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Abstract

We address the problem of reconstructing a sparse signal from compressive measurements with the
aid of multiple known correlated signals. We propose a reconstruction algerithm with multiple side
information signals (RAMSI), which solves an n-f; minimizatien, problem by weighting adaptively
the multiple side information signals at every iteration. In addition, we establish theoretical bounds
on the number of measurements required to guarantee successful reconstruction of the sparse sig-
nal via weighted n-¢; minimization. The analysis of the derived bounds reveals that weighted n-¢;
minimization can achieve sharper bounds and significant, performance improvements compared to clas-
sical compressed sensing (CS). We evaluate experimentally the proposed RAMSI algorithm and the
established bounds using numerical sparse ‘sighals. © The results show that the proposed algorithm
outperforms state-of-the-art algorithms==including classical CS, ¢;-¢; minimization, Modified-CS, reg-
ularized Modified-CS, and weighted #3 minimization—in terms of both the theoretical bounds and the
practical performance.

Keywords: Compressed sensing, prior information, weighted n-¢; minimization, measurement

bounds

1. Introduction

Compressed sensing (CS) [1-15] states that sparse signals can be recovered in a computationally
tractable manner from a limited set of measurements by minimizing the ¢;-norm. The CS performance
can be improved by replacing the £1-norm with a weighted ¢1-norm [8, 9, 16-18]. The studies in [11, 12]

proyide bounds on the number of measurements required for successful signal recovery based on convex
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optimization. Furthermore, distributed compressed sensing [13, 14] allows a correlated ensemble of
sparse signals to be jointly recovered by exploiting the intra- and inter-signal correlations.

We consider the problem of reconstructing a signal given side or prior information, gleaned from a
set of known correlated signals. Initially, this problem was studied in [16, 19-28], where the modified-
CS method [19, 21] considered that a part of the support is available from prior knowledge and tried
to find the signal that satisfies the measurement constraint and is sparsest outside the knowa support.
Prior information on the sparsity pattern of the data was also considered in [23] and“information-
theoretic guarantees were presented. The studies in [24, 25] introduced weights into tlie /1 minimization
framework that depend on the partitioning of the source signal into two sets, with the entries of each
set having a specific probability of being nonzero.

Alternatively, the studies in [29-32] incorporated side information on CS by means of ¢1-¢; mini-
mization and derived bounds on the number of Gaussian measurements required to guarantee perfect
signal recovery. It was shown that ¢;-¢; minimization can dramatically improve the reconstruction
performance over CS subject to a good-quality side information,[29, 30]. The study in [33] proposed
a weighted-/; minimization method to incorporate priorzinformation—in the form of inaccurate sup-
port estimates—into CS. The work also provided bounds on the number of Gaussian measurements
for successful recovery when sufficient support information is available. Furthermore, recent stud-
ies proposed CS with side information in practical applications, i.e., compressive video foreground
extraction [34-36], magnetic resonance imaging (MRI) [17], and synthetic aperture radar imaging [37].

The problem of sparse signal recoveryawith prior information also emerges in the context of recon-
structing a sequence of time-varying'sparse signals from low-dimensional measurements [23, 38-42].
The study in [42] reviewed a‘elass’ of recursive algorithms for recovering a sequence of time-varying
sparse signals from a smallnumber of measurements. The problem of estimating a time-varying, sparse
signal from streaming measurements was studied in [38, 42], while the work in [23] addressed the recov-
ery problem in the’context of multiple measurement vectors. The problem also appears in the context
of robust PCAsand<nline robust PCA [39-41], a framework that finds important application in video
background subtragtion. The studies in [39-41] used the modified-CS [21, 22] method to leverage prior

knowledge under‘the condition of slow support and signal value changes.

1. I Motivation

Emerging applications require reconstructing a sequence of signals from compressive measurements;
for example, dynamic MRI [43] involves the acquisition of moving cardiovascular, abdominal, or larynx
images. Related research questions are also encountered in the context of compressive video sensing [44,
45]. Alternative applications [46—48] follow a distributed sensing scenario, where a plethora of tiny

heterogeneous devices collect information from the environment, and require sensing and processing
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under time and resource constraints. These challenges can be addressed by leveraging the distributed
sparse representation of the multiple sources [48-50]. The problem in this setup is to reconstruct
the sparse sources along with exploiting the correlation among them; alias, a key question is how to
reconstruct a signal from a small number of measurements, by leveraging efficiently the redundancy
gleaned from multiple correlated signals.

Existing attempts to incorporate prior information in compressed sensing are typically ¢onsidering
one known prior information signal of good quality; see for example [17, 29, 30, 34, 35]. @enversely; we
are aiming at reconstructing a sparse signal from a small set of measurements with the aid of multiple
prior signals, which change in time; that is, there are arbitrary prior informationsqualities and varying

correlations among them. This raises key interesting questions:

e How can we leverage efficiently the correlation across multiple prior. information signals? This
implies a strategy to exploit the useful information from the multiplée'signals and alleviate negative

effects due to low quality prior information.

e How many measurements are required to successfully reconstruct the sparse signal given multiple
prior signals? This calls for bounds on the number,_of measurements required to guarantee

successful signal recovery.

1.2. Contributions

To address these questions, we contribute in a twofold way. Firstly, we propose a novel sparse signal
Reconstruction Algorithm that leverages Multiple Side Information (RAMSI). Secondly, we establish
lower bounds on the number,6f méasurements required by RAMSI to recover the sparse signal.

The RAMSI algorithm/solves a (re- Jweighted n-¢1 minimization problem: Per iteration of the recov-
ery process, the algorithm weights adaptively the n prior information signals. As such, unlike existing
works [17, 29, 30,34, 35]xwhich exploit only one prior information signal, RAMSI can efficiently lever-
age the correlations among multiple signals and adapt on-the-fly to changes of the correlations. We
show experimentally’ that RAMSI leads to higher recovery performance than state-of-the-art meth-
ods [7421, 22,725, 29].

We also_establish measurement bounds for the weighted n-¢1 minimization problem, which serve
as\lowerrbounds for the RAMSI algorithm. The bounds depend on the support of the source signal
to be recovered and the correlations between the target signal and the multiple prior information
signals. The correlations are expressed via the supports of the differences between the source and prior
information signals. We will show that the weighted n-¢; minimization bounds are sharper compared
to those of the classical CS [1, 3, 5] and the ¢1-¢; reconstruction [29, 30] methods. These bounds

depict the advantage of RAMSI to deal with heterogeneous side information signals including possible
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poor prior information signals. Furthermore, we show—both theoretically and practically—that the

performance of the method is improved with the number of available prior information signals.

1.8. Outline

The rest of this paper is as follows: Section 2 reviews the background on CS and CS with side
information. The RAMSI algorithm is proposed in Section 3, whereas our measurement bounds and
their analysis are presented in Section 4. The bounds and the performance of RAMSI aré assessed in

Section 5 and Section 6 concludes the work.

2. Background

2.1. Compressed Sensing

Let @ € R™ be a signal that is sparse in a domain or learned set of basis. The signal can be reduced
to a vector y = ®x € R™ by sampling with a measurement matrix ®/€ R™*" (m < n) whose
elements are sampled from an i.i.d. Gaussian distribution. The signal can be recovered by solving the

Basis Pursuit problem [3, 5, 52]:
min ||z||; subjectto.y =@, (1)

where ||z||; := Y"1, |2;| is the £;-norm of = wherein 2 is an element of x. Problem (1) becomes an

instance of finding a general solution:
min{H (z) = f(z) + g(z)}, (2)

where f := R"™ — R is a smooth cenvex function and g := R™ — R is a continuous convex function,
possibly non-smooth. Spegificallyyin/Problem (1) we have g(z) = A|z||; and f(z) = 1|®z — y||3,
where || - ||2 denotes fo-norm, with Lipschitz constant Ly [7]. Using proximal gradient methods [7],

z(®) at iteration k is computed as
1
(k) — (k=1) _ Z (k—1)
a® = F%g(a: TV )), (3)
where L> Ly, and F%g(:c) is the proximal operator:

Py (@) = argmin { 2 g(w) + 3 o~ a3} (4)

1
g vER™
The classical ¢; minimization problem in CS [1, 3, 5] requires my, measurements [11, 29, 30] for

successful reconstruction, bounded as

n 7
my, > 2splog — + —sp + 1, (5)
S0 5
where so := ||z||o = |[{¢ : ; # 0}| denotes the number of nonzero elements in x as the support of x,
with |.| denoting the cardinality of a set and || - ||o being the £y-pseudo-norm.
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2.2. CS with Support Knowledge

The modified-CS method in [19, 21] considered prior knowledge in the form of knowing a part
of the signal’s support. Furthermore, the study in [33] proposed a weighted-¢; minimization method
to incorporate prior support information and provided bounds on the number of measurements—we
denote this number by my,s,—for successful recovery. It is worth noting that the bound of the number
of measurements required by modified-CS, mmoedcs, is a special case of the bound on mg{3Namely,
without considering weights on the prior support, it holds that [33, Corrollary 8] m,e{ =Mmod€s >
so+ (1 + C~2)s.log(en/s.), where C' < 1 and s, is the size of the support estimate error defined by
|(Tv NT)U (TN T\Z)| < s., where T is the support, T is the support estimate&nd T¢and T¢ their

respective complements. In [33], it is assumed that so < n/2 and s. < s¢. Due t6'C < 1, we can write

Mo, = Mmodcs > 28c1og(n/se) + 25, +-80. (6)

2.3. CS with ¢1-f1 Minimization

The ¢;-¢; minimization approach [29, 30, 34] reconstructs x given a signal z € R™ as prior infor-

mation by solving the following problem:
. 1
min { 5[ @2 — y|}3 + ANl ¥z - =111 }- (7)

The bound on the number of measurements. required by Problem (7) to successfully reconstruct x

depends on the quality of the side information‘signal z as [29, 30, 34]

! so+§)+1, (8)

My 05 > 2h log (ﬁ) + g( 9

where

=iz # 2 =0} = [{i: 2 =2 #0}], (9a)
h:={i:x;>0,2;>z}U{i:z <0,1; <z}, (9b)
wherein x;, £; are corrésponding elements of @, z. It has been shown that the solution of Problem (7)
improvestover, the solution of Problem (1) provided that the prior information has good enough qual-

ity [29, 30]. The quality is expressed by a high number of elements z; that are equal to z;, thereby
léading to ¢ in (9a) being small.

3. Recovery With Multiple Prior Information

3.1. Problem Statement

We consider the problem of recovering x from a low-dimensional measurement vector y given prior

information. Classical CS methods can be used to recover x from y; however, these methods do
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Figure 1: Illustration of a compressive video sensing setup in (a), and the vectorized wavelet transform coefficients of
(b) frame no. 1286, (c) frame no. 1285, and (d) frame no. 1284 in the’Bootstrap video sequence. In the considered
scenario, the representation of frame no. 1286 can be reconstructed using the recovered representations of the frames

no. 1285 and 1284 as prior information.

not leverage the correlations across multiple different data vectors. Examples of practical applications
that motivate our work include comipressive video sensing and analysis [35, 51, 53] and dynamic MRI
reconstruction [45]. For instancé, consider’the compressive video sensing setup illustrated in Fig. 1(a):
an incoming video frame is sénsed using compressive measurements at the encoder and reconstructed at
the decoder with the aid.of multiple prior information, gleaned from at set of previously reconstructed
frames. Fig. 1(b) dépiets the vectorized wavelet transform coefficients (a.k.a. sparse representation)
of frame no. 1286 in-the Bootstrap video sequence—which corresponds to the target signal = in
our scenario”—and the’wavelet representations of the two previous reconstructed frames' no. 1285
[Fig. 1(¢)] ‘and 1284 [Fig. 1(d)]—which respectively correspond to z; and zg in our scenario. It
is clear that the sparse representation x is highly correlated with z; and zs; this correlation can
beuleveraged to improve the reconstruction of @. Other application scenarios include compressive

foreground extraction [35] and compressive online robust principle component analysis [53], where a

foreground frame x can be reconstructed from previously reconstructed foregrounds z; and zs.

L Alternatively, the prior information could be gleaned from motion-compensated versions of the reconstructed

frames [54].
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The ¢1-¢; minimization framework in Problem (7) can be used to recover x from y given either z;
or zo, that is, only one prior information vector. Moreover, it can be that ¢1-¢; minimization performs
worse than the ¢; minimization method due to low correlation between the target signal and the
prior information signal, e.g., zo. To address these two limitations, we propose a new reconstruction
algorithm with multiple side information (RAMSI). The input of RAMSI is the measurement vector y =
®x and J prior information signals z1,...,2z; € R™. The objective function is constructed by using

an n-f1-norm function in Problem (2):

J
g9(®)= )‘Z”Wj(m_zj)”la (10)

where zp = 0 and W are diagonal weight matrices, W; = diag(w;1, w3, -*., Wjn), wherein w;; >0
is the weight in W at index ¢. Namely, the objective function of the ‘proposed n-f; minimization
problem is given by
J
) 1
min { H(z) = | @z — y|} AL I &M - (1)
J:
3.2. The Proposed RAMSI Algorithm

We solve Problem (11) by iteratively computing @sand updating W, based on the proximal gra-
dient method [7]. The question is then how to{determine the weight values in order to improve the
reconstruction by effectively leveraging thesmultiplerside information signals. This also calls for a
method that avoids recovery performance degradation when the correlation among the prior informa-
tion signals and the target signal décreases. As such, unlike prior studies [29, 30, 34], our method
distributes weights across multiple sidevinformation signals. We propose to solve the problem in (11)
such that at every iteration & we iteratc over (i) a weight update step (i.e., updating W given x) and
(%) a data computation Step (i.e., computing « given W;).

Updating W, given « and z;. Fixing « and z;, j = 1,...,J, we determine the weights {wj;}
so as to improvedhe reconstruction of @, where j indexes the side information signal and i = 1,...,n
iterates overs/the data elements. To normalize the contribution of each side information signal during
the iterative.process, we impose a constraint on the weights. We may have different strategies to
update the weights {wj;}; in this work, use the constraint ijo W, = I,,, where I,, is the identity
matrix with dimensions n x n. Consider the i-th element in @ in Problem (11): we want to assign
wji> 0°to the related term x; — zj;, where z;; is the i-th element in z;. We aim at assigning to each
element x; — zj; a weight wj; that is high when |z; — zj;| is low; in this way, we can favor z; components
that are closer to z;;. To ensure that zero-valued elements |z; — z;;| do not cause a breakdown of the
method, we add a small parameter € > 0 and we set

i

_ 12
|$i—Zji|+€ ( )

’LUji =
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where n; > 0. Under the constraint ZLO W, =1, we obtain

(Z|xl zﬂ|+e)_1' (13)

Using (13), we can rewrite each weight w;; as

z; — zji| +e)7t

> (|zi — 215l + )71

1=0

Computing x given W;. Given W, RAMSI computes x(®) at iteration k using (3), where the

proximal operator I'L ; (z;) is computed as follows.

Proposition 3.1. The proximal operator I'y ,() in (4) for the problem of signal récovery with multiple

side information, for which g(x) = A ijo IW(z — z;)|l1, is given by

J
_ A L (—1)b(r<d) i
Z; > wjii(—1) , A if(16a)
Ty (@) = I (15)
i if [(16b)
where
J
Zri + — ij b(KJ) << z(r+1)1+ Zw] 1)60r<d), (16a)
] 0
\ J
Zri—Fszji(_ b(v 19 Qa2+ = Zwﬂ b(r<y) (16b)
3=0 _] =0

and where, without loss of generalityywethave assumed that —oco = z(_1); < 20i < 213 < ... < 255 <

2(j+1)i = o0, and we have defined.a boolean function

] 1, if r<yj
b(r < j) = (17)
0, otherwise.

with r € {-1,...,J}

Proof. The proofiis given‘in Appendix B. O

We summarize RAMSI in Algorithm 1 (the Matlab code is provided in [55]), which is based on the
fast iterative soft-thresholding algorithm (FISTA) algorithm [7]. The Stopping criterion (cf. Line 2 of
Algorithm.1) can be a maximum iteration number ky.x, a relative variation of the objective function
H(a) in (11), or a change of the number of nonzero components of the estimate =(*). In this work,

the relative variation of H(x) is chosen as stopping criterion.
4. Bounds For Weighted n-¢; Minimization

We now establish measurement bounds for weighted n-¢; minimization, serving as lower bounds

for RAMSI.
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Algorithm 1: The proposed RAMSI algorithm.

Input: y, ®, 21, 2z9,..., z2j;

Output: T;
1 Initialization : W' =L W =0V 1<j<J;u® =2® =0; L= Ly A> 05 ¢ > 0;

ty=1; k=0;
2 while Stopping criterion is false do
3 k=k+1,
s | Vi®) = 8T(@ul® —y).
5 ) = F%g(u(k) - %Vf(u(k))); where I'1 /(.) is given by (15);
// Updating weights.

RO) 1
K z](‘?\w“;fjl))*l
=6

// Updating values for next iteration.

7| ther = (14 /1 +483)/2;

g | ulth =gk 4 ft’Z;l () — =1y,

9 end

10 return a:(k>;

4.1.  Measurement Bound

4.1.1. Signal Traits
We begin our analysis by statingDefinitions 4.1, 4.2, and 4.3, which do not limit the generality of
our analysis but help us formalizing our, bounds. Let s; denote the support of each difference vector

x—z;; namely, | — z;|jo =4y, where/j € {0,...,J} and zg = 0.

Definition 4.1. There"are 0 < p < n indices for which the values in all {z — Zj}}‘]:() vectors are
nonzero and theresare n— ¢ indices, with 0 < ¢ < n, for which the values in all {z — z; }}‘]:0 vectors

are equal to zero.

By rearranging the elements of all difference vectors in the same ordering, we can write the difference

vectors as
x—zo= (21 I , Tpti sy Xg , 0,..., 0),
T —21= (L1211, 1y Tp—Z1p, Tpr1—21(p41)s - Tq—Z1g> 050y 0), (18)
T — 27 = (L1271, -y Tp—2Ips Tpy1—2I(p+1)s - Tq—2Ig, 0y..y 0).

10
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Consider the following example:

T = (37 07 03 _27 07 07 47 07 07 07 7)7
x—21=(0,0,3 00,0, 2, 0,0,—1, 0),
T —2,=(4,0,6 0,0, 3,—1,0,0, 0, 8).

In this example, n = 11, sg = 4, s; = 3, and s = 5. Since at index ¢ = 7 the elements of all {w—zj}?zo
vectors are nonzero, we have p = 1. Moreover, the elements of all vectors are zero at index 4 = 2,5, 8,9,

hence ¢ = 7. After rearranging the elements in the same ordering of the vectors as inA18), we obtain

* =( 4,3 0-20 070000,
x—2z=(20 3 0, 0—1,0,0,0,0,0), (19)

T —z=(-1,4,6, 0,3, 0,8, 00,0, 0)
It is evident that p < min{s;} and ¢ > max{s;}. As such, p and/g can besséen as parameters that
express the common part of the support and of the zero positions across the difference vectors. It can
be noted that if ¢ = 0, ® = z; = 0 and if p = n, ||z||o = s, where & is not a sparse source as our

consideration.

Definition 4.2. Following the rearrangement in (18), at any given position i € {p + 1,...,¢}, we
define d; as the number of zero elements out of thie J +1 elements {z; — zji}}]:O. Under Definition 4.1,

we have that d; € {1,...,J}.

In the example in (19), at ¢ = 3 we have onéwzero element across the vectors, thus d3 = 1. At i =5
there are two zero elements, hence, s = 2.

Using Definitions 4.1 and 4.2, we can €xpress the total number of zero elements in (18) as

<

q

W+h—q)+ Y di=(J+Dn—> s; (20)

i=p+1 3=0

Definition 4.3."Let i be a given position at the signal and multiple side information vectors. For
any index i without loss of generality, rearrange the J 4 1 elements {z; — Zji}}]:o in order given by
increasing-values-order into {x; — Zj’i}}']/:ov Le., —00 = 2z(_1); < 20 < 213 < ... < 250 < 2541y = 09,
where; for convenience, we introduced z(_1); and z(j11); to denote —oo and oo, respectively. It can
be noted that we rearrange for each individual index i. Under Definitions 4.1 and 4.2, we define
ri €4—1,...,J} such that z; € (21,4, 2(r,+1)il, or alias, sign(z; — zj;) = (—1)°"<7") where b(r; < j)
is defined in (17).

At the example in (19), at index ¢ = 1, z; = 4 and {zjq}g’-,:_l = {-00,0,2,5,00}. Thus z; €
(211, 221], i.e., 1 = 1. For convenience, in the rest of the paper, we use notation j instead of j' denoting

the reordered indices.

11
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4.1.2. The Measurement Bound
Based on Definitions 4.1, 4.2, and 4.3, we shall derive a bound on the number of measurements
required by weighted n-¢; minimization to successfully recover the target signal. Our generic bound

is defined by Theorem 4.4, while a simpler but looser bound is described in Section 4.2.

Theorem 4.4. The number of measurements m,,_¢, required by weighted n-f; minimization to.recover
the signal x, given measurements y = ®x and J side information signals z;, is bounded as

n

7
— + *gn—él + 6n—€1 + 17 (21)

Moy, > 20,0, 1O
nél - 77,[.1 gSH_el 5

where @4, , Sp-¢,, and 0,,¢, are defined as

p
dn-e, = Y a3, (22a)
=1

q
Sn-ty =P+ Z (1 - Ci)v (22b)
i=p+1

5n-€1 - (H/n—el - 1)(§n—€1 N p)7 (22C)

J , J 1
wherein a; = 3 w;;(—1)° <) ¢; = di( > m) with € > 0, and
j=0 j=o0 " 7

2. minf{c,
bty = myfled . (23)
V/log(n ) (2 - min{e;} — 1)
Proof. The proof is given in Appendix Appendix C. O

The code computing the quantities is'provided in [55].

4.2. Further Analysis and Comparison with Known Bounds
We now relate the, derived ‘bound in Theorem 4.4 with the bounds of compressed sensing and

compressed sensing with prior information, which are reported in Sec. 2.

Corollary 4.4.1 (Relations with the known bounds). The bound m.,_¢, for weighted n-£; minimization

in (21) becomes
(a) they;-minimization bound my, in (5), when Wy =1, and W; =0 for j € {1,...,J}, that is,

n 7
Mg, = My, > 280 log ~ + 580 +1, (24)

(b) the ¢;-¢; minimization bound my,_, in (8), when Wy = Wy = 11, and W; = 0 for j € {2,...,J},
that is,

7
= + =80, +1, (25)

Mg, = My, > 2]_7' lOg 500 5
1-t1

where h is given by (9b) and 5,¢, = 20551,

12
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Proof. The proof is given in Appendix Appendix C. O

We now compare our bound for weighted n-¢; minimization with the ¢;-¢; minimization [29, 30, 34]
bound in (8). To this end, we derive a simplified bound in (26), which approximates our bound in
(21). Furthermore, we introduce two simplicified bounds, which are looser bounds—onel for each
method—that are independent from the values of =, z;.

The simplified bound. Our bound for weighted n-¢; minimization in (21) becomes approximately

. n 7
M, = 20n.p, lOg ; + gp + 1. (26)

Our approximation has the following reasoning: Firstly, Lemma Appeéndix D.1 in Appendix Ap-
pendix D proves that the d,.¢, term in (21) is negative; hence, the bound i=(26) is looser. Secondly,
since € > 0 is very small, we have ¢; - 17 [see Lemma Appendix D.l for a quick explanation].
Consequently, 8,4, ~ p and d,¢, = 0 from (22b) and (22¢),yrespectively; thereby, leading to our
approximation. This simple bound is easier to evaluate compared to the bound in (21), as we only
need to compute a,.¢, and p. Furthermore, according to (22a) and Definition 4.1, we can write that
Gn-¢; < p < min{s;}, that is, p in (26) is smaller than so i (5) and 54,¢, in (25). Consequently, the
simple bound in (26) for weighted n-¢; minimization is sharper than the ¢; minimization and the ¢1-¢,
minimization bounds, which means that thesbound in (21) is even sharper. For the special case that
p =0, Gpp, =0 from (22a), 5,4, = psOnm, ~ 0/ consequently, from (21) m,,,, > 1.

The simplified bounds with element-value independence. Weighted n-¢; minimization and

£1-¢1 minimization have looser(bounds,that are independent from the values of x, z;, as given by

PN n 7

Mp-g; > 210 IOg 5 + 5? + ]-7 (27)
_ T_
mMye,-¢, = 2p log + —Sp-0, + 1, (28)

S0,-0, )
where p is defined in Definition 4.1, p = min{so,s1}, and 5,4, = 225*. We obtain these bounds as
follows: The bounds in (26) and (25) depend on the values of @ and z;, with j € {1,...,J}, via the

quantities a,/y, and h, respectively. From (22a) and (9b), we observe that @, < p < min{s;} and
h < minfs, s1}. Hence, by replacing @,_,, and h with their maximum value leads to the looser bounds
in (27) and in (28).

The bounds in (27) and (28) reveal the advantage of using multiple side information signals in
compressed sensing: It is evident that, by definition, p < p; hence, M, ¢, < My, ¢, showing that the
n-¢1 bound is better than the £1-£; bound. Moreover, the higher the number of side information signals

the smaller the bound is expected to become (because p < min{s;}).
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Furthermore, according to (28), if the side information signal z; is not good enough, i.e., if 51 > sy,
then My, ¢, > my, because of Sy, g, > s, thereby highlighting the limitations of the ¢;-¢; minimization
method compared to the proposed weighted n-¢; minimization approach.

Finally, we compare our bound to the existing bound of the weighted ¢; minimization with the
prior support, myy, in (6). This bound depends on the support sg and the support estimate’s error
s from prior information that reveals that m,, in (6) is worse than M, in (26). If we do\not have
good support for the estimate, i.e., high values of s, then myy, in (6) is worse than mgein (5), which

is illustrated in Sec. 5.

5. Experimental Results

5.1. Ezxperimental Setup

We consider the reconstruction of a synthetic sparse signal x givensknown prior signals z;, j =
1,2,3. We generate  from the i.i.d. zero-mean, unit-variance Gaussian distribution, with n = 1000 and
sg = 128. Firstly, we consider the scenario where the side information/signals z; are highly correlated
with the signal ; in this case, z;, j = 1,2, 3, are generated'such'that they satisfy s; = ||z — z,|lo = 64
similar to the generation in [29, 30]. Moreover, a parameteryis controlling the number of positions of
nonzeros for which both  and x — z; coincidel Let\tis denote this number by (;. For instance, if
¢; = 51, = has 51 nonzero positions that coincide with 51 nonzero positions of  — z;. This incurs a
significant error between the source and the side information, given by ||z; —||2/|lx||2 =~ 0.56. We also
generate prior information signals that are‘poorly correlated with x; in this case, we have s; = 256 and
s; = 352. Furthermore, we set (/= 128, namely, 128 nonzero positions of @ coincide with 128 nonzero
positions out of the total 256.0r1352 nonzero positions of the side information signals, z;, j = 1,2, 3.
This leads to very high errorsye.g.,/||z; — x||2/||x||2 ~ 1.12 for s; = 256, and the supports s; of & — z;

are much higher than(that of . To constrain the number of cases, we set all s; equal.

5.2. PerformancesBvaluation

5.2.1. Signal Recovery Accuracy

We' now assess the performance of RAMSI against state-of-the-art methods. Furthermore, we
evaluateythe/bounds for weighted n-¢; minimization [cf. (21)] against the bounds for classical CS
[cfy (5)]y ¢1-¢1 minimization [cf. (8)], weighted-¢; and Modified-CS [cf. (6)]. For a fixed number
of measurements m, the probability of successful recovery Pr(success) is the number of times x is
recovered as T with an error ||Z —x||2/|z||2 < 1072, divided by the total number of 100 Monte-Carlo
iterations (trials), where each trial considers different generated x, z1, 22, z3, P.

Let RAMSI-J-¢; denote the RAMSI algorithm that uses J side information signals, that is, one

(z1), two (21, z2), or three (z1, 22, z3), where we set ¢ = 107>, A\ = 107°. The existing FISTA
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Figure 2: Successful probabilities of the original 1000-D @ vs. number of measurements m for RAMSI using one, two,

three side information signals.

[7], FISTA-(;344 [30], Mod-CS [21], Reg-Mod-CS [22], and Weighted-¢; [25] algorithms are used for
comparison, where) FISTA-¢;-¢; denotes the ¢;-¢; method that uses only one side information (z1).
The support estimate of « that is considered as prior information by the Mod-CS, Reg-Mod-CS, and
Weighted-{3-algorithms is given by the support of z1. Let mg.¢,, Mo, , M1-¢,, Me0y, My, MmodCs,
and ,my, denote the bounds of RAMSI-3-¢;, RAMSI-2-¢;, RAMSI-1-¢;, FISTA-¢;-¢1, Weighted-{;,
Mod=CS, and FISTA.

Fig. 2(a) depicts the Pr(success) versus the number of measurements and Table 1 [Column 2]
depicts the bounds for s; = 64. The results show clearly that RAMSI-3-/; gives the sharpest bound

and the highest recovery performance. For such good quality of side information, the accurate support
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Table 1: Measurement bounds for so = 128 and different s; = 64,256, 352 values of s1 = s2 = s3 = s

Bound 5j =04 s; =256 s; =352
ms-¢, 208 414 414
Mma-¢, 229 451 451
mig, 272 520 519
me,-e, [30] 259 485 523
M, = Mmodcs 21, 25] 253 911 NA
my, [7] 713 713 713

estimate leads to that the bound my,s, = Mmmodcs is better than mq_p,, W, ¢,, and-my, [see Column
2 in Table 1]. Furthermore, the performance of RAMSI-2-¢; is highemthan those of RAMSI-1-¢; and
FISTA-¢1-¢;. In this scenario, where the side information is of high quality; FISTA-¢1-¢1 outperforms
our RAMSI-1-¢; method. Furthermore, Reg-Mod-CS outperforms RAMSI-1-¢;, FISTA-¢;-¢1, Mod-
CS, and Weighted-¢;. In addition, the weighted-¢; method performis better than FISTA but worse
than the remaining schemes. Hence, in this case, the use‘of equal weights—as in FISTA-¢1-¢1—]leads
to a higher performance than using adaptive weights'with. only one side information signal, as it is the
case for RAMSI-1-/;. This can be explained by comparing the m_, and the my_p, bounds: It is clear
that @;¢, [see (22a)] is greater than h [see4(9b)]. By combining this observation with the small value
of s;—due to the good-quality side information signal z;—, which in turn results in a small 5y, ¢,
value, explains why the bound as avell as'the recovery performance of FISTA-¢;-¢; are better than
those of RAMSI-1-/; [see magentasand black lines in Fig. 2(a)]. We can conclude that by exploiting
multiple side information signals we can obtain the best performance and when dealing with only one
good-quality side information signal we may choose to reconstruct using equal weights.

Figs. 2(b) and 2(e), present the reconstruction performance versus the number of measurements
and Table 1 [Colimns-3 and 4] present the bounds when the side information signals are less correlated
with the signal of interest, that is, s; = 256 and s; = 352. In this scenario, all RAMSI configurations
outperform the FISTA, FISTA-¢;-¢;, Weighted-¢1, Reg-Mod-CS, and Mod-CS methods. The perfor-
mance of RAMSI-1-¢; is better than those of FISTA-¢,-¢1, Weighted-¢;, Reg-Mod-CS, and Mod-CS.
ImTable 1 [Column 3], we also see that the bound m,¢, = Mmoacs in (6) is the worst since the support
estithate s, in (6) is high. In Table 1 [Column 4] the bound for Modified-CS is not available since the
support estimate’s error s, > so is out of the consideration of the bound my,, in (6). Interestingly,
in Fig. 2(c), we observe that the accuracy of FISTA-¢;-¢; is worse than that of FISTA, i.e., the side
information z; does not help, however, RAMSI-1-¢; still outperforms FISTA. These results highlight

the drawback of the £1-¢; minimization method when the side information is of poor quality. Despite
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using poor side information signals, all RAMSI versions achieve better results than FISTA due to the
proposed re-weighted n-f; minimization algorithm. We observe that the performance of RAMSI-2-¢;
and RAMSI-3-/; is slightly worse than that of RAMSI-1-/;. These small penalties are due to the poor

quality of the side information signals, which has an impact on the iterative update process.

5.2.2. Side Information Quality-Dependence Analysis

We now assess the impact of the side information quality on the number of measurements required
to successfully reconstruct the target signal. We consider different values for s; =, 550=/s3, ranging
from 20 to 400 (where s; is the support size of the difference vector & — z;). The signalx has so = 128
and it is generated as in Sec. 5.1. For a fixed value of s; = sy = s3, weyreport,the number of
measurements required by RAMSI-3-¢;, RAMSI-2-¢;, RAMSI-1-¢;, FISTA-¢1-¢1, FISTA to achieve a
probability of successful recovery bounded as Pr(success) > 0.98.

Fig. 3 shows that the recovery performance is clearly improved when leveraging side information;
and the more signals are considered the better the performance. However, when the support size
of @ — z; meets that of the target signal, the side information does not improve the performance
anymore. When s; > sg, the performance and the measurement bound of FISTA-¢;-¢; are increasing
with the value of s;. Specifically, when s; > 315,\thesperformance of FISTA-¢;-f; is worse than
that of FISTA, thereby illustrating the limitations of ¥;-¢; minimization when the side information
is of poor quality. As shown in Fig. 3, the"performance of RAMSI—both in terms of the bounds
and the practical results—is robust against poor-quality side information. The bounds are sharper
when the number of side information signals increases and remain approximately constant when s;
increases after a threshold (indicating inereasing-poor side information quality). When s; > 300, the
number of measurements of RAMSI-3-/; and RAMSI-2-¢; are slightly worse than those of RAMSI-
1-¢1, approaching the mumberiof measurements of FISTA [this behavior was also observed in Fig.
2(c)]. To address this isstie, we can adaptively select the best among the RAMSI configurations. For
instance, when-one sidejinformation is available, we can choose to use equal weights in case of good
side information. Furthermore, we can ensure that RAMSI’s performance is not worse than FISTA
by weighing dominantly on the signal rather than on the side information signals. To do so, we need
to make an estimate of the quality of the side information signals, which is left as a topic for future

reseaxch.

6. Conclusion

We proposed the RAMSI algorithm and established measurement bounds for the problem of signal
recovery under a weighted n-f; minimization framework. RAMSI incorporates multiple side informa-

tion signals in the problem of sparse signal recovery and iteratively weights them so as to optimize the
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Figure 3: Number of measurements vs. number of nonzeros s; = s3 = ss of side information signals given the source

so = 128 for RAMSI using one, two, three side information signals.
reconstruction performance. The bounds confirm the advantage of RAMSI in utilizing multiple side in-

formation signals to significantly reduce the number of measurements and to deal with variations in the
quality of the side information. We experimentally assessedithe bounds and the performance of RAMSI
against state-of-the-art methods using numerical ‘sparse-signals. The results showed that our bounds
are sharper than existing bounds and that" RAMSI eutperforms the conventional CS method, the re-
cent /1-¢1 minimization method as well.as the Modified-CS, regularized Modified-CS, and weighted £

minimization methods.

Appendix A. Background on/Measurement Bounds

We summarise someskey definitions and conditions in convex optimization and linear inverse prob-
lems [11, 12], which areyused in the derivation of the measurement bounds for the proposed weighted

n-¢1 minimization, approach.

Appendiz A.0.1. Conver Cone
A onvezx ¢cone C' C R™ is a convex set that satisfies C = 7C, Vr > 0 [12]. For the cone C C R", a

polar come=C"® is the set of outward normals of C, defined by
C°={uecR":uTx <0, Ve € C}. (A.1)

A descent cone [12, Definition 2.7] D(g, x), alias tangent cone [11], of a convex function g := R" — R

at a point @ € R™—at which g is not increasing—is defined as

D(g,x) := U {yeR":g(x+71y) <g(x)}, (A.2)

7>0
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where | J denotes the union operator.

Appendiz A.0.2. Gaussian Width
The Gaussian width [11] is a summary parameter for convex cones; it is used to measure the
aperture of a convex cone. For a convex cone C' C R", considering a subset C NS"~! where S*~! c R"
is a unit sphere, the Gaussian width [11, Definition 3.1] is defined as
w(C):=Eg[ sup grul. (A.3)
ueCnsn—1
where g ~ N(0,I,) is a vector of n independent, zero-mean, and unit-variance Gaussian random
variables and Egz[-] denotes the expectation with respect to g. The Gaussianwidth [11, Proposition
3.6] can further be bounded as
w(C) < Eg[dist(g, C°)], (A.4)

where dist(g, C°) denotes the Euclidean distance of g with respect to the set C°, which is in turn
defined as
dist(g, C°) := min{||g — uljo : w.e C°}. (A.5)

Recently, a summary parameter called the statistical dimension §(C) of the cone C' [12] is used to
estimate the convex cone [12, Theorem 4.3]. The statistical dimension is expressed in terms of the

polar cone C° as [12, Proposition 3.1]
8(C) = By{dist*(g, C°)]. (A.6)
From (A.4) and (A.6), we can derive the following inequality

w2(C) < §(0), (A7)

which gives a convenient bound for the Gaussian width that will be used in our computations.

Appendiz A.0.34:Measurement Condition
An optimality condition [11, Proposition 2.1], [12, Fact 2.8] for linear inverse problems states that

x( is the unique solution of (2) if and only if
D(g, zo) N null(P) = {0}, (A.8)

where null(®):={z € R": ®Px=0} is the null space of ®. We consider the number of measurements
m required to successfully recover a given signal @y € R™. Corollary 3.3 in [11] states that, given a
measurement vector y = ®xg, ¢ is the unique solution of (2) with probability at least l—exp(—%(\/ m—

w(D(g,%0)))?) provided that m > w?(D(g, o)) + 1. Using (A.7), we can write this condition as

m > §(D(g, o)) + 1. (A.9)
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Appendiz A.0.4. Bound on the Measurement Condition
Using (A.6), the statistical dimension §(D(g,x)) of a descent cone D(g, x) is

d(D(g,z)) =Eg [distQ(g,ﬂ(g,:v)oﬂ7 (A.10)

where D(g, x)° is the polar cone of D(g,x) defined in (A.1). Let us consider that the subdifferential
dg [56] of a convex function g at a point € R™ is given by dg(x):={ucR": g(y) > g(x)uT (y—
x) for all yeR"}. From (A.10) and [12, Proposition 4.1], we obtain a lower bound on4(D(g, x)) as

0(D(g,x)) =E, [IglzigldistQ(g,T-ag(w))] < ITIIZIBI Eg [dist2(g,7'-3g(a:))] (A.11)

In short, we conclude the following proposition.

Proposition Appendix A.1 (Measurement bound for a convex nerm funetion). In order to obtain
the measurement bound for the recovery condition, m > U, 41, We _calculate the quantity U, given a

convex norm function g:=R"—R by
Ug = mggEg [distQ(g, T Gg(a:))} (A.12)
Appendix B. Proof of Proposition 3.1

Replacing g(x) = A Z‘j]:() |'W;(z—z;)|lssin the definition of the proximal operator in (4), we obtain

T, <:c>—argmm{ Zuw 2l + g llo — i3} (B.1)

Both terms in (B.1) are separdble in v)and thus7 we can minimize each element v; of v individually as

J

A 1
Lry(a;) =arg mln{ (v;) = —Z wjis| v — 24i| + 5 (v — xz)Q} (B.2)

L9 v; cR L j:O 2
To solve (B:2)ywe need to derive ah( i) Recall from Definition 4.3 that, without loss of generality,
we assume that —o0/= z_1); < 20i < 215 < -+ < 275 < 241y = 00. When v; € (24, 2(r41);) With

r € {10 [} (v;) is differentiable and %Ji) is calculated as
Oh(v)) AN
6&) ) - z Zwﬂygn(vi — Zji) + (UZ‘ - Ii), (B3)
7 =0

where sign(.) is the sign function. Using the definition of the b(.) function in (17), we have that

sign(v; — zj;) = (—1)°"<9) and thus, we can rewrite (B.3) as
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8}7(117)

By setting = 0, we obtain:

Z wji(—1)°0<9)., (B.5)

Since v; € (274, 2(r+1)i), Via (B.5) we have that

Zri + — ij( 1)b(7<7)<xl<z(,+1)l+ Zw] 1)P(r<d), (B.6)
] 0 j =0

In the following Lemma Appendix B.1, we prove that, in the remaining range value of\z;, namely,

in the case that

J J
A b(r—1<y) A b(r<yj)
Zri-i-zz:wji(—l) J Sxigzri+zz:wji(_1) 7, (B.7)

the minimum of h(v;) is obtained when v; = z,;.

Lemma Appendix B.1. Given that x; is bounded as in (B.7), the function h(v;) defined in (B.2) is

minimized when v; = z,;.

Proof. Let us express h(v;) as

Zwm — o) — Gy N+ 30— 200 — (i) (B3

Applying the inequality |a — b| > |a| — |b], with a,b € R, on the first summation term and expanding

the second term, we obtain:

1
= ijl|vl Zrz' Zw]z|zgz Z72|+ (Uz ZT1)2_(Ui_Z7“i)'(xi_z7‘i)+§(xi_zri)2' (Bg)

] 0

Using the basic inequality —(vh— 2ri) - (25 — 2ri) > —|v;i — 24| - |25 — 2r4], We can express (B.9) as
A& 1 A 1
h(v;)> |Ui_Zr-i|szji_'Ui — Zpi| s — 2ri] + i(vl —20)% — 7 ZO Wjil 20 — zrs| + 5(% —24). (B.10)

At this point, via (B.7) we obtain

Y A S
ijz S Ty — Zri S - ijz = |$1 ZTZ S Z Z (Bll)
j 0

We'now observe that the part including v; in the right hand side of (B.10) can be written as

— Zpi ( Zwﬂ - z”;\> + %(vi — z4)% (B.12)

Taking into account (B.11), the expression in (B.12) and, in turn h(v;), are minimized when v; =
Zri. O

21



320

In summary, via (B.5) and Lemma Appendix B.1, we obtain

>

Ty —

J
S wyi(—=1)°<) | if (B.6)
J=0

Ty, (z:) = (B.13)

Appendix C. Proof of Theorem 4.4 and Corollary 4.4.1
We begin by stating some important results that help us proving Theorem 4.4 and Corollary 4.4.1.

Recall that the probability density of the normal distribution N(0,1) with zero-m€an andpunit

variance ¥(z) is given by

= e /2 C.1
x) e . )
Y(x) o (C.1)
Our formulations consider the following inequality, which is stated in [30]; that is

(1-ah)

1
mlog(z) ~ V2r

for all x > 1. Moreover, adhering to the formulations in [30], we use the-following expressions in our

<5 (C.2)

[0\

derivations:
Alz) = \/% /:C(v - x)Qe*UZ/de, (C.3a)
B(z) = V% /_ ; (N2 2y, (C.3b)
for which we have that
A(0) =B(0) =1/2. (C4)

When z # 0, the following inequalities have been derived in [30]:

ady <] v@/e w0 (C.5a)
2% +1, <0

By <] V@ w0 (C.5b)
22 +1, x > 0.

Lemma Appendix)€.1. Given z € (0,1] and 7 > 0 for ¢(x) given in (C.1), we have
2
plrz) 1 1-a? i)

C.6
T T 21 T - (C.6)
Proof. Using (C.1) the left hand side of (C.6) becomes
Ylra) 1 e~ w"/2 )
T Vor  Tx '
Applying Bernoulli’s inequality on e~ ®*/2 Jeads to
e T2 (1 (e 1)) <l+4a%(e /220, (C.8)

where 0<z<1 and (e /2-1)>—1 given that 7>0. Combining (C.7) and (C.8) leads to the proof. [J
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Proof of Theorem 4.4. We derive the bound based on Proposition Appendix A.1 by firstly computing
the subdifferential dg(x) and then the distance between the standard normal vector g to dg(x). Under
Definitions 4.2 and 4.3, let us recall that there are d; consecutive zero elements at any ¢ € {p+1,...,q},
namely, {z; — z],}éjld*1 =0, with /; € {0, ..., J} being an auxiliary index indicating the start of the
zero positions. Under Definitions 4.1, 4.2, 4.3, and the weights in (14), the elements of the vectors u

in the subdifferential dg(x) are expressed as
Uj = A4, iE{l,...,p},
u; € [by — ¢, by + ¢, te{p+1,...,q}, (C.9)
J J
S [— Z Wi, Z wj,-] = [—171], xS {q+1,,n}
§=0 j=0

where

J

a; =Y w;i(—1)°0<I), (C.10a)
§=0

b = > wji (=10 S (C.10b)
J@{li, li+di—1}
li+d;—1 i

C; = Z Wji = dzf (ClOC)

Using (A.5) and (C.9), we can computesthe distance from the standard normal vector g to the

subdifferential dg(x) as

dist” (g,T dg w) Z(gz Taz) +Z(?2 b +Cl>)+j) ( gz+T _Cz )“'ZTQng‘_

i=pt1 1=q+1
(C.11)
where P(a) := max{as0} returnsthe maximum value between a € R and 0. Taking the expectation of
(C.11) with respeet to gidelivers
oo
(

q
B [dist” (¢, 7 g (B)]] p+722a T m b / v —7(bi +¢;)) %™ 2dv

i=p+1 (bi+ci)

i/T(b_m)(v—T(b—cz) “/de+\f2/ (v —7)% " 2dv. (C.12)

i=q+1
Replacing the expressions in (C.3a), (C.3b) in (C.12) gives
Eg[dist*(g, 7 - 9g(x))] p—i-TQZa + Z .A(T(b +ci ) Z B( (b; — ¢ ) +2 Z A(r). (C.13)
i=p+1 i=p+1 i=q+1

At this point, it is worth emphasizing the advantage of the adaptive weights [see (14)] in the

proposed method, the values of which depend on the correlation of the side information with the
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target signal. Focusing on a given index i € {p + 1,...,q}, let us observe the weight contribution in
the expressions of b; and ¢;, defined in (C.10b) and (C.10c), respectively. The weights wj; in ¢; are
considerably higher than those in b;, as in the former case the side information signals z;; are equal to
the source x;. Moreover, we recall that a small positive parameter € is introduced in the denominator
of the weights so as to avoid division by zero when x; = 2. The € parameter can ensure that ¢; in
(C.10c) is always greater than |b;| in (C.10b). Hence, we always have b; +¢; > 0 and b; — ¢;,& 0. With
these observations we conclude that the arguments of A(-) and B(-) in (C.13) are respegtively positive
and negative. Applying inequality (C.5a) for z > 0 on the expression of A(-) asdvellids inequality
(C.5b) for < 0 on the expression of B(-), we obtain the following bound for the,U;, quantity [which
is defined in (A.12)]:

Uy,.., <min {p+7_2 Za N i (¢(T(bi tei) | wlrle - bi))) Lo i w(T)}7 (C.14)

P o 7(bi + ¢i) 7(c; — by) L T

where 1)(+) is the zero-mean, unit-variance normal distribution defined in (€.1). Applying (C.6) on the

second sum in (C.14) gives

T TS JETT = WL SRELIe

q

ﬁUg“ <rTmn{p+T2Za T i \/1272:’<.121_12_1)+((n—q)+ Z c&?@}. (C.16)

i=p+1 i=p+1
From the definitions of b; and ¢; in (C.10b) andy(C.10c), respectively, we have
bi < Z Wj; = 1-— Ci, (017)
J&{l;,....li+d;—1}
where we used the constraint Z;}:O wj; = 1. Hence, the second summation term in (C.16) is bounded

as

WT 2(:1 - (C.18)

4 - min{¢;}
1—¢ C.19
\/%7(2 min{c;} — 1) z;»l( ) ( )

where/(C.18) is obtained by using that b; < 1 —¢; and (C.19) holds from the fact that the term

L1 2¢ 1
glﬁr(cfbf JEDS

1=p+1

¢
2Ci71
ispnaximized when ¢; is minimized (recall that ¢; > 0). For simplicity, let us denote

P
Gnogy, = a?, (C.20a)
i=1
4 - min{¢;}
277(2 - min{¢;} — 1)

q q
Snty =q— Z ci=p+ Z (1—¢). (C.20¢)

i=p+1 i=p+1

(C.20Db)

K/n—el -
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Substituting the quantities of (C.20a), (C.20b), (C.20c), and using inequality (C.19) in (C.16) gives

. _ _ _ 29(7
Uy € i {0+ e, 4 s oty )+ (0 500) 220}
which using the definition of ¢(-) can be written as
7,2
Ugo oy < min{ane, 7+ (1= 5,00 2 e+ (ks — D)5 -n)}. (C.21)
In-t1 — >0 1 1 \/ﬂ T 1 1 1

To derive a bound as a function of the source signal @, we need to select a parameter'r >'0. Setting

7 =+/2log(n/5,., ) yields

n En_gl(l — Sn-t; /n)

Ugpo, < 20ng, log - +8not, + 0ty s (C.22)
! Sn-ty mlog(n/Sn-r,)
where
67’1-(1 = (R’I’L—él - 1)(§n—£1 _p)7 (023)

and where we have replaced the selected value of 7 in (C.20b);ithereby obtaining the ¢, definition
reported in (23).

Applying inequality (C.2) on the second term of the right"hand side of (C.22) gives

_ n T_
Ugn_21 < 2G4, log,— + =8, + Ongy- (C.24)
Sn-01 5

Bearing in mind that my, > Ug,, + 1 and by, combining (C.24) with (C.20), (C.10), and (C.23)
leads to the proof. O

Proof of Corollary 4.4.1. We start withyRelation (a). Under the conditions that Wy =1,, and W; =0
for j € {1,...,J}, we have that\§, ¢, /= p = so and G,.¢, = p = So, where we used the definitions in
(C.20a), (C.20c). Consequently, from (C.23), d,¢, = 0. Replacing these values of @y, , Sn_¢y, One, in
our bound, defined in{(21), leads to the ¢; minimization bound in (5).

To reach Relation (b)pgiven that Wy = Wy = 11, and W; = 0 for j € {2,...,J}, let us first

denote two subsets;\; .and I, as

I, := {ie{p+1,...,q}:bi+cz‘:1,bz‘*0i:0}7 (C.25a)

I, = {z’e{p—l—l,‘..,q}:bi—o—ci:(),bi—ci:—l}. (C.25b)

Viaithe definitions of b; and ¢;—see (C.10b) and (C.10c), respectively—and since i € {p + 1,...,q},
we observe that ¢ € II; or ¢ € Is.

Replacing (C.25a) and (C.25b) in (C.13) leads to

n

Eg[distz(g,T-3g($))]zp+722af+z.A(T)—l—z B0)+Y_AO0)+>_ B(-7)+2 Y A(r). (C.26)

i€l el i€l i€l i=q+1
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By combining (C.4), (C.5a), and (C.5b) with (C.26), we obtain the following bound for the U, quantity
[defined in (A.12)]:

U <min{ 2” 2 - 1 - M - M
gy SMNAPFTIY aF D ok Y o2 Y 3 (C.27)

720 . ) . )
i=1 i=p+1 i=p+1 i=q+1

which can further be elaborated to

2

: 2 2 €z
Uy, < min {7 Dl 45w +a)+ (20— (p+0) Nt (©:28)

i

N |

In the ¢;-¢; minimization case, there is a single side information signal and no weightsythat is, d; = 1

and J =1 in (20) under Definitions 4.1 and 4.2; thus, we have p + ¢ = sp + s1.»Combining this result
with (9b) gives >0 a2 = h.

i=1"1
Let us now denote §y,¢, = 2L and set 7 = \/2log(n/5¢,.¢, ); thus; wethave
_ S0,
U S0,-, (1 B &)

- n
900, < 2hlog —— + 5g, g, + AT (C.29)
501-6, 2mlog(

S61-01 )

Applying (C.2) on the third term of the right hand sidé of (C.29) gives

. 7
Uge,.e, < 2hlog Hest-a (C.30)

S0,-4,

Finally, we obtain the ¢1-¢; minimizatiefithound [29, 30, 34] in (8) as

7
— + =500, + 1, (C.31)

Megey Z 2B IOg 50,0 5
1-£1

where 5¢,.¢, = 2235 = 55 + %, with*¢ defined in (9a). O
Appendix D. Supporting:Lemmas

Lemma Appendix D.1L. The value of §,,_¢, in the definition of the bound for weighted n-f; minimization—

given in (21)—iS negative:

Proof. Reeallythe definition of d,.¢, given in (C.23). By the definition of 5,., in (C.20c), it is clear
that (Sp-¢, —p) > 0; this is because ¢; < 1 [see (C.10c)]. Hence, the sign of §,,,, depends on the term
(Kpep— 1). From (C.20b), it is clear that k,_¢, depends on ¢;, which is defined as
€ —1
¢ = d; (d,— DY m) . (D.1)
G@{li i litdi—1)
As € > 0 and very small, we can say that ¢; — 1. As a result, k, ¢, is approximately given by

4 2
~ (D.2)

Rn—.l ~ b
b mlog(n/Sn.e,)
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where in the proof of Theorem 4.4 we have set that 7=1/2log(n/s,, ). We observe that K, < 1
if g”% < 0.28, where 5,0, ~p < min{s;} [see (C.20c) and Definition 4.1]. In Lemma Appendix D.2,
we prove that when £ < 0.23 then 7, in (27) is less than the source dimension, n. Otherwise,

the required number of measurements M, ¢, is higher than n, signifying the failure of the algorithm?.

Hence, we get that (kn.¢, — 1) < 0, thereby proving that d,4, < 0. O

Lemma Appendix D.2. Given a sparse signal £ € R” with ||z||o = s¢ and side information,signals
zj € R” with || — 2,0 = 55, ¥j € {1,..., J}, the number of measurements required for weighted n-¢;

minimization to recover &—given in (27)—is less than the source dimension n when'Z <'0.23.

Proof. Let us assume that the number of measurements in the bound of (27) satisfies the condition

Min-e, < 1, namely, we have

7
2plog n +-p<n. (D.3)
p D
By substituting v = %, v € R, in (D.3) we get
7
2logvy + 5 <& (D.4)

By setting f(y) = v —2logy — % and using calculusswe can’show that f(v) > 0 when v > 4.33, or
else, £ < 0.23. O
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