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In this paper, we studied the selective activation of intrinsic cohesive elements by using controllable multi-point
constraints (MPCs) for fracture analyses of laminated composites. Cohesive elements inserted between bulk
elements were deactivated by tying the cohesive nodes using MPC, which were selectively activated during
analysis only for the failure region by releasing the constraints. A strategy for the systematic deﬁnition and
release of MPCs that considers the composite failure modes was developed. When applied to the fracture analysis
of laminated composites, the selective activation strategy was found to alleviate the artiﬁcial compliance problem of intrinsic cohesive elements while producing results that matched accurately those of conventional intrinsic cohesive elements.

1. Introduction
There has been continued interest in composite materials over the
past several decades. Composite materials have excellent speciﬁc stiﬀness/strength properties compared to conventional materials. The application of composite materials has increased in advanced aerospace
structures, and it is gradually expanding into structures in the general
industrial sector. In laminated composites, failure occurs in a complex
combination of diverse failure modes at the ﬁber, matrix and interface
regions [1]. An accurate understanding of failure behavior is crucial for
the design of eﬃcient composite structures with structural integrity. A
vast amount of experimental, analytical and numerical studies have
been performed to investigate how failures, which include failure criteria and progressive failure models, initiate and propagate in composite materials. The failure behavior of laminated composites with stress
concentrators, such as a hole and a notch, bears a particular importance. This problem has been extensively studied by a number of
researchers (e.g., [2–5]). When a tensile load is applied to both ends of
a notched composite laminate, stress concentration develops at the
notch tip, and matrix cracking and interlayer delamination start and
propagate. These damages continuously interact with each other and
grow until ﬁber breakage ﬁnally occurs, leading to ultimate failure.
Numerical simulation is becoming a more eﬃcient way to study the
progressive fracture behavior of composite materials owing to the development of very fast computer hardware and reliable analysis
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software. Frequently used numerical methods include the virtual crack
closure technique (VCCT) (e.g., [6,7]), continuum damage mechanics
(CDM) (e.g., [8–14]), cohesive zone modeling (CZM) (e.g., [15–20]),
and extended ﬁnite element method (XFEM) (e.g., [21,22]). VCCT is a
linear elastic fracture mechanics (LEFM)-based method in which a crack
is allowed to propagate when the calculated strain energy release rate
(G) is larger than the material fracture energy (Gc). Although proven to
be accurate in predicting crack propagation behavior, this method requires an initial crack and an a priori knowledge of the crack path.
CDM, also known as progressive failure analysis, simulates failure behavior in such a way that the damage initiation is predicted by a failure
criterion ﬁrst, and then the corresponding material is softened by a
property degradation model. This method has been developed quite
well and is widely used; however, it is well-known to suﬀer from the
mesh-dependence problem [23]. In CZM, material failure is explicitly
described by interface elements inserted between bulk elements and by
a constitutive relation called traction-separation law (TSL). CZM removes the initial crack requirement of the VCCT and provides much
better mesh regularization characteristics compared to a CDM-based
method. However, intrinsic CZM with the initially elastic TSL not only
can alter the elastic bulk response but also can aﬀect the fracture solution [24,25]. With extrinsic CZM, by inserting cohesive elements
adaptively only as needed, it can avoid the eﬀect of the added compliance problem; however, a sophisticated management of complex
data structures is required because ﬁnite element meshes have to be
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elements are activated. Conceptually this idea is similar to the CZM/DG
method developed in Ref. [31], in which the continuity between bulk
elements during the pre-fracture stage is ensured by the consistent DG
interface terms. However, the MPC-controlled activation strategy is
more attractive as it can be implemented easily using readily available
ﬁnite element codes with the addition of a small subroutine to determine which MPCs to release. Moreover, it retains the advantage of
intrinsic CZM without having too much of the added compliance problem and behaves like extrinsic CZM without the complexity of the data
structure for adaptive insertion. In Ref. [33], the authors applied the
selective activation strategy to arbitrary crack propagation problems of
isotropic materials and showed that the strategy could alleviate the
added compliance problem signiﬁcantly and reduce the computation
time as well.
The present study extended the selective activation strategy to the
fracture problem of laminated composite materials. Because fracture
occurs under a combination of failure modes such as ﬁber fracture,
matrix cracking, and delamination, ﬁnite bulk element meshes were
generated in such a way that cohesive elements could be inserted accounting for possible fracture modes. The inserted cohesive elements
were deactivated before analysis by tying the duplicated cohesive
nodes, which were selectively activated only when an impending
failure was predicted during analysis by releasing the tying constraints
on the cohesive nodes. The selective activation strategy was applied to
solve the composite fracture problems of double cantilever beam (DCB),
L-shaped laminate, and notched laminate specimen conﬁgurations. In
the following, the insertion, deactivation, and activation of cohesive
elements are described in detail. Then, the analysis results are compared to those of conventional CZM for veriﬁcation. Next, the eﬀect of
release condition is carefully examined, as well as the computational
eﬃciency of the present strategy.

Fig. 1. Intrinsic and extrinsic traction-separation laws.

changed continuously during the analysis [25–27]. In XFEM, cracks are
represented by a local enrichment through the partition of unity concept and level sets which oﬀers signiﬁcant advantages such as having
superior convergence rates in problems with discontinuities and singularities. It is a very promising method that eliminates the mesh-dependence problem, and studies are being performed for further development to be applied to composite fracture problems with multifailures.
With these methods, researchers are able to successfully predict the
initiation and propagation of composite failure. There have been studies employing the above methods in combination such as mixed CDM/
CZM (e.g., [28,29]), XFEM/CZM (e.g., [5,30]) or discontinuous Galerkin/CZM (DG/CZM) methods [31] to maximize the merits while
avoiding the demerits of each method.
Recently, CZM has been increasingly used for fracture analysis of
composite materials because of its advantages such as providing an
explicit and clear picture of the physical representation of cracks and
ease of implementation within the conventional ﬁnite element method.
CZM is categorized into two groups depending on which TSL is used:
intrinsic and extrinsic [32]. As shown in Fig. 1(a), intrinsic CZM uses
TSLs that have an initially elastic region before the onset of fracture. In
this case, a ﬁnite element model appears softer owing to the ﬁnite initial stiﬀness, which creates the well-known artiﬁcially added compliance problem. The added compliance eﬀect may not be too much of a
concern for problems with discrete line-(2D) or surface-like (3D) crack
propagation, as in, for example, delamination or interface separation
where a small number of cohesive elements are inserted. However, it
becomes particularly signiﬁcant for problems with distributed area(2D) or volume-like (3D) damage, as in, for example, the simulations of
distributed matrix damage where a large number of cohesive elements
have to be inserted between every bulk element throughout the expected damage area or volume. This explains why CZM has been used
mostly to model delamination, whereas CDM is used to model, for example, in fracture analysis of laminated composites.
The artiﬁcial compliance problem may be minimized using an alternative method known as extrinsic CZM [25–27]. In this case, cohesive elements whose cohesive behavior is deﬁned by an initially rigid,
but strictly decreasing, TSL, as shown in Fig. 1(b), are adaptively inserted into the mesh only as needed during the analysis. However, a
sophisticated management of complex data structures is required because ﬁnite element meshes have to be changed continuously by the
insertion of new cohesive elements as damage propagates. Because of
this, extrinsic CZM is extremely diﬃcult to implement and can have a
low scalability for parallel computation of large-size problems [25,31].
For the alleviation of the added compliance problem of intrinsic
CZM, a selective activation strategy under the intrinsic CZM framework
was developed in Ref. [33]. The core of this strategy is to insert cohesive elements and deactivate them by tying the duplicated nodes using
multi-point constraints (MPCs) before analysis and then to selectively
activate part of the cohesive elements as needed during analysis by
controlling the MPCs. There is no complexity involved in data structure
management because of the insertion at the beginning, and the added
compliance eﬀect is reduced because only a small number of cohesive

2. Analysis: selective activation of intrinsic cohesive elements
To accurately predict the progressive failure behavior of composite
materials using intrinsic CZM, prior to analysis, one must insert cohesive elements between all bulk elements in the region where failure is
expected to develop. In the analysis, only a small number of cohesive
elements in and near the failure region actually take part in the process
of failure simulation, whereas most cohesive elements stay in the elastic
region of the TSL throughout the analysis, which is wasteful as it causes
an added compliance eﬀect and a huge increase of degrees of freedom
(DOFs) in computational models. The above problem can be alleviated
by deactivating the inserted cohesive elements before analysis and then
selectively activating them when and where needed. This can be accomplished by using a controllable user-deﬁned MPCs.
The deactivation-selective activation of cohesive elements is illustrated in Fig. 2. The strategy proceeds in four steps as listed below:
Step 1. Generate the bulk element mesh.
Step 2. Insert the cohesive elements between all bulk elements to
generate a ‘full’ CZM mesh.
Step 3. Deactivate all cohesive elements by tying the duplicate cohesive nodes by using MPCs prior to analysis.
Step 4. Selectively activate the cohesive elements as needed during
analysis by releasing the MPCs in the region where an impending
failure is predicted.
Here, the ‘full’ CZM mesh consists of 8 hexahedron bulk elements
and 12 cohesive zone elements (CZEs). Cohesive elements have practically “zero” thickness, although they are drawn as having a ﬁnite
thickness for illustration purposes. The total number of nodes of the
CZM mesh is increased to 64 from 27 of the bulk element-only mesh
because a large number of duplicate nodes are generated by the insertion of cohesive elements. These duplicate nodes are tied in Step 3 by
applying MPCs, leaving a unique node at each nodal location. Then, the
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Fig. 2. Schematic of the deactivation and activation of cohesive elements using controllable MPCs.

sequence of delamination, matrix failure, and ﬁber fracture. To reﬂect
this, we deﬁned MPC equations in reverse order. As shown in Fig. 3,
MPCs are hierarchically deﬁned in three levels as follows:

total number of active nodes becomes the same as that of the bulk
element-only mesh, after which the analysis starts and continues until
the MPCs are released. In Step 4, the MPCs for locations where failure is
predicted to initiate during analysis are selectively released and then
the corresponding cohesive elements become activated. In Step 4 of the
ﬁgure, as an example, the cohesive elements for matrix failure and
delamination are illustrated as active, whereas those for ﬁber fracture
are still dormant.
The order of MPC equations can be determined by considering the
possible sequence of fracture. In laminated composites, typical failure
modes include ﬁber failure, matrix failure, and delamination. (If other
failure modes are present, the procedure can be easily applied to them.)
Although failure can develop in diﬀerent sequences depending on each
problem, one may assume that either matrix failure or delamination is
initiated ﬁrst and ﬁber failure occurs last. In this study, MPCs were
deﬁned for cohesive nodes, assuming that the failure occurred in the

Level 1: Fiber fracture CZE nodes (Eqs. (1a)–(1d)),
Level 2: Matrix failure CZE nodes (Eqs. (2a)–(2b)), and
Level 3: Delamination CZE nodes (Eq. (3)).
At the circled location in Fig. 3, eight duplicate nodes are generated,
which are parts of eight ‘zero’ thickness cohesive elements. Nodes 1–8
are in the same location but are plotted as separate for illustration
purposes. Before the start of the analysis, the seven duplicated nodes
2–8 are tied to node 1 by applying seven MPC equations. First, the
MPCs are applied to the ﬁber fracture CZE nodes, enslaving four out of
eight nodes, which are expressed in Eqs. (1a)–(1d):

Fig. 3. Application and release of MPCs. (Nodes 1–8 are in the same location but are plotted as separate for illustration purpose.)
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ui1 − ui2 = 0

(1a)

ui4 − ui3 = 0

(1b)

ui5 − ui6 = 0

(1c)

ui8 − ui7 = 0

(1d)

Here, the subscript i indicates the displacement component
(i = 1, 2, 3) . Next, two nodes are further enslaved by applying MPCs to
the matrix failure CZE nodes as shown in Eqs. (2a)–(2b).

ui1 − ui4 = 0

(2a)

ui5

(2b)

−

ui8

=0

Finally, the MPC application to the delamination CZE nodes in Eq.
(3) ties two nodes, leaving only one unique node.

ui1 − ui5 = 0

Fig. 4. Modiﬁed intrinsic TSL. (The cohesive element is activated at Trel.)

(3)

At this time, node 1 is the only active node at this location and the
total number of active nodes of the mesh becomes the same as that of
the bulk element-only mesh. The cohesive elements are still there but
dormant, as no deformation is allowed in the cohesive elements by the
MPCs. Once the analysis is started, the initial solution is the same as the
solution with the bulk element-only mesh and, thus, there is no added
compliance problem.
The MPCs are selectively released during analysis when a certain
failure is predicted to occur at the corresponding node location. If
failure occurs in the same order as assumed for a location, MPC Eq. (3)
is released ﬁrst, then Eqs. (2a)–(2b), and ﬁnally Eqs. (1a)–(1d). However, there are possibilities that failure may occur in a diﬀerent order.
For example, consider a case where ﬁber fracture precedes both matrix
failure and delamination. Because of the assumed hierarchy of the MPC
equation deﬁnition, some of MPC equations of ﬁber fracture cannot be
released because the master nodes of the corresponding MPC equations
are not active. That is, the release of four MPC equations (Eqs.
(1a)–(1d)) is needed; however, MPC Eqs. (1b), (1c), and (1d) cannot be
released because master nodes 4, 5, and 8 do not exist in the model at
this time, unless the higher level MPCs are released ﬁrst.
To resolve this, we need to deﬁne linkages between MPC equations,
and for the release of any MPC equation, all the linked higher level
equations are released simultaneously. In the current example, as
summarized in Table 1, Eq. (1a) has no linkage, and thus, it is released
independently. However, Eqs. (1b) and (1c) are released after linked
Eqs. 2(a) and (3) are released at the same time, respectively. The release
of Eq. (1d) requires the release of linked Eqs. 2(b) and (3).
Determining when and where to release MPCs requires a certain
criterion. In extrinsic CZM, a cohesive element is inserted and activated
if the inter-element traction extrapolated from the connected bulk
elements reaches a critical value (e.g., Tmax). The same idea can be
applied to the present method, too; however, a much simpler but more
ﬂexible way may be employed. Unlike in extrinsic CZM, intrinsic cohesive elements do not have to be activated when the calculated traction reaches the critical value exactly. They can be activated anywhere
when traction is between zero and Tmax.

This can be understood easily from Fig. 4, which shows the TSL of
the selectively activated cohesive element. Here, δi and δf indicate the
failure initiation displacement corresponding to Tmax and the failure
completion displacements, respectively, and Trel is the MPC release
traction which is a controllable value in the range of

0 ≤ Trel ≤ Tmax

The TSL is modiﬁed from the conventional intrinsic one such that it
is initially rigid until the traction is less than or equal to Trel, after which
it follows the conventional TSL. If one sets Trel = 0, the conventional
intrinsic CZM is recovered, and if Trel = Tmax, a quasi-extrinsic CZM
behavior is obtained. One may set Trel = Tmax and choose to activate the
cohesive element just when needed. However, there is no guarantee
that the calculated inter-element traction value will be accurate and
there is a possibility of over-constraining.
In the present study, the value of Trel was selected to be slightly less
than Tmax. That is, the cohesive elements were activated slightly earlier
than needed. This was thought to be a good strategy to avoid the numerical burden of accurately calculating inter-element traction values.
One can even use stress values instead of traction values to determine
when to release the MPCs. In this case, one may directly use nodal point
stress values (maximum stress criterion) or failure indices calculated by
a more sophisticated failure criterion.
When a failure criterion is used instead of traction values, MPCs are
released when the failure index (ϕi ) is equal to the pre-set MPC-release
failure index (ϕir ), i.e.,

ϕi = ϕir

Master
node

Slave
node

Failure mode

Deﬁnition
hierarchy

Linkage

1(a)
1(b)
1(c)
1(d)
2(a)
2(b)
3

1
4
5
8
1
5
1

2
3
6
7
4
8
5

Fiber fracture

Level 1

Matrix failure

Level 2

Delamination

Level 3

–
2(a)
3
2(b)
–
3
–

(5)

where the subscript i indicates the failure modes: 1 for ﬁber fracture, 2
for matrix cracking, and 3 for delamination. Thus the pre-setting of ϕir
can be controlled separately for each failure mode. Like in Eq. (4), one
can set ϕir to be any number between 0 and 1, with 1 indicating failure.
In the preliminary analysis, it was found that, in general, the values of
ϕir = 0.9–0.95 (which were approximately equivalent to Trel values of
90–95% of Tmax) were high enough to delay the release of MPCs and
thus delay the activation of cohesive elements, while they were released
before the onset of failure.
It is well known that there is no single failure criterion that can
predict all failure modes accurately. However, as explained above, selecting a failure criterion for the present purpose is not so signiﬁcant a
concern because the failure criterion is just used to determine when to
release the MPCs, not to determine the actual failure initiation. In the
preliminary analysis, several composite failure criteria were tested, and
it was found that the diﬀerence in the results was not signiﬁcant. The
results presented in this paper were produced by using Hashin’s failure
criteria [34] for the intra-ply failure (Eqs. (6)–(9)) and Chang-Chang
criteria [35] for the delamination (Eq. (10)).
Tensile ﬁber mode (σ11 > 0)

Table 1
Deﬁnition order and linkage of MPC equations.
MPC
equation

(4)
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2

2
2
⎛ σ11 ⎞ + σ12 + σ13 = 1
2
S12
⎝ XT ⎠
⎜

Table 2
Elastic and cohesive properties for DCB specimen [36].

⎟

(6)

Composite

Compressive ﬁber mode (σ11 < 0)

−σ11
=1
XC

(7)

Interface

E11 (GPa)

E22 (GPa)

G12 (GPa)

ν12

ν23

GIC (N/mm)

T1 (MPa)

135.3

9.0

5.2

0.24

0.46

0.28

57.0

Tensile matrix mode (σ22 + σ33 > 0)
2

2
2
2
⎛ σ22 + σ33 ⎞ + σ12 + σ13 + σ23 − σ22 σ33 = 1
2
2
S12
S23
⎝ YT
⎠
⎜

(C3D8) with cohesive elements (COH3D8) inserted along the delamination path. Although a two-dimensional (2D) plane strain modeling
can solve this problem, as was done in Ref. [36], a 3D modeling was
performed herein to demonstrate the 3D capability of the developed
selective activation strategy. Element size (he) was determined by ﬁrst
estimating the cohesive zone size (lcz) and then placing an enough
number of elements inside it [15]. The element size used in the analysis
was 0.125 mm. The conﬁguration was modeled using one element in
the lateral direction, and the lateral displacements were constrained at
the front and back surfaces to simulate the plane strain condition. The
initial cohesive stiﬀness used was K = 9 × 103 GPa/mm, and a small
amount of artiﬁcial damping was applied to stabilize the solution procedure. A pair of opening displacement loads was applied at the left end
to have mode I delamination propagation.
A conventional CZM analysis was done ﬁrst, and then a CZM analysis with the selective activation strategy via a user MPC subroutine
was performed. Fig. 6 shows a comparison between the load-displacement curves obtained by the conventional CZM (CCZM) and by the user
MPC-controlled CZM (MCZM) of the selective activation strategy. Here,
the MCZM result was obtained with the MPC release value for the delamination ϕ3r = 0.5 and 0.75. The MCZM result agreed almost exactly
with that by CCZM, indicating that the user MPC method produced a
result that was basically the same that produced by the conventional
CZM. The result also very closely matched that obtained by Ref. [36],
with indistinguishable diﬀerence.

⎟

(8)

Compressive matrix mode (σ22 + σ33 < 0)
2

2

2
2
2
⎡ ⎛ YC ⎞ − 1⎤ σ22 + σ33 + ⎛ σ22 + σ33 ⎞ + σ23 − σ22 σ33 + σ12 + σ13 = 1
2
2
⎥
⎢ 2S23
Y
2
S
S
S
C
23
23
12
⎝
⎠
⎠
⎦
⎣⎝
(9)
⎜

⎟

⎜

⎟

Delamination
2

2

2

⎛ σ33 ⎞ + ⎛ σ23 ⎞ + ⎛ σ13 ⎞ = 1
⎝ ZT ⎠
⎝ S23 ⎠
⎝ S13 ⎠
⎜

⎟

⎜

⎟

⎜

⎟

(10)

where XT, XC, YT, YC, ZT and ZC denote the normal tensile and compressive strengths in the material 1, 2, and 3 directions, respectively,
and S denotes the shear strength. The directional components are indicated by the subscripts 1, 2 and 3.
The strategy of selective activation of cohesive elements was implemented in ABAQUS using a user subroutine (MPC.for). At the end of
the converged iterations, the nodal stress results of the bulk elements
were obtained by accessing the integration point stresses using the
utility subroutine GETVRM.for and then extrapolating them to nodal
values.
With the present method, computational costs can be reduced because, until failure initiation, the number of active DOFs is the same as
that of the bulk element-only mesh. Even after failure initiation, the
number of active DOFs increases only slightly because the failure region
where the MPCs are released is limited to a small portion of the model
for most cases.
It should be noted that element calculations for dormant cohesive
elements are not necessary; they were performed in this study though
because, currently, the method is implemented as a user subroutine.
This unnecessary computation can be avoided when the method is fully
incorporated with the ﬁnite element codes, which should further reduce
the computational cost.

3.2. Application to the delamination problem of an L-shaped laminated
composite
Next, the present approach was applied to an L-shaped curved laminated composite with multiple delamination failures. As shown
Fig. 7, the curved part had an inner radius of 15 mm connected with a
125-mm straight upper arm and a 75-mm lower leg. The thickness and
the width were 10 mm and 50 mm, respectively. The laminate was ﬁxed
at the lower end, and the vertical load was applied at the upper arm by
a steel bar at 50 mm from the right end, which produced an opening

3. Results and discussion
3.1. Application to DCB conﬁguration
The selective activation strategy was ﬁrst applied to a double cantilever beam (DCB) specimen taken out from Ref. [36]. The length (L),
the width (W), and the total thickness (t) of the beam were 100 mm,
20 mm, and 3 mm, respectively, as shown in Fig. 5. The beam was made
of 24 carbon/epoxy plies having a 0° orientation angle and a 30-mm
initial delamination (a0). The material properties are given in Table 2.
In this case, a limited number of cohesive elements need to be inserted
only along the centerline, and, therefore, there is little added compliance problem; however, the conﬁguration was selected to verify
whether the present selective activation strategy was working properly.
A three-dimensional (3D) mesh was generated using solid elements

Fig. 6. Comparison between the load-displacement curves for the DCB conﬁguration.

Fig. 5. DCB conﬁguration [36].
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Fig. 7. Conﬁguration of the L-shaped laminated composite.
Table 3
Material properties of the L-shaped laminated composite.
Fig. 9. Comparison of the delamination shape (deformation scale factor = 1).

(a) Elastic
E11 (GPa) E22 (GPa) E33 (GPa) ν12
33

2.5

20

ν13

ν23

G12 (GPa) G13 (GPa) G23 (GPa)

0.3 0.3 0.3 2.2

5

2

(b) Cohesive

T1 (MPa)

T2 (GPa)

GIC (N/mm)

GIIC (N/mm)

η (B-K)

15

77

0.6

1.25

1.8

Fig. 10. History of the number of active DOFs of the L-shaped laminated
composite for various MPC release failure indexes.

Fig. 8. Load-displacement curves of the L-shaped laminated composite.

deformation of the curved part. The laminate consisted of 15 triaxially
braided glass/epoxy composite plies, the elastic and cohesive properties
of which are given in Table 3 [37]. Here, the material axes (1, 2, and 3)
were the length, thickness, and width directions of the laminate, respectively.
The element size was determined again by ﬁrst estimating the cohesive zone length using the properties given in Table 3 and placing an
enough number of elements within. The mesh was generated from one
slab of the 3D elements, with the plane strain conditions applied at the
front and back surfaces. The mesh contained 13,770 solid elements
(C3D8) and 4,284 cohesive elements (COH3D8) inserted in every ply
interface along the entire length of the laminate part, and 262 solid
elements (C3D8/C3D6) for the steel bar. (Cohesive elements are inserted between all interfaces along the entire length.) A vertical

Fig. 11. Variation of normalized CPU time versus MPC release failure index of
L-shape laminated composite.

displacement load was applied to the steel bar; it was transferred to the
laminate through frictionless surface-to-surface contact. The quadratic
stress criterion (QUADS) and an energy-based criterion were used with
the Benzeggagh-Kenane (BK) law [38] for the mixed-mode failure
315
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diﬀerence, which indicates again that the MPC-controlled selective
activation strategy was able to produce a result that matched the result
by the conventional CZM. Compared to the experiment result, both the
MCZM and the CCZM results correctly predicted the elastic response,
the maximum load, and the ﬁrst and the second major load drops, indicating that the CZM modeling was done accurately. The shape of the
delamination is compared in Fig. 9 for various applied load levels. In
the ﬁgure, one can see that the delamination development predicted by
the MCZM with ϕ3r = 0.9 matched with that by the CCZM very accurately, indicating again that the MCZM with the selective activation
strategy produced results that were as good as those produced by the
conventional CZM.
The history of the number of active DOFs (Ndof) of the MCZM is
plotted in Fig. 10. The Ndof values were normalized by the CCZM value,
which was 55,632. For the MCZM, the initial Ndof was 38,496, which
was the same as that of the bulk element-only mesh. When ϕ3r was set to
zero, Ndof increased immediately and became the same as the CCZM
value as all MPCs were released right away. For other release values of
ϕ3r , Ndof increased versus the applied displacement as the MPCs were
released but remained much smaller. For ϕ3r = 0.9, the MCZM analysis
was done with Ndof of less than 76.3% of the CCZM value.
The reduction in active DOFs translated into a reduction in CPU
time. Fig. 11 shows the variation of the normalized CPU time of the
MCZM versus the MPC release value. In general, the CPU time showed a
steady decrease as the MPC release value increased. In this case, as can
be seen in the ﬁgure, the savings in CPU time were not signiﬁcant. This
was mainly because the problem size was not big enough. It was
thought that the savings in computation time due to the reduction in
Ndof were cancelled out by the time spent in the user MPC operation
(MPC initialization, calculation of the failure index, and determining
whether to release the MPCs or not).

Fig. 12. Conﬁguration of the double-edge notched tensile cross-ply laminate.
Table 4
Material properties of the double-edge notched cross-ply laminate [4].
(a) Elastic
E11 (GPa)

E22 = E33 (GPa)

ν12 = ν13

ν23

G12 = G13 (GPa)

G23 (GPa)

43.9

15.4

0.3

0.4

4.34

3.2

(b) Cohesive
Failure mode

T1 (MPa)

T2 (MPa)

GIC (N/
mm)

GIIC (N/
mm)

Mixed-mode
power

Fiber fracture
Matrix failure
Delamination

1200
40
40

–
75
75

50
0.25
0.25

–
1.0
1.0

1
2
1.8 (B-K)

3.3. Application to the double-edge notched tensile specimen conﬁguration
In the previous two problems, the eﬀect of added compliance was
not signiﬁcant as cohesive elements were inserted only along a limited
number of crack paths. In this section, we discussed the application of
the selective activation strategy a double-edge notched cross-ply laminate conﬁguration under tension, as shown in Fig. 12, which had a

initiation and failure evolution, respectively.
Fig. 8 shows a comparison between the load-displacement curves of
the L-shaped laminated composite. The MCZM results with diﬀerent
MPC release values (ϕ3r ) agreed well with the CCZM result, with little

Fig. 13. Finite element mesh with fully inserted cohesive elements for the conﬁguration of the double-edge notched tensile cross-ply laminate.
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Fig. 14. Eﬀect of added compliance on the nominal stress-strain curve.

2, 0 ≤ y ≤ W/2, and 0 ≤ z ≤ t/2) was discretized, and y- and z-symmetry conditions were applied at y = 0 and z = 0 planes, respectively.
The ﬁnite element mesh was modeled using solid elements (C3D8/
C3D6) and cohesive elements (COH3D8/COH3D6). As shown in the
zoomed-in view of Fig. 13, the cohesive elements were inserted between all bulk elements and then classiﬁed according to the failure
modes. The element size used was he = 0.25 mm, which corresponded
to placing 3.1 elements in the estimated cohesive zone length (lcz). (A
preliminary analysis with he = 0.125 mm was performed; however, the
diﬀerence in the results was not signiﬁcant.) For this mesh, MPCs were
applied hierarchically and the linkages between MPCs were deﬁned.
The number of bulk elements was 18,780; that of cohesive elements for
ﬁber fracture, matrix failure, and delamination was 18,464, 18,464,
and 9,390, respectively; and that of MPCs was 121,185.
For the cohesive analysis settings, quadratic failure initiation was
used for the matrix failure and delamination, whereas maximum stress
failure initiation was used for the ﬁber fracture. For the mixed modebehavior, a power law (p = 2) and the B-K law (η = 1.8) [38] were used
for the matrix and delamination failures, respectively, whereas no
mode-mixing was assumed for the ﬁber fracture.
Fig. 14 shows the eﬀect of added compliance on the nominal stress
(σn) - strain (εn) curves for the CCZM results for various initial cohesive
stiﬀness values. (Here, the ratio between failure initiation and completion displacements was used instead of K for the initial stiﬀness.) As
can be seen in the ﬁgure, the CCZM result had a signiﬁcantly softened
response when δi/δf = 2%. In this case, the nominal stress value at 1%
nominal strain was 18.9% smaller than the converged one. The CCZM
results gradually converged as δi/δf decreased (i.e., the initial stiﬀness
increased); however, δi/δf had to be reduced to 0.042% to have a
convergence with less than 1% diﬀerence in the stress value at 1%
strain. In contrast, the MCZM results showed no distinguishable

Fig. 15. Comparison of the nominal stress-strain curve (δi/δf = 0.021%, ϕ1r =
0.95, and ϕ2r =ϕ3r = 0.9 for the MCZM).

complex combination of matrix cracking, delamination, and ﬁber
fractures. The material properties are listed in Table 4. This problem
was studied experimentally and numerically in Refs. [3,4] where CZM
was used to model the delamination and the ﬁber splitting developed
from the tip of the notch. Although able to capture the signiﬁcant part
of the failure behavior, the selective consideration of failure modes in
Ref. [4] did not completely account for the nonlinear behavior of the
development and interaction of failure modes, where a full insertion of
cohesive elements is needed to model not only the above but also a
large amount of matrix cracking and ﬁber fracture. In this case, the use
of the conventional CZM would have the added compliance issue and
cause a huge increase in the size of the computation, and the selectively
activated MCZM was thought to be a more eﬃcient option.
In the ﬁnite element modeling, one-fourth portion (−L/2 ≤ x ≤ L/

Fig. 16. Comparison of the σ22 stress in the 90° ply.
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Fig. 17. Comparison of the damage state variable (SDEG) of matrix failure cohesive elements in the 90° ply. (The upper half portion is plotted.)

Fig. 18. Comparison of the damage state variable (SDEG) of delamination cohesive elements. (The upper half portion is plotted.)

agreed well with the experimental result given in Ref. [3], indicating
that the ﬁnite element modeling was done accurately.
Figs. 16 and 17 show the comparison of the σ22 stress and the damage state variable (SDEG) at the top surface of the 90° ply, respectively, at diﬀerent applied nominal strain levels, and Fig. 18 shows the
delamination damage state variable. (The top view of the full specimen
is shown in Fig. 16, while the inclined views of the half part are shown
in Figs. 17 and 18.) In the ﬁgures, the development histories of the 90°
ply matrix damage and the inter-ply delamination calculated by the
CCZM and the MCZM matched very accurately. These ﬁgures indicate
that the MCZM produced a failure progression history that was as good
as the CCZM. In Fig. 16, the matrix failure process of the 90° ply started
at around εn = 0.002 near the notch tip, which grew as the nominal
strain increased and engulfed the entire 90° ply at εn = 0.004. This
resulted in the ﬁrst slope change in the stress-strain curve shown in
Fig. 15. The matrix failure process in the 90° ply occurred gradually as
it was attached to the 0° ply, which carried a major portion of the load.
As the applied nominal strain further increased, the matrix failure
process continued and σ22 decreased. The ﬁnal matrix failure started to
occur at the region near the notch tip when the applied nominal strain
was larger than 0.01 as can be seen in Fig. 17. The fully failed cohesive
elements were deleted and marked as white areas in the ﬁgure. At this
load level, the inter-ply delamination also started from the notch tip
region and grew mainly in the loading direction as shown in Fig. 18.
The location of deleted cohesive elements of matrix failure coincided
with those of delamination, indicating that the full matrix failure of the
90° ply occurred after the failing part was detached from the adjacent 0°
ply. Both the shape and the propagation distance of the predicted

Fig. 19. Comparison of the σ12 stress in the 0° ply. (The upper half portion is
plotted.)

diﬀerence for various δi/δf values. All curves matched with each other
almost exactly indicating no added compliance for the MCZM.
The complete nominal stress-strain curves are compared in Fig. 15.
The predicted stress-strain curves by the CCZM and the MCZM with δi/
δf = 0.021% matched very well with each other, whereas the CCZM
result still showed a slight eﬀect of added compliance. These also

Fig. 20. Comparison of ﬁber failure progression in the 0° ply.
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Fig. 21. History of the normalized active number of DOFs and the CPU time for the conﬁguration of the double-edge notched tensile cross-ply laminate.

elements are the same for both CCZM and MCZM. A small in-house code
was generated to do the tie and the linkage deﬁnition. Using the code,
the additional preparation takes seconds for small meshes and a few
minutes for large meshes with the number of elements in the order of
105. The additional preparation time was only a small fraction of the
analysis time for the notched-edge notched tensile specimen conﬁguration and the saving in CPU was still signiﬁcant even with the added
preparation time. The saving is expected to become much more signiﬁcant for realistic engineering problems with increased number of
elements.

matrix failure and delamination by the CCZM and the MCZM matched
closely.
Fig. 19 shows the comparison of the in-plane shear stress (σ12)
history of the 0° ply. The two stress histories predicted by the CCZM and
the MCZM matched accurately with each other. In the ﬁgure, the matrix
cracking (ﬁber splitting) developed from the notch tip and propagated
in the horizontal direction in the 0° ply. (The horizontal line growing
from the notch tip marks the fully failed and thus deleted matrix failure
cohesive elements.) The propagation length of the ﬁber splitting and
the enveloping line of high σ12 stress corresponded closely to the extent
of the delaminated region shown in Fig. 19, indicating that the ﬁber
splitting in the 0° ply interacted with other intra- inter-laminar stresses
and aﬀected in producing the delamination and the ﬁnal matrix failure
of the 90° ply in Figs. 17 and 18.
The predicted ﬁber failure shape is compared in Fig. 20. The ﬁber
failure progression pattern by the MCZM agreed reasonably well with
that by the CCZM. The ﬁber failure occurred within a very small increase in the applied nominal strain. In both cases, the ﬁber failure was
predicted not to start at the notch tip of the initial geometry (which was
no longer the stress concentrating notch tip anymore due to the delamination and the ﬁber splitting). Instead, it started near the current
delamination/matrix failure tip region. The ﬁber failure then propagated vertically resulting in the ﬁnal failure.
The history of active number of DOFs (Ndof) and the CPU time of the
MCZM is plotted in Fig. 21. For these, the parameters used were the
same as those in Fig. 15. The MCZM analysis started with about 25%
Ndof compared to that by the CCZM. Between εn = 0.002 and 0.005,
matrix failure occurred in the 90° ply and resulted in a steep increase in
Ndof of the MCZM. After that, Ndof increased slowly owing to the steady
growth of delamination. Then, a sharp increase occurred at around
εn = 0.018, which corresponded to the ﬁber fracture in the 0° ply. The
ﬁnal Ndof of the MCZM was 52.2% of that of the CCZM. The reduction in
Ndof translated into a reduction in CPU time. As can be seen in
Fig. 21(b), the normalized CPU time was approximately 56% at the
beginning owing to the initialization of the MCZM analysis, but quickly
decreased to a 25% level. It then increased gradually, corresponding to
the increase in Ndof; however, the MCZM analysis was completed in less
than 32% of the time by the CCZM analysis.
It should be noted that MCZM requires an additional preparation in
the model generation stage to tie the duplicate cohesive nodes and to
deﬁne the node linkage for the failure hierarchy, while the procedures
for the ﬁnite element mesh generation and the insertion of cohesive

4. Conclusion
In this study, an eﬃcient selective activation of cohesive elements
using controllable user-deﬁned MPC was implemented for fracture
analysis of laminated composites. With this method, ﬁnite element
meshes were generated with the cohesive elements fully inserted. Then
the cohesive elements were deactivated by tying the duplicated cohesive nodes by the MPC, which were selectively activated during analysis
by releasing the MPCs. For application to the fracture analysis of laminated composites, a strategy for systematic deﬁnition and release of
MPCs considering the composite failure mode was developed. When
applied to fracture analysis problems, the selective activation method
was found to produce matched results compared to those by the conventional CZM. The added compliance problem was alleviated, and the
required computer resources (memory and CPU time) were reduced
signiﬁcantly.
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