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Abstract 

This paper proposes a method for on the fast fatigue limit estimation for composite materials using a simulation of a self-heating 
test. The experimental method based on the material self-heating was successfully applied for composite materials and allows to 
determine a material’s endurance limit in a few hours. In order to increase the potential of this experience, the thermomechanical 
modelling is proposed with the precise description of the intrinsic energy dissipation. The rise of material’s temperature is linked 
with development of plastic strains, material damage, viscoelastic proprieties of polymer matrix and intro-crack friction. 
Therefore, the collaborative behaviour model including the hysteresis loops is used to represent the visco-elastoplastic damage 
composite behaviour. The collaborative model consists of two sub-models. The first one describes an envelope of the loading 
curves and insures the computation of elastic and the in-elastic strains as well as the in-ply damage. The second part deals with 
modelling of hysteresis loops during unloading path using a fractional derivative approach. Just a few parameters are required to 
represent the hysteresis loops. Using a proposed modelling, the dissipation due to the in-ply damage propagation, the material 
hardening and the viscoelastic effects can be precisely calculated. The fatigue limit is determined by using thermodynamic 
simulation the quasi-static cyclic test with the dissipation measurements as an equivalent to self-heating test. The method is 
validated for composite materials with thermosetting and thermoplastic matrixes. 
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1. Introduction 

Nowadays, carbon fiber reinforced plastics (CFRP) are widely used in the different industrial fields. Their 
lightweight, high strength and long durability make them superior to classical metallic materials in the complex 
structures design. In order to increase the structure’s safety and their economic potential, the validation phase has to 
be made including the mechanical test and numerical simulations of the material behaviour. In the present work, the 
fatigue loading is concerned as the essential point in the certification of the industrial structures. 

The experimental measurement of fatigue limit for composite materials required a significant number of tests in 
the different orthotropic directions. The classical method consists in the applying of the cyclic loading for the given 
laminate during a substantial period of time (usually several weeks) in order to obtain Wöhler curve. The alternative 
method allows to determine the fatigue limit in several hours using the material self-heating effect. This method has 
been initially proposed for isotropic materials such as metal alloys [1], elastomers [2] and more recently for the short 
fiber composite materials [3]. In the case of carbon fiber composites, the self-heating method consists of applying a 
sequence of constant amplitude cyclic loading blocks. The stabilized temperature of the composite specimen is 
measured during each block. When the value of the stabilized temperature increases significantly, it is considered 
that the fatigue limit is attainted. Tomographic studies and the traditional fatigue tests allow to justify the developed 
method. The experimental results of the self-heating method are in good agreement with the conventional fatigue 
tests (Wöhler curve) for thermosetting and thermoplastic composite materials [4], [5].  

The potential of the experimental method can be increased by using the numerical simulation of self-heating test 
proposed in this paper. In order to calculate the variation of material’s temperature, a full thermo-mechanical 
material analysis is required. The collaborative model [6] is a suitable tool to calculate the intrinsic dissipation 
including the hysteresis loops which determine the quantity of dissipated energy dominating in the material self-
heating. The proposed model is composed of the elastoplastic damage behaviour law [7] with possible strain-rate 
sensitivity [8], [9] and including a newly proposed fractional derivative approach.  

A fractional derivative theory is a promising technique to describe the history-dependent phenomena as hysteresis 
loops. The viscoelastic equation is one of the first applications of fractional calculus. The fractional derivatives 
provide the formulation of the behaviour law in the integral form thus ensure the contribution of the past loading 
history. Considering that the material is pristine in the initial state 𝜀𝜀(0) = 0, the hereditary stress-strain relation for 
polymer materials can be represented by the integral law (1) [10], [11]: 

 

𝜎𝜎(𝑡𝑡) =  𝐺𝐺
𝛤𝛤(1 − 𝛼𝛼)

𝑑𝑑
𝑑𝑑𝑡𝑡 ∫ 𝜀𝜀(𝜏𝜏)

(𝑡𝑡 − 𝜏𝜏)𝛼𝛼 𝑑𝑑𝜏𝜏
𝑡𝑡

0

=  𝐺𝐺𝐷𝐷0
𝛼𝛼𝜀𝜀(𝑡𝑡) (1) 

 
where 𝐺𝐺 is the material parameter, 𝛤𝛤 is the gamma function defined by equation (3) and 𝐷𝐷0

𝛼𝛼  signifies a fractional 
derivative of order 𝛼𝛼 (4).  

In the rheological sense, the fractional derivative operator 𝐷𝐷0
𝛼𝛼  can be represented by the spring-pot element [12]. 

This element is an asymptotic representation of the assembly of the elastic (spring) and viscoelastic (dash-pot) 
elements connected in the series and parallel (Figure 1). The spring-pot element is able to capture different types of 
the mechanical behaviour by the variation of order 𝛼𝛼. If the fractional derivative order tends to zero: 𝛼𝛼 → 0, the 
behaviour of the element tends to the elastic spring and if the fractional derivative order tends to one: 𝛼𝛼 → 1, the 
viscoelasticity increases. 

From a mathematical point of view, the fractional operators have several definitions. In this work the classical 
Riemann-Liouville definition is used [13]. The fractional Riemann-Liouville integral of order 𝛼𝛼  is defined as 
following:  

 

(𝐼𝐼𝑎𝑎
𝛼𝛼𝑓𝑓)𝑅𝑅𝑅𝑅(𝑡𝑡) ≝  1

𝛤𝛤(𝛼𝛼) ∫ 𝑓𝑓(𝜏𝜏)
(𝑡𝑡 − 𝜏𝜏)1−𝛼𝛼

𝑡𝑡

𝑎𝑎

𝑑𝑑𝜏𝜏, 𝛼𝛼 > 0 (2) 
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(𝐼𝐼𝑎𝑎
𝛼𝛼𝑓𝑓)𝑅𝑅𝑅𝑅(𝑡𝑡) ≝  1
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where (𝐼𝐼𝑎𝑎
𝛼𝛼𝑓𝑓)𝑅𝑅𝑅𝑅(𝑡𝑡) is the fractional integral of order 𝛼𝛼. 

 

Figure 1. Spring-pot element 

 

𝛤𝛤(𝑧𝑧) = ∫ 𝑒𝑒−𝑥𝑥𝑥𝑥𝑧𝑧−1𝑑𝑑𝑥𝑥,
+∞

0
𝑧𝑧 ∈ ℝ+

∗  (3) 

 
The fractional derivative is an inverse operator to the fractional integral. Within the viscoelastic theory the order 

𝛼𝛼 belongs to the open interval (0,1) and the fractional derivative of order 𝛼𝛼 is equal to the fractional integral of order 
1 − 𝛼𝛼 derived one time: 

 

(𝐷𝐷𝑎𝑎
𝛼𝛼𝑓𝑓)𝑅𝑅𝑅𝑅(𝑡𝑡) ≝ 𝑑𝑑

𝑑𝑑𝑡𝑡 (𝐼𝐼𝑎𝑎
1−𝛼𝛼𝑓𝑓)𝑅𝑅𝑅𝑅(𝑡𝑡) =  1

𝛤𝛤(1 − 𝛼𝛼)
𝑑𝑑
𝑑𝑑𝑡𝑡 ∫ 𝑓𝑓(𝜏𝜏)

(𝑡𝑡 − 𝜏𝜏)𝛼𝛼

𝑡𝑡

𝑎𝑎

𝑑𝑑𝜏𝜏, 0 < 𝛼𝛼 < 1 (4) 

 
where (𝐷𝐷𝑎𝑎

𝛼𝛼𝑓𝑓)𝑅𝑅𝑅𝑅(𝑡𝑡) is the fractional derivative of order 𝛼𝛼 in the sense of Riemann- Liouville. Henceforth in the 
article only Riemann-Liouville fractional operators will be used and subscript will be neglected.   

As the fractional derivatives are suitable to take into account the past loading history, they are widely used to 
describe the hereditary behaviour of heterogeneous materials and fractal structures [14], [15], [16], [17], [18], [19], 
[20], [21], [22]. In the present work we use fractional derivatives to model the hysteresis loops which are associated 
with the viscoelastic proprieties of polymer matrix and its coupling with the damage propagation. We will show that 
with the precise description of dissipated energy it is possible to represent self-heating test using the cyclic quasi-
static data. 

This paper is organized as follows. In the section 2, the experimental data is presented. The material behaviour 
modelling is developed in the section 3. The section 4 concerns the parameter identification procedure. The 
validation of the collaborative model and its application to thermodynamic problems is demonstrated in the section 
5. The section 6 concludes this paper and notes the various engineering application of this model. 

 
Nomenclature 

(𝑂𝑂, �⃗�𝑥, �⃗�𝑦) global coordinate system 
(𝑂𝑂, 1⃗⃗, 2⃗⃗) coordinate system of a simple composite ply 
𝛼𝛼 order of fractional derivative 
𝐴𝐴 fractional order parameter 
𝐵𝐵 fractional order parameter 
𝛽𝛽 material parameter associated with material hardening 
𝐶𝐶 heat capacity 
𝑪𝑪 stiffness matrix 
𝑪𝑪𝟎𝟎  stiffness undamaged matrix 
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𝛥𝛥 intrinsic dissipation 
�̃�𝛥 approximated intrinsic dissipation 
𝛥𝛥𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙  intrinsic dissipation calculated by elastoplastic damage model 
𝛥𝛥𝑢𝑢𝑢𝑢𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙  intrinsic dissipation by fractional model 
𝛥𝛥𝛥𝛥 time-step 
𝑑𝑑 damage internal variable 
𝐷𝐷0

𝛼𝛼  fractional derivative of order 𝛼𝛼 
𝜀𝜀 unidirectional strain variable 
𝜺𝜺𝑡𝑡 total strain vector 
𝜺𝜺𝑒𝑒 elastic strain vector 
𝜺𝜺𝑝𝑝 plastic strain vector 
𝜺𝜺𝑣𝑣 viscous strain vector 
𝜀𝜀12

𝑣𝑣𝑒𝑒 viscoelastic strain vector 
𝑓𝑓 yield function 
𝛤𝛤 gamma function 
𝐺𝐺12

0  undamaged shear modulus 
𝐺𝐺12

𝑖𝑖  shear modulus of damaged material 
𝐼𝐼0

𝛼𝛼 fractional integral of order 𝛼𝛼 
𝑘𝑘 material parameter associated with material hardening 
𝑝𝑝 cumulative plasticity  
�⃗�𝑞 heat flux 
𝜌𝜌 material density 
𝑅𝑅 isotropic hardening function 
𝑅𝑅0  yield stress 
𝜎𝜎 unidirectional stress variable 
�̃�𝜎 effective stress  
𝜎𝜎12 stress variable in shear direction 
𝜎𝜎12

𝑓𝑓  fatigue limit in shear direction  
𝜎𝜎12

𝑅𝑅  failure stress  
𝛩𝛩 mean temperature changes of laminate 
T temperature variable 
𝛥𝛥 time variable
𝜓𝜓 thermodynamic potential  
𝑊𝑊𝑒𝑒

𝑙𝑙 elastic strain energy of damaged material 
𝑊𝑊𝑝𝑝 irreversible strain energy 
𝒀𝒀  thermodynamic force associated with damage internal variables 
√�̅�𝒀𝟏𝟏𝟏𝟏

𝑪𝑪  speed of damage propagation  

√�̅�𝒀𝟏𝟏𝟏𝟏
𝟎𝟎  initial damage threshold  

√�̅�𝒀𝟏𝟏𝟏𝟏
𝑹𝑹  failure-damage threshold 

2. Experimental data 

The material which are used in this work are: a thermosetting carbon TR50 fiber epoxy R367-2 matrix composite 
and thermoplastic carbon T700 fiber polyamide PA66 matrix composite. 

The self-heating test was performed under ambient temperature by using the fatigue test systems MTS 880 with 
hydraulic jaws and 100 kN load cell. The test was made with mean stress value 𝜎𝜎12 = 25 MPa and with the loading 
frequency at 5 Hz. Thermal infrared camera Cedip is used with 25 Hz acquisition frequency allowed to get 5 images 
per loading cycle and to measure the evolution of mean sample’s temperature. 
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𝛼𝛼 belongs to the open interval (0,1) and the fractional derivative of order 𝛼𝛼 is equal to the fractional integral of order 
1 − 𝛼𝛼 derived one time: 

 

(𝐷𝐷𝑎𝑎
𝛼𝛼𝑓𝑓)𝑅𝑅𝑅𝑅(𝑡𝑡) ≝ 𝑑𝑑

𝑑𝑑𝑡𝑡 (𝐼𝐼𝑎𝑎
1−𝛼𝛼𝑓𝑓)𝑅𝑅𝑅𝑅(𝑡𝑡) =  1

𝛤𝛤(1 − 𝛼𝛼)
𝑑𝑑
𝑑𝑑𝑡𝑡 ∫ 𝑓𝑓(𝜏𝜏)

(𝑡𝑡 − 𝜏𝜏)𝛼𝛼

𝑡𝑡

𝑎𝑎

𝑑𝑑𝜏𝜏, 0 < 𝛼𝛼 < 1 (4) 

 
where (𝐷𝐷𝑎𝑎

𝛼𝛼𝑓𝑓)𝑅𝑅𝑅𝑅(𝑡𝑡) is the fractional derivative of order 𝛼𝛼 in the sense of Riemann- Liouville. Henceforth in the 
article only Riemann-Liouville fractional operators will be used and subscript will be neglected.   

As the fractional derivatives are suitable to take into account the past loading history, they are widely used to 
describe the hereditary behaviour of heterogeneous materials and fractal structures [14], [15], [16], [17], [18], [19], 
[20], [21], [22]. In the present work we use fractional derivatives to model the hysteresis loops which are associated 
with the viscoelastic proprieties of polymer matrix and its coupling with the damage propagation. We will show that 
with the precise description of dissipated energy it is possible to represent self-heating test using the cyclic quasi-
static data. 

This paper is organized as follows. In the section 2, the experimental data is presented. The material behaviour 
modelling is developed in the section 3. The section 4 concerns the parameter identification procedure. The 
validation of the collaborative model and its application to thermodynamic problems is demonstrated in the section 
5. The section 6 concludes this paper and notes the various engineering application of this model. 

 
Nomenclature 

(𝑂𝑂, �⃗�𝑥, �⃗�𝑦) global coordinate system 
(𝑂𝑂, 1⃗⃗, 2⃗⃗) coordinate system of a simple composite ply 
𝛼𝛼 order of fractional derivative 
𝐴𝐴 fractional order parameter 
𝐵𝐵 fractional order parameter 
𝛽𝛽 material parameter associated with material hardening 
𝐶𝐶 heat capacity 
𝑪𝑪 stiffness matrix 
𝑪𝑪𝟎𝟎  stiffness undamaged matrix 
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𝛥𝛥 intrinsic dissipation 
�̃�𝛥 approximated intrinsic dissipation 
𝛥𝛥𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙  intrinsic dissipation calculated by elastoplastic damage model 
𝛥𝛥𝑢𝑢𝑢𝑢𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙  intrinsic dissipation by fractional model 
𝛥𝛥𝛥𝛥 time-step 
𝑑𝑑 damage internal variable 
𝐷𝐷0

𝛼𝛼  fractional derivative of order 𝛼𝛼 
𝜀𝜀 unidirectional strain variable 
𝜺𝜺𝑡𝑡 total strain vector 
𝜺𝜺𝑒𝑒 elastic strain vector 
𝜺𝜺𝑝𝑝 plastic strain vector 
𝜺𝜺𝑣𝑣 viscous strain vector 
𝜀𝜀12

𝑣𝑣𝑒𝑒 viscoelastic strain vector 
𝑓𝑓 yield function 
𝛤𝛤 gamma function 
𝐺𝐺12

0  undamaged shear modulus 
𝐺𝐺12

𝑖𝑖  shear modulus of damaged material 
𝐼𝐼0

𝛼𝛼 fractional integral of order 𝛼𝛼 
𝑘𝑘 material parameter associated with material hardening 
𝑝𝑝 cumulative plasticity  
�⃗�𝑞 heat flux 
𝜌𝜌 material density 
𝑅𝑅 isotropic hardening function 
𝑅𝑅0  yield stress 
𝜎𝜎 unidirectional stress variable 
�̃�𝜎 effective stress  
𝜎𝜎12 stress variable in shear direction 
𝜎𝜎12

𝑓𝑓  fatigue limit in shear direction  
𝜎𝜎12

𝑅𝑅  failure stress  
𝛩𝛩 mean temperature changes of laminate 
T temperature variable 
𝛥𝛥 time variable
𝜓𝜓 thermodynamic potential  
𝑊𝑊𝑒𝑒

𝑙𝑙 elastic strain energy of damaged material 
𝑊𝑊𝑝𝑝 irreversible strain energy 
𝒀𝒀  thermodynamic force associated with damage internal variables 
√�̅�𝒀𝟏𝟏𝟏𝟏

𝑪𝑪  speed of damage propagation  

√�̅�𝒀𝟏𝟏𝟏𝟏
𝟎𝟎  initial damage threshold  

√�̅�𝒀𝟏𝟏𝟏𝟏
𝑹𝑹  failure-damage threshold 

2. Experimental data 

The material which are used in this work are: a thermosetting carbon TR50 fiber epoxy R367-2 matrix composite 
and thermoplastic carbon T700 fiber polyamide PA66 matrix composite. 

The self-heating test was performed under ambient temperature by using the fatigue test systems MTS 880 with 
hydraulic jaws and 100 kN load cell. The test was made with mean stress value 𝜎𝜎12 = 25 MPa and with the loading 
frequency at 5 Hz. Thermal infrared camera Cedip is used with 25 Hz acquisition frequency allowed to get 5 images 
per loading cycle and to measure the evolution of mean sample’s temperature. 
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Figure 2. Self-heating test results for [±45]2𝑆𝑆 carbon/epoxy laminate 

 

Figure 3. Specimen geometry for [±45]2𝑆𝑆 carbon/epoxy laminate 

 

Figure 4. Shear stress-strain curve for the carbon/epoxy composite 

The fatigue limit was determined by rapid self-heating method for [±45]2𝑆𝑆 composite laminate and it is equal to  
𝜎𝜎12

𝑓𝑓 = 38 MPa for thermosetting composite [4] and 𝜎𝜎12
𝑓𝑓 = 63 MPa for thermoplastic composite [23]. These results 

are in good agreement with classical S-N fatigue test results. The resulting self-heating test curve is illustrated in the 
Figure 2 for thermosetting composite material. 

We propose to replace a self-heating test by the quasi-static cyclic tensile-tensile test with increasing stress level. 
The internal dissipation that causes the material to heat, depends on materials behaviour. In order to characterize the 
mechanical behaviour of single composite ply, the quasi-static traction cyclic test is realised for [±45]2𝑆𝑆 composite 
laminate with hydraulic test systems MTS 801. The loading velocity is fixed at 2 mm/min. The displacement field is 
determined by bidirectional gauge. The specimen’s geometry and its dimension are shown in the Figure 3. The 
nominal thickness of the samples is 2.2 mm. Subscripts 1 and 2 represent the local (material) coordinate system and 
subscripts 𝑥𝑥 and 𝑦𝑦 represent global (loading) coordinate system. 

The experimental result of the tensile cyclic test for the carbon/epoxy composite in shear direction is illustrated in 
the Figure 4. Typically, the experimental tests show a non-linear behaviour in shear direction where the polymer 
matrix is subjected by significant amount of loading. The irreversible strains, the in-ply damage (which is observed 
from a regular decrease of shear modulus) and the hysteresis loops are presented in the stress-strain curve. All these 
phenomena make their contribution to the internal energy dissipation leading to material heating. The coherent 
behaviour modelling is proposed in following section.  
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3. Behaviour modelling 

The experimental tests (Figure 4) show the appearance of hysteresis loops in shear direction. This phenomenon is 
associated with viscoelastic proprieties of composite laminate and friction inside cracks. Its modelling is particularly 
important in thermodynamic analysis. Moreover, the damage propagation and material hardening had to be taken 
into account to obtain the accurate behaviour modelling.  

Hence, we propose to use a collaborative modelling [6] in order to represent the visco-elastoplastic damaged 
material behaviour under the cyclic loading.  This model consists of two sub-models. The first sub-model deals with 
the modelling of material damage and inelastic deformations appearing with increasing of stress level. This type of 
behaviour is described by the classical elastoplastic damage model [7] (sub-model 1). On the other hand, there is 
neither damage nor plastic flow development during unloading path and material is considered to have the 
viscoelastic response due to the appearance of the hysteresis loops. This type of behaviour is represented by the 
fractional derivative approach which allows to take into account the loading history (sub-model 2). The 
collaborative model is developed in mesoscale under a state of plane stress (𝜎𝜎33 = 0). The constitutive equations are 
deduced within the framework of irreversible thermodynamics processes using the local state method [24]. The 
hypotheses of small perturbation is assumed then   

 
�̇�𝜺𝑡𝑡 = �̇�𝜺𝑒𝑒 + �̇�𝜺𝑝𝑝 + �̇�𝜺𝑣𝑣  (5) 

 
where �̇�𝜺𝑡𝑡, �̇�𝜺𝑒𝑒, �̇�𝜺𝑝𝑝 and  �̇�𝜺𝑣𝑣 are the total, elastic, plastic and viscous strain rate vectors.  

3.1. Thermodynamic aspects 

The thermodynamic state of given composite specimen under self-heating test loading is defined by 
following equation: 

 
𝑑𝑑𝑑𝑑𝑑𝑑(�⃗�𝑞) − ∆= 𝜌𝜌𝜌𝜌 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕  (6) 

 
where �⃗�𝑞 is a heat flux, ∆ is a heat source associated with the material behaviour, 𝜌𝜌 is material density, 𝜌𝜌 is 

heat capacity and 𝜕𝜕 is a mean temperature of specimen.  
The local state method is used to determine the internal dissipation source ∆. Within the framework of 

irreversible thermodynamics, the behaviour law for the given mechanical system can be determined from 
Helmholtz potential 𝜌𝜌𝜓𝜓 as a function of internal variables: 

 
𝜌𝜌𝜓𝜓 = 𝜌𝜌𝜓𝜓(𝜺𝜺𝑒𝑒, 𝑑𝑑𝑖𝑖, 𝑝𝑝)  (7) 

 
where 𝜺𝜺𝑒𝑒 , 𝑑𝑑𝑖𝑖 , 𝑝𝑝 are internal variables associated with elastic strain, damage in the orthotropic directions and 

cumulated plasticity, respectively. 
The Clausius-Duihem inequality expresses the second principals of thermodynamics and for isothermal processes 

for small deformations it gives:  
 

𝝈𝝈: �̇�𝜺 − 𝜌𝜌�̇�𝜓 ≥ 0 (8) 
 
where 𝝈𝝈 is the stress vector. 
Taken into account equation (5), the Clausius-Duihem inequality (8) can be written in the following way:  
 

(𝝈𝝈 − 𝜌𝜌 𝜕𝜕𝜓𝜓
𝜕𝜕𝜺𝜺𝑒𝑒) : �̇�𝜺

𝑒𝑒 + 𝝈𝝈: �̇�𝜺𝑝𝑝 + 𝝈𝝈: �̇�𝜺𝑣𝑣 − 𝜌𝜌 𝜕𝜕𝜓𝜓𝜕𝜕𝑑𝑑 �̇�𝑑 − 𝜌𝜌 𝜕𝜕𝜓𝜓𝜕𝜕𝑝𝑝 �̇�𝑝 ≥ 0 (9) 
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3.2. Elastoplastic damage modelling 

The continuum damage mechanics theory is used to describe the in-ply damage by using the effective stresses 
notation �̃�𝜎 = 𝜎𝜎

(1−𝑑𝑑)  [24, 25, 26, 27]. Then the degraded stiffness matrix 𝑪𝑪 is introduced as follows: 

𝑪𝑪 = 𝑪𝑪𝟎𝟎(1 − 𝒅𝒅) (10) 
 
In order to deduce the constitutive equations, the Helmholtz potential 𝜌𝜌𝜌𝜌 (10) is presented as a sum of elastic 

strain energy of damaged material 𝑊𝑊𝑒𝑒𝑑𝑑 and irrecoverable energy 𝑊𝑊𝑝𝑝: 
 

𝜌𝜌𝜌𝜌 = 𝑊𝑊𝑒𝑒𝑑𝑑 +𝑊𝑊𝑝𝑝 =
1
2 𝜺𝜺

𝑒𝑒: 𝑪𝑪𝟎𝟎(1 − 𝒅𝒅): 𝜺𝜺𝑒𝑒 + 𝑅𝑅(𝑝𝑝) (11) 

 
The constitutive equations deduced from the equation (11) are following: 
 

{
  
 

  
 𝝈𝝈 = 𝜌𝜌 𝜕𝜕𝜌𝜌𝜕𝜕𝜺𝜺𝑒𝑒 = 𝑪𝑪𝟎𝟎(1 − 𝒅𝒅): 𝜺𝜺𝑒𝑒;

𝒀𝒀 = −𝜌𝜌 𝜕𝜕𝜌𝜌𝜕𝜕𝒅𝒅 =
1
2 𝜺𝜺

𝑒𝑒: 𝑪𝑪𝟎𝟎: 𝜺𝜺𝑒𝑒;   

𝑅𝑅 = 𝜌𝜌 𝜕𝜕𝜌𝜌𝜕𝜕𝑝𝑝  ;                              

 (12) 

 
where 𝒀𝒀  is thermodynamic force associated with damage internal variables 𝒅𝒅  and 𝑅𝑅  is material hardening 

function.  
In this work we are particularly interested in strongly non-linear behaviour of the composite in the shear 

direction. For most of composite, hardening function is approximated by a power law. Hence, the constitutive 
equations in shear are deduced from the equation (12) as following: 

 

{
 
 

 
 𝜎𝜎12 = (1 − 𝑑𝑑12)𝐺𝐺12

0 (2𝜀𝜀12𝑒𝑒 );                                               

𝑌𝑌12 =
1
2𝐺𝐺12

0 (2𝜀𝜀12𝑒𝑒 )2;                                                            

𝑅𝑅 = 𝛽𝛽𝑝𝑝𝑚𝑚 ; with 𝑝𝑝 = ∫ (1 − 𝑑𝑑12)𝑑𝑑𝜀𝜀12
𝑝𝑝

𝜀𝜀12
𝑝𝑝

0
                   

 (13) 

 
where 𝛽𝛽 and 𝑚𝑚 are isotropic hardening material parameters to be determined from experimental data. 
The associated thermodynamic forces 𝑌𝑌12 characterize the damage propagation in shear direction. The state of 

damage can only grow [7, 24] and therefore, the threshold of undamaged zone is defined as a maximal 
thermodynamic force for all previous time (𝜏𝜏) up to the current time (𝑡𝑡) [8]: 

 

𝑌𝑌12 = 𝑠𝑠𝑠𝑠𝑝𝑝𝜏𝜏≤𝑡𝑡(𝑌𝑌12(𝑡𝑡)) (14) 

 
Equation (14) corresponds to damage criteria. The coupling between the internal damage variables and the 

associated thermodynamic forces is made by the experimental data fitting. Generally, the damage propagation can 
be described by polynomial function (15). 

 

𝑑𝑑12 = ∑𝑎𝑎12𝑛𝑛
𝑁𝑁

𝑛𝑛=1
(√�̅�𝑌12 − √�̅�𝑌120 )

𝑛𝑛
if 𝑑𝑑12 < 1 and �̅�𝑌12 < �̅�𝑌12𝑅𝑅 ;  otherwise 𝑑𝑑12 = 1 (15) 
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where �̅�𝑌12
0  is initial damage threshold and �̅�𝑌12

𝑅𝑅  is failure-damage threshold. These constants are the material 
parameters. 

The irreversible strains are taken into account by yield plastic function f: 
 

𝑓𝑓 = |�̃�𝜎12| − 𝑅𝑅(𝑝𝑝) − 𝑅𝑅0 (16) 
 
where 𝑅𝑅0 is a yield stress.  
Yield function 𝑓𝑓 (16) allows to distinguish the elastic domain (𝑓𝑓 < 0) from plastic flow (𝑓𝑓 = 0).  
The Figure 5 represents resulting stress-strain shear curve obtained by the elastoplastic damage model [7] for the 

carbon/epoxy composite (using the material parameter identification in the next sections). The simulation provides a 
good representation of loading curve except the hysteresis loops. The fractional derivative modelling of hysteresis 
loops is proposed in the section 3.3.  

 

Figure 5. Experimental and numerical behaviour comparison in shear for the carbon/epoxy composite 

3.3. Fractional derivative modelling to represent hysteresis loops 

In this section we introduce the viscoelastic fractional sub-model. According to the elastoplastic damage model, 
the levels of plastic strain and material damage stay constant and the elastic strain is a linear function of time within 
each hysteresis loop. However, a non-linearity of strain is observed in the experimental curve during the 
unloading/reloading path (Figure 4). Since this non-linearity is associated with viscoelastic matrix properties, the 
fractional derivatives are introduced in the governing law in order to model hysteresis loops. We consider that the 
total strain within one hysteresis loop is equivalent to viscoelastic strain 𝜀𝜀12

𝑣𝑣𝑣𝑣 and is defined as a non-linear function 
of elastic strain: 

 
𝜀𝜀12

𝑣𝑣𝑣𝑣(𝑡𝑡) = 𝐴𝐴 + 𝐵𝐵𝐷𝐷0
𝛼𝛼(2𝜀𝜀12

𝑣𝑣 )(𝑡𝑡) (17) 
 
where 𝜀𝜀12

𝑣𝑣  is the elastic strain in shear determined by the elastoplastic damaged model, 𝐷𝐷0
𝛼𝛼  is the Riemann-

Liouville fractional derivative (4) and 𝐴𝐴, 𝐵𝐵 and 𝛼𝛼 are fractional model parameters. 
As the plastic flow stays constant, the stress is expressed by the elastic law: 
 

𝜎𝜎12(𝑡𝑡) = 𝐺𝐺12
0 (1 − 𝑑𝑑12) 𝜀𝜀12

𝑣𝑣𝑣𝑣(𝑡𝑡) (18) 
 
By substitution the equation (18) in the equation (17), the constitutive law for unloading path is:  
 

𝜎𝜎12(𝑡𝑡) = 𝐺𝐺12
0 (1 − 𝑑𝑑12)𝐴𝐴 + 𝐺𝐺12

1 (𝐷𝐷0
𝛼𝛼2𝜀𝜀12

𝑣𝑣 )(𝑡𝑡) (19) 
 
with 𝐺𝐺12

1 =  𝐺𝐺12
0 (1 − 𝑑𝑑12)𝐵𝐵. 
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3.2. Elastoplastic damage modelling 

The continuum damage mechanics theory is used to describe the in-ply damage by using the effective stresses 
notation �̃�𝜎 = 𝜎𝜎

(1−𝑑𝑑)  [24, 25, 26, 27]. Then the degraded stiffness matrix 𝑪𝑪 is introduced as follows: 

𝑪𝑪 = 𝑪𝑪𝟎𝟎(1 − 𝒅𝒅) (10) 
 
In order to deduce the constitutive equations, the Helmholtz potential 𝜌𝜌𝜌𝜌 (10) is presented as a sum of elastic 

strain energy of damaged material 𝑊𝑊𝑒𝑒𝑑𝑑 and irrecoverable energy 𝑊𝑊𝑝𝑝: 
 

𝜌𝜌𝜌𝜌 = 𝑊𝑊𝑒𝑒𝑑𝑑 +𝑊𝑊𝑝𝑝 =
1
2 𝜺𝜺

𝑒𝑒: 𝑪𝑪𝟎𝟎(1 − 𝒅𝒅): 𝜺𝜺𝑒𝑒 + 𝑅𝑅(𝑝𝑝) (11) 

 
The constitutive equations deduced from the equation (11) are following: 
 

{
  
 

  
 𝝈𝝈 = 𝜌𝜌 𝜕𝜕𝜌𝜌𝜕𝜕𝜺𝜺𝑒𝑒 = 𝑪𝑪𝟎𝟎(1 − 𝒅𝒅): 𝜺𝜺𝑒𝑒;

𝒀𝒀 = −𝜌𝜌 𝜕𝜕𝜌𝜌𝜕𝜕𝒅𝒅 =
1
2 𝜺𝜺

𝑒𝑒: 𝑪𝑪𝟎𝟎: 𝜺𝜺𝑒𝑒;   

𝑅𝑅 = 𝜌𝜌 𝜕𝜕𝜌𝜌𝜕𝜕𝑝𝑝  ;                              

 (12) 

 
where 𝒀𝒀  is thermodynamic force associated with damage internal variables 𝒅𝒅  and 𝑅𝑅  is material hardening 

function.  
In this work we are particularly interested in strongly non-linear behaviour of the composite in the shear 

direction. For most of composite, hardening function is approximated by a power law. Hence, the constitutive 
equations in shear are deduced from the equation (12) as following: 

 

{
 
 

 
 𝜎𝜎12 = (1 − 𝑑𝑑12)𝐺𝐺12

0 (2𝜀𝜀12𝑒𝑒 );                                               

𝑌𝑌12 =
1
2𝐺𝐺12

0 (2𝜀𝜀12𝑒𝑒 )2;                                                            

𝑅𝑅 = 𝛽𝛽𝑝𝑝𝑚𝑚 ; with 𝑝𝑝 = ∫ (1 − 𝑑𝑑12)𝑑𝑑𝜀𝜀12
𝑝𝑝

𝜀𝜀12
𝑝𝑝

0
                   

 (13) 

 
where 𝛽𝛽 and 𝑚𝑚 are isotropic hardening material parameters to be determined from experimental data. 
The associated thermodynamic forces 𝑌𝑌12 characterize the damage propagation in shear direction. The state of 

damage can only grow [7, 24] and therefore, the threshold of undamaged zone is defined as a maximal 
thermodynamic force for all previous time (𝜏𝜏) up to the current time (𝑡𝑡) [8]: 

 

𝑌𝑌12 = 𝑠𝑠𝑠𝑠𝑝𝑝𝜏𝜏≤𝑡𝑡(𝑌𝑌12(𝑡𝑡)) (14) 

 
Equation (14) corresponds to damage criteria. The coupling between the internal damage variables and the 

associated thermodynamic forces is made by the experimental data fitting. Generally, the damage propagation can 
be described by polynomial function (15). 

 

𝑑𝑑12 = ∑𝑎𝑎12𝑛𝑛
𝑁𝑁

𝑛𝑛=1
(√�̅�𝑌12 − √�̅�𝑌120 )

𝑛𝑛
if 𝑑𝑑12 < 1 and �̅�𝑌12 < �̅�𝑌12𝑅𝑅 ;  otherwise 𝑑𝑑12 = 1 (15) 
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where �̅�𝑌12
0  is initial damage threshold and �̅�𝑌12

𝑅𝑅  is failure-damage threshold. These constants are the material 
parameters. 

The irreversible strains are taken into account by yield plastic function f: 
 

𝑓𝑓 = |�̃�𝜎12| − 𝑅𝑅(𝑝𝑝) − 𝑅𝑅0 (16) 
 
where 𝑅𝑅0 is a yield stress.  
Yield function 𝑓𝑓 (16) allows to distinguish the elastic domain (𝑓𝑓 < 0) from plastic flow (𝑓𝑓 = 0).  
The Figure 5 represents resulting stress-strain shear curve obtained by the elastoplastic damage model [7] for the 

carbon/epoxy composite (using the material parameter identification in the next sections). The simulation provides a 
good representation of loading curve except the hysteresis loops. The fractional derivative modelling of hysteresis 
loops is proposed in the section 3.3.  

 

Figure 5. Experimental and numerical behaviour comparison in shear for the carbon/epoxy composite 

3.3. Fractional derivative modelling to represent hysteresis loops 

In this section we introduce the viscoelastic fractional sub-model. According to the elastoplastic damage model, 
the levels of plastic strain and material damage stay constant and the elastic strain is a linear function of time within 
each hysteresis loop. However, a non-linearity of strain is observed in the experimental curve during the 
unloading/reloading path (Figure 4). Since this non-linearity is associated with viscoelastic matrix properties, the 
fractional derivatives are introduced in the governing law in order to model hysteresis loops. We consider that the 
total strain within one hysteresis loop is equivalent to viscoelastic strain 𝜀𝜀12

𝑣𝑣𝑣𝑣 and is defined as a non-linear function 
of elastic strain: 

 
𝜀𝜀12

𝑣𝑣𝑣𝑣(𝑡𝑡) = 𝐴𝐴 + 𝐵𝐵𝐷𝐷0
𝛼𝛼(2𝜀𝜀12

𝑣𝑣 )(𝑡𝑡) (17) 
 
where 𝜀𝜀12

𝑣𝑣  is the elastic strain in shear determined by the elastoplastic damaged model, 𝐷𝐷0
𝛼𝛼  is the Riemann-

Liouville fractional derivative (4) and 𝐴𝐴, 𝐵𝐵 and 𝛼𝛼 are fractional model parameters. 
As the plastic flow stays constant, the stress is expressed by the elastic law: 
 

𝜎𝜎12(𝑡𝑡) = 𝐺𝐺12
0 (1 − 𝑑𝑑12) 𝜀𝜀12

𝑣𝑣𝑣𝑣(𝑡𝑡) (18) 
 
By substitution the equation (18) in the equation (17), the constitutive law for unloading path is:  
 

𝜎𝜎12(𝑡𝑡) = 𝐺𝐺12
0 (1 − 𝑑𝑑12)𝐴𝐴 + 𝐺𝐺12

1 (𝐷𝐷0
𝛼𝛼2𝜀𝜀12

𝑣𝑣 )(𝑡𝑡) (19) 
 
with 𝐺𝐺12

1 =  𝐺𝐺12
0 (1 − 𝑑𝑑12)𝐵𝐵. 
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Figure 6. (a) Graphical representation of the fractional derivative 𝜎𝜎12(𝑡𝑡) = 2𝐷𝐷0𝛼𝛼𝜀𝜀12𝑒𝑒 (𝑡𝑡), (b) Graphical representation of the term 
𝜎𝜎12(𝑡𝑡) = 2𝐺𝐺121 𝐷𝐷0𝛼𝛼𝜀𝜀12𝑒𝑒 (𝑡𝑡), (c) Graphical representation of the fractional model 𝜎𝜎12(𝑡𝑡) = 𝐺𝐺120 (1 − 𝑑𝑑12)𝐴𝐴 + 2𝐺𝐺121 𝐷𝐷0𝛼𝛼𝜀𝜀12𝑒𝑒 (𝑡𝑡). 

The equation (19) is a non-standard form of Kelvin-Voight fractional model. The parameters 𝐴𝐴, 𝐵𝐵 and 𝛼𝛼 are 
considered to be the functions of damage internal variable 𝑑𝑑12. In order to signify meanings of the fractional model 
parameters, the influence of each term in the equation (19) is considered. 

 The fractional derivative of the elastic strain 𝐷𝐷0𝛼𝛼𝜀𝜀12𝑒𝑒 (𝑡𝑡) provides a strain non-linearity. Hence, the hysteresis loop 
appears (Figure 6a). The fractional order 𝛼𝛼 adjusts the loop size. The growth of 𝛼𝛼 leads to the increasing of loop 
area and consequently the energy dissipation increases  

 The factor 𝐺𝐺121  governs the slope of the loop (Figure 6b). The damage level is adjusted in respect to the 
experimental data. 

 The term 𝐺𝐺120 (1 − 𝑑𝑑12)𝐴𝐴 is a “connecting” stress that links two sub-models: the fractional and the elastoplastic 
damage models (Figure 6c). Thus the position of the loop is adjusted and the stress becomes a continuous 
function. 

In order to implement fractional derivative in a numerical code, a simple methodology is further proposed. At first, 
the Riemann-Liouville fractional integral (2) of order 1 − 𝛼𝛼 can be rewritten in the alternative form: 

 

(𝐼𝐼01−𝛼𝛼𝜀𝜀12𝑒𝑒 (𝑡𝑡))𝑀𝑀1 =
𝑡𝑡1−𝛼𝛼

𝛤𝛤(2 − 𝛼𝛼)∫ 𝜀𝜀12𝑒𝑒 (𝑡𝑡 (1 − 𝑣𝑣
1

1−𝛼𝛼))
1

0

𝑑𝑑𝑣𝑣 (20) 

 
The integral in formula (20) can be easily computed numerically by Gaussian quadrature if the analytical 

expression of the linear elastic function 𝜀𝜀12𝑒𝑒 (𝑡𝑡) is known. According to the expression (4), the fractional derivative of 
order 𝛼𝛼 is the first derivative of the fractional integral of order 1 − 𝛼𝛼 (20) which can be calculated numerically by a 
central difference scheme: 

 

(𝐷𝐷0𝛼𝛼𝜀𝜀12𝑒𝑒 (𝑡𝑡))𝑀𝑀1 =
(𝐼𝐼01−𝛼𝛼𝜀𝜀12𝑒𝑒 (𝑡𝑡 + ∆𝑡𝑡))𝑀𝑀1 − (𝐼𝐼01−𝛼𝛼𝜀𝜀12𝑒𝑒 (𝑡𝑡 − ∆𝑡𝑡))𝑀𝑀1

2∆𝑡𝑡  (21) 

 
The proposed method is simple in realisation especially in case of quasi-static loading where the number of 

loading cycles is limited. Note that the fractional derivative model is calculated only during the unloading path. The 
more detailed information about the implementation of fraction sub-model in numerical code is described in the 
work [6]. 

3.4. Coupling of two sub-models 

In this part, the coupling between two sub-models is considered. The collaboration between the elastoplastic 
damage model and fractional model is ensured by the yield function 𝑓𝑓 (15). There are two possible cases: 
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 If the plastic yield function 𝑓𝑓 with its derivative 𝑓𝑓′ are zero (𝑓𝑓 = 𝑓𝑓′ = 0), we consider the development of the 
plastic flow and damage in the material’s behaviour. In this case, the elastoplastic damage model [7] is used to 
represent the envelope of the stress-strain curve as in the Figure 5. 

 If the plastic yield function f is negative or if the yield function 𝑓𝑓 is zero and its derivative 𝑓𝑓′ is nonzero (𝑓𝑓 < 0 
or 𝑓𝑓 = 0 and 𝑓𝑓′ < 0 or 𝑓𝑓 = 0 and 𝑓𝑓′ > 0), then a viscoelastic unloading is to be considered. The plasticity and 
damage levels remain a constant, thus the fractional derivative model is used to capture the hysteresis loops 
which was not possible using the elastoplastic damage model as shown in the Figure 5. 

3.5. Material energy calculus  

Using the developed modelling and the Clausius-Duhem inequality (8) it is possible to calculate precisely the 
dissipated energy associate with visco-elastoplastic damage behaviour. The total dissipate energy is split into a sum 
in order to take into account the contribution of each sub-model.  

 
∆= ∆𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 + ∆𝑢𝑢𝑢𝑢𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 (22) 

 
We consider that during loading path the level of viscous strain 𝜀𝜀12𝑣𝑣  stay constant then 𝜀𝜀1̇2𝑣𝑣 = 0 and 𝜀𝜀1̇2𝑡𝑡 = 𝜀𝜀1̇2𝑒𝑒 +

𝜀𝜀1̇2
𝑝𝑝 . Hence, the dissipated material energy during the loading path ∆𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙  is deduced from the equation (9) as 

following: 
 

∆𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙= 𝜎𝜎122𝜀𝜀1̇2
𝑝𝑝 − 𝑅𝑅�̇�𝑝 + 𝑌𝑌12�̇�𝑑12 ≥ 0 (23) 

 
Otherwise, with respect to the developed model, the damage propagation and the plastic flow stay constant 

during unloading: 𝜀𝜀1̇2
𝑝𝑝 = 0 and �̇�𝑑12 = 0 and the total strain coincides with the non-linear viscoelastic strain (𝜀𝜀12𝑡𝑡 =

𝜀𝜀12𝑣𝑣𝑒𝑒) defined by the equation (17). So, the dissipated energy during unloading-loading path, which is the cause for 
the material self-heating, is defined such as: 

 
∆𝑢𝑢𝑢𝑢𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙= 𝜎𝜎12𝜀𝜀1̇2𝑣𝑣𝑒𝑒 (24) 

 
On the other hand, the dissipated energy during unloading is equal to the area of hysteresis loop defined by 

equation (25). The last expression allows us to control the computation of the dissipated energy and the material 
self-heating by the collaborative model. 

 

∆𝑢𝑢𝑢𝑢𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙= ∮𝜎𝜎12𝑑𝑑𝜀𝜀12𝑣𝑣𝑒𝑒 (25) 

4. Material characterisation in shear direction 

In this section the material characterisation procedure in shear direction is described. The identification of the 
model parameters is illustrated using the experimental data for the carbon/epoxy composite (Figure 4). The in-ply 
damage, the isotropic strain hardening and the hysteresis loops modelling are taken into consideration. 

The elastic behaviour is characterized by the undamaged shear modulus 𝐺𝐺120  and the yield stress 𝑅𝑅0 . These 
parameters are identified from the linear regression of the elastic part in the experimental data. The failure stress 𝜎𝜎12𝑅𝑅  
is the maximum stress reached during the test. 

Typical cyclic shear tests show a reduction in the material stiffness. Therefore, the internal damage variable 𝑑𝑑12 
has been introduced in order to model the material degradation. This variable can be measured through the reduction 
in the shear modulus during cycling test: 
 

𝑑𝑑12 = 1 − 𝐺𝐺12𝑖𝑖
𝐺𝐺120

 (26) 
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The integral in formula (20) can be easily computed numerically by Gaussian quadrature if the analytical 

expression of the linear elastic function 𝜀𝜀12𝑒𝑒 (𝑡𝑡) is known. According to the expression (4), the fractional derivative of 
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central difference scheme: 

 

(𝐷𝐷0𝛼𝛼𝜀𝜀12𝑒𝑒 (𝑡𝑡))𝑀𝑀1 =
(𝐼𝐼01−𝛼𝛼𝜀𝜀12𝑒𝑒 (𝑡𝑡 + ∆𝑡𝑡))𝑀𝑀1 − (𝐼𝐼01−𝛼𝛼𝜀𝜀12𝑒𝑒 (𝑡𝑡 − ∆𝑡𝑡))𝑀𝑀1

2∆𝑡𝑡  (21) 
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loading cycles is limited. Note that the fractional derivative model is calculated only during the unloading path. The 
more detailed information about the implementation of fraction sub-model in numerical code is described in the 
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3.4. Coupling of two sub-models 

In this part, the coupling between two sub-models is considered. The collaboration between the elastoplastic 
damage model and fractional model is ensured by the yield function 𝑓𝑓 (15). There are two possible cases: 
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On the other hand, the dissipated energy during unloading is equal to the area of hysteresis loop defined by 

equation (25). The last expression allows us to control the computation of the dissipated energy and the material 
self-heating by the collaborative model. 
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4. Material characterisation in shear direction 

In this section the material characterisation procedure in shear direction is described. The identification of the 
model parameters is illustrated using the experimental data for the carbon/epoxy composite (Figure 4). The in-ply 
damage, the isotropic strain hardening and the hysteresis loops modelling are taken into consideration. 
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𝐺𝐺120

 (26) 
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where 𝐺𝐺12𝑖𝑖  is a degraded shear modulus associated which each loading cycle. 
The internal damage variable is a function of associated thermodynamic force √�̅�𝑌12 . The experimental data 

shows that damage grows linearly (Figure 7) in the carbon/epoxy composite in accordance with the equation (15).  
The cumulative plastic strain 𝑝𝑝 can be calculated since the damage is identified. The cumulative plasticity makes 

a link between irreversible deformations and material damage. Then, the strain hardening function 𝑅𝑅(𝑝𝑝)  is 
calculating by the equation (27). The experimental data are fitted using the power law. The approximation is 
illustrated in the Figure 8.  

The material parameters identified by elastoplastic damage sub-model are presented in the     Table 1 
 

𝑅𝑅(𝑝𝑝) = |�̃�𝜎12| − 𝑅𝑅0 (27) 
 

 

Figure 7. Shear damage function for the carbon/epoxy composite 
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Figure 8. Hardening function 𝑅𝑅(𝑝𝑝) for the carbon/epoxy composite 

    Table 1. Parameters identification in shear for the carbon/epoxy composite 
Phenomenon  Parameter Value Units 

Elastic 
parameters 

𝐺𝐺120  5100 MPa 

𝑅𝑅0 11 MPa 

𝜎𝜎12𝑅𝑅  70 MPa 

Damage 
parameters 

√�̅�𝑌12𝐶𝐶  0.0504 MPa1/2 

√�̅�𝑌120  1.5226 MPa1/2 

√�̅�𝑌12𝑅𝑅  2.2594 MPa1/2 

Placticity 
𝛽𝛽 578 MPa 

𝑘𝑘 0.362  
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Figure 9. Fractional parameter α evaluation with damage for the carbon/epoxy composite 

The fractional model parameters 𝐴𝐴, 𝐵𝐵  and 𝛼𝛼  in the equation (17) are identified by solving a non-linear 
optimization problem with constrains. The main constrain is imposed on the fractional derivative order 𝛼𝛼: 0 < 𝛼𝛼 <
1. The objective function is defined as a relative error:  

 

𝛿𝛿 =
√∑ (𝜀𝜀12

𝑒𝑒𝑒𝑒𝑒𝑒(𝑡𝑡𝑖𝑖) − 𝜀𝜀12
𝑣𝑣𝑒𝑒(𝑡𝑡𝑖𝑖))2𝑁𝑁

𝑖𝑖=1

𝑁𝑁  
(28) 

 
where 𝜀𝜀12

𝑒𝑒𝑒𝑒𝑒𝑒 is an experimental strain determined by the equation (29), 𝜀𝜀12
𝑙𝑙𝑙𝑙𝑙𝑙𝑒𝑒 is a shear strain calculated by the 

fractional model (17) and N is a number of time-points inside the considered interval. 
 

𝜀𝜀12
𝑒𝑒𝑒𝑒𝑒𝑒 = 𝜎𝜎12

𝑒𝑒𝑒𝑒𝑒𝑒

𝐺𝐺12
0 (1 − 𝑑𝑑12) (29) 

 
where 𝜎𝜎12

𝑒𝑒𝑒𝑒𝑒𝑒 is the experimental stress values.  
Three fractional parameters 𝐴𝐴, 𝐵𝐵 and 𝛼𝛼 are defined for each hysteresis loop. Their values stay constant within the 

hysteresis loop but they are altered in every loop. Like it has been mentioned above, the fractional parameters are 
the functions of damage. For carbon/epoxy composite we assume that parameter 𝐵𝐵 stays constant over all loading 
and 𝐵𝐵 = 1. The evaluation of fractional parameters 𝐴𝐴 and 𝛼𝛼 is linear with respect to damage. How it was mentioned 
in the sub-section 3.3, parameter 𝛼𝛼 determines the quantity of dissipate energy. Its evolution is illustrated on the 
Figure 9. 

5. Results 

The collaborative model is applied to represent the shear stress-strain curve using identified parameters from 
section 4. The resulting curve illustrated in the Figure 10 is more close to the experimental test compare to 
elastoplastic damage model (Figure 5).  

The precise representation of loading curve allows to determine accurately the intrinsic dissipation. The 
individual contribution of each phenomenon such as damage propagation, plastic flow and hysteresis behaviour into 
dissipation is illustrated in the Figure 11. These results show that the hysteresis behaviour has a dominant role in 
energy dissipation compare to elastoplastic damage behaviour. Moreover, the fractional derivative sub-model 
provides a good prediction of hysteresis loops what is proved by coincident of curve determined by equations (24) 
and (25). 

Further, the fatigue limit is determined using an evaluation of total material dissipation (Figure 12).  
A generalized methodology is further proposed to identify the point of intersection of the tangent with the 

dissipation curve and then a fatigue limit. The internal energy dissipation is increases exponentially with applied 
stress and it can be approximated by following function: 
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and 𝐵𝐵 = 1. The evaluation of fractional parameters 𝐴𝐴 and 𝛼𝛼 is linear with respect to damage. How it was mentioned 
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5. Results 

The collaborative model is applied to represent the shear stress-strain curve using identified parameters from 
section 4. The resulting curve illustrated in the Figure 10 is more close to the experimental test compare to 
elastoplastic damage model (Figure 5).  

The precise representation of loading curve allows to determine accurately the intrinsic dissipation. The 
individual contribution of each phenomenon such as damage propagation, plastic flow and hysteresis behaviour into 
dissipation is illustrated in the Figure 11. These results show that the hysteresis behaviour has a dominant role in 
energy dissipation compare to elastoplastic damage behaviour. Moreover, the fractional derivative sub-model 
provides a good prediction of hysteresis loops what is proved by coincident of curve determined by equations (24) 
and (25). 

Further, the fatigue limit is determined using an evaluation of total material dissipation (Figure 12).  
A generalized methodology is further proposed to identify the point of intersection of the tangent with the 

dissipation curve and then a fatigue limit. The internal energy dissipation is increases exponentially with applied 
stress and it can be approximated by following function: 
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∆̃= 𝑦𝑦0(𝑒𝑒𝑥𝑥0∙𝜎𝜎 − 1) (30) 

 
where ∆̃ is approximation of dissipated energy and 𝑥𝑥0, 𝑦𝑦0 are fitting parameters.  
Firstly, two tangents (1 and 2 in the Figure 12) are built for extreme values of approximated dissipation function . 

Then, from the intersection point of these tangents (point N°1 in the Figure 12) a normal curve to the dissipation 
graph is plotted. The intersection point of normal and a dissipation curve is also a point of curve intersection with 
desired tangent (point N°2 and tangent 3 in the Figure 12). The fatigue limit corresponds to intersection of tangent 3 
and stress axis. This methodology allows to determine the fatigue limit for different composite materials in the 
common way. The resulting fatigue limit is in good agreement with experimental data obtained by self-heating test 
or classical S-N curve (Table 2).  

 

Figure 10.Experimental and numerical behaviour comparison in shear for the carbon/epoxy composite 

 

Figure 11. Contribution in energy dissipation by different models  

 

Figure 12. Contribution in energy dissipation by different models  
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Table 2. Resulting fatigue limit values   

Fatigue limit S-N curve Self-heating 
experimental test 

Self-heating test 
modelling 

𝜎𝜎12
𝑓𝑓  35 MPa 38 MPa 37 MPa 

6. Conclusions   

This paper deals with the modelling of self-heating test in order to simplify the fatigue limit identification. When 
a composite material has reached its yield limit, the plasticity and damage occur. Moreover, composite material with 
polymer matrix shows some hysteresis behaviour behind the elastic limit due to viscoelastic resin properties and 
micro-damage propagation. The inter-crack friction causes a significant temperature rise. Therefore, an accurate 
dissipation calculus is required to determine the evaluation of material temperature.  

The collaborative model is used to represent visco-elastoplastic damage behaviour as well as the hysteresis loops 
which occur under cyclic loading. The behaviour modelling is developed within the framework of irreversible 
thermodynamics using a local state method. The classical elastoplastic damage model is used to represent the 
loading envelope. On the other hand, a viscoelastic fractional model representing the hysteresis loops is applied 
during unloading path. It has been shown on the example of carbon/epoxy [±45]2𝑆𝑆  composite laminate, that 
collaborative model provides a realistic behaviour modelling in shear direction.  

Further, the intrinsic dissipated energy has been easily calculated by the proposed material model. The obtained 
results have shown that the energy dissipation in the hysteresis loops has the dominating effect on the material self-
heating. The fatigue limit has been predicted successfully as an intersection of tangent to calculated total energy 
dissipation with the stress axes. The results obtained by proposed modelling are in good agreement with the 
experimental self-heating test and with classical S-N method.  
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Further, the intrinsic dissipated energy has been easily calculated by the proposed material model. The obtained 
results have shown that the energy dissipation in the hysteresis loops has the dominating effect on the material self-
heating. The fatigue limit has been predicted successfully as an intersection of tangent to calculated total energy 
dissipation with the stress axes. The results obtained by proposed modelling are in good agreement with the 
experimental self-heating test and with classical S-N method.  
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