 1 0
1

4 4 ( 1) 4 6 ( 1)1 6 6 1 6 1n 1 (22)

There are three kinds of upward-travelling waves in saturated soils.
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Each wave will produce a waveform conversion when reaching the top
layer, and therefore three corresponding downward-travelling waves in
the first layer can be generated.

= + +F r E r E r EP P P P P P P SP S11 1 1 11 2 1 21 1 1 (23a)

= + +F r E r E r EP P P P P P P SP S21 1 2 11 2 2 21 2 1 (23b)

= + +F r E r E r ES P S P P S P SS S1 1 11 2 21 1 (23c)

where FP11, FP21 and FS1 are the potential amplitudes of the three cor-
responding upward-travelling waves respectively; rmn is the reflection
coefficient of the interface; m and n represent the incident wave and
reflected wave respectively. For example, rP P1 2 is the amplitude ratio of
the reflected wave of P2 to incident wave of P1 when the incident wave
is the P1 wave.

Substituting Eq. (23) into Eq. (13) yields

= + +

+ + + +

H E r E r E r E E

r E r E r E E r E r E r E

( , , ,

, , )

P P P P P P P SVP S P

P P P P P P SVP S S P SV P P SV P SVSV S
T

1 11 1 1 11 2 1 21 1 1 21

1 2 11 2 2 21 2 1 1 1 11 2 21 1

(24)

where H1 is made up of upward-travelling waves (EP11, EP21, ES1) and
nine reflection coefficients.

2.4. Refraction and reflection at interfaces of saturated soil under surface
water

This section investigates the wave refraction and reflection of waves
at interface of saturated soil under surface water. Three different types
of waves (i.e., P1, P2 and SV waves) are generated when the plane P
wave travels from the bedrock to the saturated soils. These three waves
continue to propagate upward in the saturated soils and will generate
three corresponding downward-travelling waves at the interface be-
tween the saturated soil and the overlying water. As shown in Fig. 2, θ
is the incident angle of the P wave; α1 and α2 are the reflection angles of
the P and SV waves at the layer interface respectively; β1, β2 and β3 are
the refraction angles of the P1, SV and P2 waves in saturated soils re-
spectively. βc1, βc2 and βc3 are the cumulative refraction angles of the
P1, SV and P2 waves when wave propagates upwards to the top layer
soil respectively. It is noted that the local coordinate system is em-
ployed in Fig. 2.

According to the Snell's law, the horizontal wave numbers of har-
monic waves are the same in x-direction. When the incident angle of the
P wave is θ, the following equations can be obtained.

= = = =k θ k α δ w δ w δ wsin sinS P 1 11 2 21 3 31 (25)

= = = =k θ k α ω
c

β ω
c

β ω
c

βsin sin sin sin sinS P
1

1
2

2
3

3 (26)

When the incident wave is the P1 wave at the interface between sa-
turated soils and overlying water, EP2 =0 and ESV=0, as shown in Fig.2.

According to Eqs. (1) and (2), the potential functions can be ex-
pressed as

= + =− − − + − +ϕ E e F e ϕ F e,p
i ωt δ w x δ w z

p
i ωt δ w x δ w z

p
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1 1
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1
[ ]3 31 3 33 (27b)

Substituting Eqs. (27a) and (27b) into Eq. (10), the reflection
coefficients of rP P1 1, rP P1 2 and rP SV1 can be obtained.

Similarly, when the incident wave is the P2 wave, EP1 = 0 and
ESV=0, as shown in Fig. 2.

According to Eqs. (1) and (2), the potential functions can be ex-
pressed as

= = +− + − − − +ϕ F e ϕ E e F e,p
i ωt δ w x δ w z

p
i ωt δ w x δ w z

p
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1 1
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2 2
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2
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(28a)

= − +ψ F es
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1
[ ]3 31 3 33 (28b)

Substituting Eqs. (28a) and (28b) into Eq. 10, the reflection coeffi-
cients of rP P2 1, rP P2 2 and rP SV2 can be obtained.

Similarly, when the incident wave is the SV wave, EP1 = 0 and EP2
= 0, as shown in Fig.2.

According to Eqs. (1) and (2), the potential functions can be ex-
pressed as

= =− + − +ϕ F e ϕ F e,p
i ωt δ w x δ w z

p
i ωt δ w x δ w z

1 1
[ ]

2 2
[ ]1 11 1 13 2 21 2 23 (29a)

= +− − − +ψ E e F es
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s
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1
[ ] [ ]3 31 3 33 3 31 3 33 (29b)

Substituting Eqs. (29a) and (29b) into Eq. (10), the reflection
coefficients of rSVP1, rSVP2 and rSVSV can be obtained.

Substituting the nine reflection coefficients into Eq. (24), H1 can be
simplified and it contains only three unknowns (EP11, EP21, ES1).

2.5. Derivation of transfer function in saturated soil under surface water

This section investigates the transfer functions in saturated soil
under surface water. As the downward-travelling waves can be re-
presented by the upward-travelling waves, there are three unknowns
(EP11, EP21, ES1) in H1 and two unknowns (EPn, ESn) in Hn. However, Tn1
is a matrix of 4×6 and four equations can be established. Therefore, it
is necessary to add an equation. Assuming that the bedrock is im-
pervious, i.e. − =ϕ U u( ) 0j zj zj , then a new matrix ×T( )n1 5 6 is established
and the following equations can be obtained

= + +E a E a E a EPn P P S11 11 12 21 13 1 (30a)

= + +F a E a E a EPn P P S21 11 22 21 23 1 (30b)

= + +E a E a E a ESn P P S31 11 32 21 33 1 (30c)

= + +F a E a E a ESn P P S41 11 42 21 43 1 (30d)

= + +a E a E a E0 P P S51 11 52 21 53 1 (30e)

where = =a s t( 1, 2, 3, 4, 5 1, 2, 3)st is related to H1 and ×T( )n1 5 6 and
defined in Appendix C.

Combining Eqs. (30a), (30c) and (30e) yields

= + = + = +E c E c E E c E c E E c E c E, ,P Pn Sn P Pn Sn S Pn Sn11 1 2 21 3 4 1 5 6 (31a)

where =c i( 1, 2, 3, 4, 5, 6)i is defined in Appendix C.
When the incident wave is the P wave, ESn =0. Eq. 31a can be

expressed as

= = =E c E E c E E c E, ,P Pn P Pn S Pn11 1 21 3 1 5 (31b)

By substituting Eq. (31b) into Eq. (24), the top amplitude vector H1

can be expressed as

=H d E d E d E d E d E d E( , , , , , )Pn Pn Pn Pn Pn Pn
T

1 11 21 31 41 51 61 (32)
Fig. 2. The refraction and reflection of waves at the interfaces.

G. Liu et al. Soil Dynamics and Earthquake Engineering 115 (2018) 104–118

107



where

= = + +d c d r c r c r c, P P P P SVP11 1 21 1 1 1 2 1 3 1 5 (33a)

= = + +d c d r c r c r c, P P P P SVP31 3 41 1 2 1 2 2 3 2 5 (33b)

= = + +d c d r c r c r c, P SV P SV SVSV51 5 61 1 1 2 3 5 (33c)

By substituting Eq. (32) into Eq. (20), the amplitude vector Hj can be
expressed in terms of the unknowns EPn. The stress-displacement vec-
tors of the first and each layer are obtained by taking Hj to Eq. (15).

= = =S T H S T H T H,S j Sj j j1 1 1 1 1 (34)

The transfer function in the vertical direction from the first layer to
each layer can be obtained by the ratio of the first component of S1 to Sj
in the frequency domain.

= = =TF ω a
a

a ω
a ω

u
u

( ) /
/j

j j j
1

11

1

11
2

1
2

11

1 (35)

where TF1 j(ω) is the transfer function between the first layer and (j)th
layer and does not contain ESn; a11 and u11 are the vertical acceleration
and displacement of the first layer respectively; aj1 and uj1 are vertical
acceleration and displacement of the (j)th layer respectively.

3. Derivation process for multi-support underground (sub-seabed)
motions in saturated soil under surface water

The power spectral density, response spectrum and coherence
function are the three necessary conditions for simulating multi-support
earthquake motions. In this section, according to the ground motions
generated by the prototype spectral representation method [22] and the
transfer functions, the underground PSD and response spectrum are
first obtained and then the underground coherence function is derived
accordingly. These three theoretical models are used to establish the
power spectral matrix. The underground motions are generated by
using the Cholesky decomposition method.

3.1. Derivation process of underground (sub-seabed) PSD and response
spectrum

The difference of PSD function and response spectrum induces
spatial variability, affected by the position of horizontal distance and
depth. The geological strata geometry is given in Fig. 3.

The Clough-Penzien model [13] is chosen as the target ground PSD
for the simulation
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4 4

f f f

g g g f f f

4 2 2 2
0

2 2 2 2 2

4

2 2 2 2 2

(36)

where S0 is the spectral intensity; ωg and ξg are the ground predominant
frequency and damping ratio respectively; ωf and ξf are seismic energy
parameters and − +ω ω ω ξ ω ω/(( ) 4 )f f f

4 2 2 2 2 2 represents a modified

coefficient for the changes of seismic energy of low frequency. In this
paper, the values of S0, ωg, ξg, ωf and ξf are assigned as 0.042, 21.40,
0.075, 0.38, and 0.49 respectively [25].

The underground PSD can be calculated as follow

= ⋅′ ′ ′S ω TF ω S ω( ) | ( )| ( )a a aa aa
2 (37)

where S ω( )aa and are the auto-power spectrums of the motions at points
a and a’ in saturated soils respectively; ′TF ω( )aa is the transfer function
between the (a)th layer and (a’)th layer.

Response spectrum of Bridge Seismic Design Code (MOHURD 2011)
is chosen as the target ground response spectrum. The relationship
between Ra’(ω, ξ) and Ra(ω, ξ) can be expressed as follows

= ⋅′ ′R ω ξ TF ω R ω ξ( , ) | ( )| ( , )a aa a (38)

where ξ is a parameter related to exceeding probability, period, circular
frequency and damping ratio; Ra(ω, ξ) and Ra’(ω, ξ) are the response
spectrum of the motions at points a and a’ respectively.

3.2. Derivation process of underground (sub-seabed) coherence function

The coherence function is affected by three factors, i.e. the site
conditions, fluid-saturated media conditions and seismic character-
istics. Therefore the formation of ground motions will be affected by
these factors and the structural dynamic response is uncertain. The Hao
coherence model [22] that is able to accurately describe the regional
effects, is adopted as the ground target coherence function in this paper

= ⋅− −γ ω d e e( , )ab
β d a ω d ω π( ) ( /2 )1 1 2

(39)

where = + +a ω π ω b π c( ) 2 / /21 ; d is the distance between different
points; β1, a, b and c are assigned to be 1.109× 10-4, 3.583× 10-2,
-1.811×10-5 and -1.177× 10-4 respectively based on the 45 seismic
records of SMART-1 array event [25].

Considering linear elastic response, the cross-PSD function between
any two ground motions can be expressed as

∫

∫

∫

=
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∞ − −
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1 1
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2 1
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( )
2

( )
2b a

1

1

2

(40)

where R Δτ( )ab is the cross coherence function between the motions at
points a and b; A represents the amplitude of harmonic motions; τa and
τb are constants; Δτ2 is the integral variable; the superscripts a and b are
related to the values of the associated variables of the harmonic mo-
tions at points a and b respectively.

When the integral interval tends to be infinite, it should be noted
that the final results are not affected by the initial phase difference. Eq.
(40) can be expressed as

∫=

=

−∞

∞ − −

−

S ω
A

πA
R Δτ e e dΔτ
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iω τ τ
aa
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( )
2

( )
2

( )

( )

( )

b a

b a

2

(41)

Similarly, the cross-PSD for the underground motions, ′ ′S ω( )a b , can
be shown

=′ ′

′

′
−

′ ′
′ ′S ω

A

πA
e S ω( )

2
( )a b

ω
b

ω
a

iω τ τ
a a

( )

( )

( )b a

(42)

The relation between the two coherence functions of ground and
underground motions can be expressed asFig. 3. Geological strata geometry containing four different points.
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Fig. 4. Steps and flowchart for simulation.

Table 1
Material parameters for layered saturated soil.

Layer Shear modulus G
(MPa)

Solid density ρs
(kg/m3)

Damping ratio ξ Bulk modulus Attenuation coefficient k0
(m2)

Viscosity μ
(Pa s)

Porosity ɸ

Solid frame Kb

(MPa)
Solid grain Ks

(MPa)
Fluid Kf

(MPa)

1 81 2550 0.05 7610 31,600 2160 1.0× 10-10 0.001 0.29
2 80 2560 0.05 7410 32,600 2160 1.0× 10-10 0.001 0.30
3 79 2650 0.05 7210 33,600 2160 1.0× 10-10 0.001 0.305
4 78 2700 0.05 7010 34,600 2160 1.0× 10-10 0.001 0.32
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(43)

where γ ω( )ab and ′ ′γ ω( )a b are coherence functions for ground and un-
derground motions respectively.

Substituting Eqs. (37), (41) and (42) into Eq. 43, underground co-
herence functions can be expressed as [29]

= ⋅ = ⋅′ ′
− − − − −′ ′ ′ ′γ ω γ ω e e γ ω e( ) ( ) ( )a b ab

iω τ τ iω τ τ
ab

iω τ τ τ τ( ) ( ) [( ) ( )]a a b b a a b b (44)

The values of τa, τb, ′τa and ′τb can be calculated from the following
equation

= =τ k z
ω

ρ
G

z*
* (45)

where k* and G* are the complex wave number and complex shear
modulus respectively, and they satisfy = + =k ρω G iωη ρω G( *) /( ) / *2 2 2 ,

= +G G iωη* , =ωη Gξ2 and = +G G iξ* (1 2 ); the phase angle τ varies
with the ordinate value z.

4. Simulation of multi-point seismic motions in saturated soil
under surface water

4.1. Implementation

A flowchart for simulating the multi-support seismic motions in
saturated soil with overlying surface is first described in Fig. 4. The
flowchart shows the simulation process. First, the initial parameters of
bedrock, ideal fluid and saturated soil, and some other parameters such
as geometry and frequency are assigned. According to the parameters,
the transfer functions are firstly deduced. The ground surface PSD
model is adopted by the Clough-Penzien model, and the underground
PSD can be obtained by the ground surface PSD functions and the
transfer functions. The Hao coherence model is adopted as the ground
surface coherence function, and the underground coherence function
can be obtained. Finally, the underground motions can be simulated by
the obtained underground PSD functions and coherence functions.

4.2. Initial parameters

Based on the derived method of generating multi-support seismic

Fig. 5. Layered saturated soil for the case study.

Fig. 6. Comparison of transfer functions at three monitoring points of different
layer thickness (15°).

Fig. 7. Comparison between ground and underground target PSD (15°).

Fig. 8. Comparison between underground target and simulated PSD (15°).
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underground motions in saturated soils, a program is coded and de-
veloped. It is noted that the parameters related to the PSD model, ap-
parent wave velocity, coherence function, response spectrum, intensity
envelope function, coordinates of support points and geological para-
meters should be given in advance. The PSD model, response spectrum
and coherence function have been given in Section 3. According to the
report of the geological exploration in Tianjin [36], the exploration
data of the site soil geometric and material properties are listed in
Table 1 and the apparent wave velocity is 250m/s. The parameters of
the bedrock are defined as =ρ Kg m3000 /n

3, = ×μ Pa3.0 10n
9 and

= ×λ Pa2.2 10n
9 . The parameters of the overlying water are defined as

=ρ Kg m1000 /f
3 and = ×K Pa2160 109 .

4.3. Effect of soil thickness

Fig. 5 schematically shows a layered saturated soil overlain by
surface water. To investigate the impact of soil thickness on the pre-
dicted underground motions, the transfer functions at three monitoring
points of different soil thickness (i.e. thickness AA′, BB′ and CC′; in-
cident angle is 15°) are compared in Fig. 6. In particular, Fig. 6 indicates
that the dominant frequency of transfer functions decreases as the soil
thickness increases.

Furthermore in Fig. 7, it can be seen that the predicted underground
PSD curves are fluctuant, which shows a great difference compared to
ground PSD curves. The reason for this phenomenon is that the un-
derground PSD is determined by the ground PSD and the corresponding
transfer function ( ′TF ω( )aa ). The transfer function is fluctuant and de-
pendent on specific soil properties, as shown in Fig. 6. In Fig. 8, the
simulated underground PSD matches with the target underground PSD
in saturated soils, which demonstrates the reliability of the derived
theoretical method.

Fig. 9 compares the underground and ground target response
spectrum at different points. It is noted that the underground target
response spectrum fluctuates vigorously, as explained before. More-
over, it can be seen in Fig. 9 that the average value of underground
target response spectrum is smaller than the plateau value of the ground
target response spectrum over the period range from 0.10147 to
0.34712 s, which indicates the amplification effects by the layered sa-
turated soil. In addition, Fig. 10 shows that the underground simulated
response spectrum is consistent with the target response spectrum,
which further demonstrates the reliability of the theoretical method to
simulate the multi-support seismic underground motions in saturated
soils with overlying water.

As shown in Fig. 11, the correlation coefficients of ground and un-
derground are similar when the frequency is lower than 3 Hz but are
significantly different when the frequency is beyond this range, con-
sistent with Eq. (44). Comparing Fig. 11 (a) with Fig. 11 (b), it can be
seen that the coherence coefficient of BC(B′C′) is slightly smaller than
that of AB(A′B′), which reflects the effect of horizontal distance on the
coherence function. Moreover, the coherence coefficient of under-
ground motions in saturated soil is smaller than that of ground motions,
which reflects the effect of soil conditions on amplification coefficient.

Fig. 9. Comparison between underground and ground target response spectrum (15°).

Fig. 10. Comparison between underground target and simulated response spectrum (15°).

Fig. 11. Comparison between target and simulated coherence functions (15°).
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As we can see from Fig. 12, generally the peak values and variances
of underground motions are smaller than those of ground motions. The
site amplification factors of earthquake motions will become larger
with the increasing layer thickness. This is consistent with the afore-
mentioned site amplification effect.

4.4. Effect of incident angle

In this section, the effects of the incident angle on the derived
transfer function in the previous section and simulated seismic motions
are investigated and the regularity is summarized. The incident angles
of P waves range from 0° to 90°, and there are two special cases below
to be clarified firstly:

(a) For the case of vertical wave incidence (incident angle is 0°), the
incident P waves cross the layer-interface vertically without hor-
izontal component. Meanwhile, the derivative SV waves in the sa-
turated soil do not exist for case of vertical wave-incidence, which is
different from that for oblique incidence case.

(b) For the case of horizontal wave incidence (incident angle is 90°),
the incident P

waves propagate horizontally and they will not cross the layer in-
terface in theory.

According to the analysis above, the cases for incident angles (15°,
30°, 45°, 60° and 75°) are conducted. The overlying water depth is also
set to 20m and depicted in Fig. 5. The transfer coefficients between
points A and A′ under different incident angles are analyzed and given
in Fig. 13. It can be seen that the amplitude values of transfer functions
decrease with the increasing incident angle. The reason for this phe-
nomenon is that the total reflection components (reflection energy or
downward-travelling wave energy) at the soil interface increase with
increasing incidence angle, and reduces the upward-travelling wave
energy (total energy conservation) and further induces the decrease of
amplitude value of the transfer function.

To investigate the effect of the incident angle on the simulated
seismic motions, the acceleration histories of ground and underground
motions and variance ratios are given in Fig. 14. In order to illustrate
more clearly, the variance ratios and incidence angles are individually
given in the Fig. 15. The figures show that variance ratios get smaller
with the increasing incident angle. The phenomenon is consistent with
that (amplitude values of transfer functions decrease with the in-
creasing incident angle) discussed above. Actually, in theory, ampli-
tudes of transfer function decrease logically result in the ratios between
ground and underground seismic motions, because the essence of
transfer function is the proportion between ground and underground
motions in frequency domain.

4.5. Effect of overlying water depth

This section discusses the effect of overlying water depth on seismic

Fig. 12. Comparison of ground and underground acceleration at different points AA′, BB′ and CC′ (15°).

Fig. 13. Transfer functions of site soil (points AA’) at different incident angles.
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motions. Firstly, the transfer functions of saturated soil, whose physical
meaning is the ratio of ground (soil-water interface) and underground
motions in frequency domain, are analyzed and illustrated for the case
of different water depths (0.01 m, 1m, 5m, 10m, 20m and 50m) in
Fig. 16. The incident angle is set to 15°. It can be seen that the

amplitude of transfer function decreases with the increasing of water-
depth. The reason is that when the seismic waves (including P waves
and SV waves) reach the interface between saturated soil and overlying
water, part of P-wave energy will propagate into the overlying water.

Specifically, comparing with the case without overlying water, P-

Fig. 14. Comparison of simulated ground and underground motions at different incident angles. (a) point A(A′); (b) point B(B’); and (c) point C(C’).

Fig. 14. (continued)
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waves at soil-water interface propagate into the overlying water and
cause that the energy of seismic ground motion (at soil-water interface)
decreases. Meanwhile, P-waves energy propagation increases with the
increasing of water-depth and induces that the energy of seismic ground
motion decreases. So, the ratio of ground (soil-water interface) and
underground motions (i.e. the amplitude of transfer function) will de-
crease with the increasing of water-depth.

To further clarify the effect of overlying water depths, the accel-
eration histories of ground and underground motions and variance ra-
tios are given in Fig. 17. In order to illustrate more clearly, the variance
ratios along with water-depth are individually given in the Fig. 18. The
figures show that variance ratios get greater with the increasing over-
lying water depth. In essence, the phenomenon is consistent with that
discussed above (i.e. amplitude values of transfer functions increase
with the increasing overlying water depth).

5. Concluding remarks

This paper focuses on the investigation for predicting multi-support
seismic underground (sub-seabed) motions in the layered saturated soil
overlain by surface water for oblique incident P waves. This aims at
providing a feasible approach for simulating the multi-support seismic
underground motions required for the seismic analysis of large-span
structures (e.g. cross-sea bridges and sub-seabed tunnels) located at the
layered saturated soil with overlying surface water. The main works are
summarized as follows:

(1) The transfer functions of the layered saturated soil with overlying
surface water are derived and obtained. The obtained transfer

Fig. 14. (continued)

Fig. 15. Variance ratio of ground and underground motions at different incident angles. (a) point A(A′); (b) point B(B′); and (c) point C(C’).

Fig. 16. Transfer functions of site soil (points AA′) by different overlying water
depths. Note: The case of 0.01m-depth can be approximately regarded as the
case without overlying water.
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function is the key theoretical basis of the subsequent numerical
simulation of multi-support seismic underground motions.

(2) The underground PSD function and underground response spec-
trum function are further deduced by employing the derived
transfer function. Based on the two derived underground theore-
tical models and the additional cross-coherence function, the cross-
PSD matrix is constructed and the multi-support seismic

underground motions are further generated. Meanwhile, the simu-
lated results are validated against the target PSD, target response
spectrum and target cross-coherence function.

(3) The effects of soil thickness, incident angle and overlying water
depth on the simulated seismic motions are investigated, and results
show that the ratio of ground (soil-water interface) and under-
ground motions (i.e. the amplitude of transfer function) has a

Fig. 17. Comparison of simulated ground and underground motions by different overlying water depths (0.01m, 1m, 5m, 10m, 20m and 50m).
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decreasing tendency with the soil thickness or incident angle in-
creasing, but it increases with the overlying water depth increasing.

It should be noted that this paper focuses on the study of the multi-
support seismic motions, and the earthquake-induced wave excitations
are not included due to the present concentration of wave propagation
investigations in geotechnical media. The relevant work will be con-
sidered in future research.
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Appendix A

The parameters in Tn
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Appendix B

The parameters in TSj
In the (j)th layer, each parameter of TSj can be expressed as
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Fig. 18. Variance ratio of ground and underground motions by different overlying water depths (0.01m, 1m, 5m, 10m, 20m and 50m).
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Appendix C

The parameters involved in Eqs. (42) and (43).
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where tnij is a parameter of ith rows and jth columns of ×T( )n1 5 6.
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