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1. Introduction

Cancer invasion is associated with the degradation of the extracellular matrix (ECM), which is degraded by matrix
degrading enzymes (MDEs) such as the urokinase-type plasminogen activator (uPA) secreted by cancer cells. The degradation
provides space for cancer cells to proliferate and invade into the surrounding tissue. In addition to random diffusion, the
migration of cancer cells is biased towards a gradient of the diffusible MDEs by chemotaxis which as a significant mechanism
of directional migration of cells is the movement of cells in response to concentration gradients of a chemical signal emitted
by the cells themselves in many biological process, and towards a gradient of the nondiffusible ECM through detecting the
ECM material vitronectin VN adhered therein by haptotaxis (see [1]). In addition, the cancer cells undergo birth and death
in a logistic manner, competing for space with the ECM. The MDE is assumed to be produced by cancer cells, and to diffuse
and decay, whereas the ECM is assumed to be degraded up contact with MDE. The combination of these two cell migration
mechanisms forms the core of the modeling approach pursued by Chaplain and Lolas to describe cancer cell invasion into
surrounding healthy tissue. Except for the model [2], a variety of mathematical models describing the different stages of
cancer invasion and metastasis have been developed before (see [1-10]). According to the model proposed in [2], we shall
consider the system

U= Au—xV-(uVv) =&V - (uVw)+pu(l —u—w), xe€ 2, t=>0,

TV = Av — v + U, xe 2, t>0,

we = —vw, xef, t>0, (1.1)
3 3 dw _ 9

M xust —gult =2 =0, xedf2, t>0,

u(x,0) =ug(x), v(x,0)=wvo(x), w(x,0)=wp(x), xe
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where the variables u, v, w denote the cancer cell density, the MDE concentration and the ECM density, respectively. 2 C R"
(n > 1) is the physical domain which is assumed to be an open bounded connected subset with smooth boundary, denoted
by 962, and d/dv denotes the derivative with respect to the outer normal of 9£2. The parameters y, £, u are positive constants
and t € {0, 1}. Throughout the paper, we assume that with some 6 € (0, 1), the initial data (ug, vg, wo) satisfy

ug € C°(2) with up > 01in £, and ug #0,
v € W(2) with vy > 0 in £, (12)
wo € C?H9(Q2) with wy > 0 in £, and a% =0on 8.
Due to the condition 220 = 0 it is already ensured that 3 = 0 on 32 and for t > 0, so that 2% = 2 = 0 on 32.
The first three equations of (1.1) with w = 0 form the following Keller-Segel chemotaxis system [11]

U= Au— xV-(uvVo)+pu(l—u), xe£2, t>0,

Ty =Av—v+1u, xe 2, t>0, (1.3)
u=dv=o, X€0R, t>0, '
u(x, 0) = ug(x), v(x, 0) = vo(x), X e £,

which was used in mathematical biology to model the aggregation phase in the slime mold of Dictyostelium discoideum in
response to the chemical cyclic adenosine monophosphate (cCAMP). The main issue of the investigation in the mathematical
analysis of system (1.3) is whether the solutions of the models are bounded or blow-up (see [ 12-34]). For example, if all effect
of the logistic source are ignored by letting ;« = 0, a striking feature of system (1.3) is that some of its solutions blow up in
finite time forn > 2 (see [13,15,18,21,30,31,34]). For instance, Tello and Winkler [26] proved thatif t = 0Oand u > %X‘
the system admits a unique global classical which is bounded for any regular initial data. Moreover, for the case t = 1, it
is known that bounded solutions exist in one and two space dimensions for any i > 0 [23] and that the same result holds
for u > o with some po(x) > 0in higher dimensions [29] but uo(x ) is unexplicit. Recently, it is worth mentioning that if
the term pu(1 — u) was replaced by the term u — pu” in (1.3), where ¢ > 0 and r > 2, Lin et al. [19] identified an explicit
condition on the parameters x, i and r to ensure global existence and boundedness and investigated the solutions of (1.3)
stabilize towards a constant equilibrium for n = 2,3. Anyhow, the logistic source in (1.3) has a certain blow-up preventing
effect on chemotaxis models.
When x = 0, (1.1) is reduced to the haptotaxis-only system

U= Au—E&EV - (uVw) 4+ pu(l —u — w), xe 2, t>0,
vy =Av—v+u, xe 2, t>0,
wy = —vw, xef2, t>0, (1.4)
==y, xe€d2, t>0,

(x 0) = up( x)_ v(x,0) = vo(x), w(x,0)=wp(x), x€ 2.

The mathematical literature on it is comparatively thin due to the lack of appropriate regularization of the solution
component w which reflects a nonlocal memory-type feature of the haptotactic transport term in (1.4). As for the global
existence and the large time behavior of solution to model (1.4), we refer to [10,35-41].

In realistic situations, the diffusion rate of MDE is much greater than that of cancer cells. If one may follow an approach of
quasi-steady-state approximation for the second equationin (1.1) and the ability of ECM to spontaneously renew is included,
the Chaplain-Lolas model (1.1) becomes

U= Au— xV-(uvv)—&V-(uVw)+ pu(l —u—w), xe€£, t=>0,

0=Av—v+u, xef2, t>0,

wy = —vw +nw(l —u —w), xef2, t>0, (1.5)
= _tw_y, x€df, t>0,

u(x, 0) = uop(x), w(x, 0) = wo(x), X e,

which has been widely investigated by many authors (see [42-45]). For example, for system (1.5) without tissue remodeling
(i.e. n = 0), Tao and Wang [42] proved that model (1.5) possesses a unique global bounded classical solution for any > 0
forn = 2, and for large u > 0inn = 3. Tao and Winkler [45] investigated the global existence and boundedness under
an explicit condition on p and proved the solution of (1.5) approaches to the steady state (1, 1, 0). In [44], the authors
extended the results of [45], which shows that the haptotaxis term does not affect the boundedness of solution and that
accordingly the chemotaxis process essentially dominates the whole system. Particularly, Tao and Winkler [43] obtained
the existence and uniqueness of a global classical solution to (1.5) with n > 0 by constructing energy-like inequality for
n = 2. Moreover, compared to the chemotaxis-haptotaxis system ( 1.5), a natural question is whether similar results hold for
the fully parabolic-parabolic-ODE chemotaxis-haptotaxis system (1.1). For instance, some authors give a partially positive
answer in this direction. In [46], Tao established the global boundedness of solutions forany x > 0,& > Oand u > 0in
the two-dimensional setting. Moreover, Cao [47] also dealt with the global boundedness in n = 3 for sufficiently large £,
Unfortunately, the hypothesis on the parameters is not explicit. Recently, Wang and Ke [41] extend the results of [48] to
higher dimensions on convex domain. More results about Cauchy problem are obtained (see [38,49-55]).

Motivated by the arguments in [54,56-62], we investigate the global dynamical properties of the fully parabolic-
parabolic-ODE system (1.1) with r = 1 under some explicit conditions in three dimensional bounded domain. As compared
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to the chemotaxis-only system (1.3), the chemotaxis-haptotaxis system (1.1) is much less understood due to the lack of
appropriate regularization of the solution component w which reflects a nonlocal memory-type feature of the haptotactic
transport term. We can state the main result as follows:

Theorem 1.1. Let T = 1in(1.1), 2 C R3 be an arbitrary smooth bounded domain. Suppose that the positive parameters x, &
and  satisfy

11 37
n= (7 + EZHWOH%OO(Q))XZ + 5 +452||w0||foc(g)~ (1.6)

Then for any (ug, v, wo) fulfilling (1.2), problem (1.1) possesses a unique global classical solution (u, v, w) which is bounded in
the sense that

lu(-, Olleeey + v, Ollwiooigy + lw(s, Dlloey < C (1.7)
with constant C > 0 that is independent of t.

Methods used in the paper: An energy-type estimate as a source of a priori estimates Motivated by the arguments of
the chemotaxis-only model [19], we will develop the coupled functional y(t) = & fg (-, t) + %fg [Vu(-, )* +
3 o 1Av(, O + [ IVu(-, 0)1* + [, u(, )| V(. t)]* forall t € (0, T), where ky is defmed below. Moreover, the key step in
our proof of the global boundedness is to deal with the difficulty term fg u(-, t)Vw(-, t) - V|Vo(-, t)|> which stems from the
lack of appropriate regularization of the solution component w, reflecting a nonlocal memory-type feature of the haptotactic
transport term in (1.1) (see Lemma 3.3). This will enable us to estimate both fg [Vu(-, t)]* and fQ | Av(-, t)|? which is very
important in the analysis of global boundedness (see Lemma 3.8).

This paper is organized as follows. In Section 2, we recall some preliminary results In Section 3, we develop the coupled
function y;(t) == 1 f&, S0+ 2 [ IVUC, O 43 [ 1Av(, O + [ IV(, OF + [, u(-, 0)Vu(-, t)]* forall t € (0, T) to
estimate |, |Vv(-, t)|* and fg |Av(-, £)]2.

Throughout thls paper, we use symbols C, ¢, G (i=0,1,2...) as some generic positive constants. Moreover, for simplicity,
the integral |, u(x)dx is written as [, u

2. Local existence of classical solutions

We first recall the local solvability of (1.1) which is based on well-established methods involving the Schauder fixed point
theorem and the standard regularity theory of parabolic equations.

Lemma 2.1. Let x > 0,& > Oand . > 0. Then for any initial data (ug, vo, wo) fulfilling (1.2), the problem (1.1) admits a unique
classical solution
u € CO%2 x [0, Tmax)) N C*1(82 x (0, Trnay)),
v € CO($2 x [0, Tmax)) N C* (82 x (0, Trmax)) N L ([0, Trmax; W 9))(g > 3), (2.1)
w e (2 x [0, Tmax))
with
u>0, v>0and 0<w < ||wgllee) forall (x,t) e 2 x (0, Tnax),
where Tyax denotes the maximal existence time. Moreover, if Tmax < 00, then

lim sup(flu(-, )llzoo(e) + (s Ollwrooqg) + 1wl Olwieegy) = 00

t/Tmax
and the solution of (1.1) gained above satisfies
(i) 1uC-, Ol ) = m = max] luollue 21} forall ¢ € (0, Trmax):

(i) [lv(+, Ollpg) < maX[HUOHLl(Q)a m] forall t € (0, Tmax);

(iii) |V o(-, )l ) < L + [ Vuoll2y ) for all € € (0, Trngr);

1
(@) I O 2, = e (B 4 1Vl ) + ¢z max{ vl m ) forall ¢ € (0, Tinas).

12(2)

Proof. The claims concerning local-in-time existence of the classical solution to problem (1.1) follow from well-known
parabolic regularity theory and fixed point argument. For details, we refer the reader to [45].

(ii) Uniqueness. Proceeding as in [26,29], we shall obtain the uniqueness of local solution. Assume that both (u4, v, wq) and
(uz, v2, wy) solve (1.1) in the classical sense in £2 x (0, T), we fix Ty € (0, T) and let U, V and W be defined by

U=u—u, Vi=vi—vyand W :=w; —wy
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and, hence,
U(x,0)=0, V(x,0)=0and W(x,0) = 0.

From (2.1), we know that there exist positive constants ¢; (j = 1, 2, 3, 4) such that

luillwioo(@xio.ry < €1 fori=1,2, (2.2)

lvillzee(2x(o,ry) < €2 for i =1, 2 (2.3)
and

[ Villio(exoy < €3 fori=1,2 (2.4)
as well as

I Vwillio(exo,ry < ¢4 fori=1,2. (2.5)

Moreover, we operate the first equation of system (1.1) to obtain
U= AU — xV - (u1VV) = xV - (UVvy) — EV - (13 VW) — £V - (UVw,)

(2.6)
4+ w1 —u; —u)U — pwiU — pu, W
and
Vi=AV+U-V (2.7)
as well as
Wi = —viW — w,V. (2.8)

Now multiplying (2.6) by U and integrating it over §2 by parts, we obtain

/U2 /|VU| _X/u1VU vv+X/UVv2 vu
2de Q

+ g/ ulvw-vu+5/ UVw, - VU (2.9)
2 2

—M/ w1U2—,u/u2WU+,u/(l—u1—u2)U2
2 2 2

forall t € (0, T). Next we use the Holder’s inequality, Young’s inequality, (2.2) and (2.4) to conclude that

x/ WU -VV < |x|61/ VUV
2 2

: (2.10)
< gnvuniz(m + 2%V G g
forall t € (0, Tp) and
X/ UV, - VU < ler:3/ ulIvu|
2 2
1 2
= IVUNL gy + 231U g

forallt € (0, Tp) as well as

—M/ wWU < |M|C1/ WU
2

”W”LZ (£2) + /“L C] ||U||L2(Q)

forall t € (0, Ty). In view of the boundedness of u; and u; in £2 x (0, Tp), we arrive at

u/(l —uy — 1)U < (1 [l + 2l ) U g, < w(1+ 200U 15,
k2]
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forallt € (0, Tp). In view of (2.2) and (2.5), we can apply the Young inequality to obtain that

s/ ulvw~VU§|5|c1f YW(VU|
2 2

1
< 28°GIVW I ) + 5 IVU I
forall t € (0, Tp) and
E/ UVw, - VU < |E|C4/ [U[IVU|
« «“ (2.11)
<2E%c2|U 1 vU|?
< 282GV g) + 51 VU,
forall t € (0, Tp). Substituting (2.10)-(2.11) into (2.9), we can obtain
1d 1
f—/ u2+f/ IVUP < (,u(l+2C1+MC12)+2§ZC§+2XZC§)/ U2

1
+252c%f IVW|2+2x2612f |W|Z+f/ W2
2 2 4 2

forallt € (0, Tp). Testing (2.7) against V; and (2.8) against W, respectively, we can obtain

2 /|V| +f |VV| /v2<f/ /|U| (2.13)

forall t € (0, Tp) and

1d
—— | ? = —/ v1|W|2—f wZWVS/ lwa VW]

(2.14)
2 2 1 2
565/ 4 +f/ Wi
2 4 2
forallt € (0, Tp) due to the fact vy > 0 as well as
1d 2
—— |VW| = WVW - Vo, — | v|[VW]
(2.15)

—/VVW~Vw2—f wo, VW - VV
2 2

forallt € (0, Tp). Since | V1], v1, Vw, and w, are bounded on §2 x [0, T], we can apply Young’s inequality to obtain that

2dt/ |VW|2<C3/ ||W|VW|+c2/ VW ?

+c4/ |V||VW|+C5/ YWV
@ @ (2.16)
C3 2 C3 €4 G 2
< = w — 4 — — \a%%
—2/9||+(2+2+2+2)[9| |

Cyq 5 G5 )
+ = vE+2 | vV
2/QII 2fQII
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forallt € (0, To) where ¢5 := ||wo||roo(s2). Therefore, from (2.12)—(2.14) and (2.16) we can obtain the inequality
U+ | vi+ / A% / w2+ / vw
Zdt{/ / IVV|* + VW
1
< (;L(1+2c1+Mcf)+252cﬁ+zxzc§+5)/ U+ / |V |?
c C c
+(5 tat o+ o+ / IVW]* + / w? (2.17)

Cs
+ (2% + 2)/ Vv
5(:5{/ u2+/ v2+/ |VV|2+/ w2+/ |VW|2} forall t € (0, Ty),
2 2 2 2 2

where ¢g := max{u(1+ 21 + puc) + 2822 + 2x°c3 + 3,2+ 2,2 + o+ 2+ S +28%c], 2 + 1. 2% + %5} By
(2.17) and Gronwall’s lemma we have U =0,V =0and W = 0in .Q x (0, Tp) and hence Uy = Uy, v1 = v and w; = w, in
£2 x (0, T)due to Ty € (0, T) is arbitrary which implies the uniqueness of solutions.

Moreover, noticing that L' —norm of the component solutions u and v of (1.1) are bounded by integrating the first equation
over £2, we can obtain (i)-(iv) in quite a similar way to Lemma 3.1in[41]. O

Since the third equation in (1.1) is an ODE, w can be expressed explicitly in terms of v. This results in the representation
formulate as follows:

Lemma 2.2 (See [47]). Let (u, v, w) be a classical solution of (1.1) in §2 x (0, T), and assume that (1.2) holds. Then

w(x, t) = wo(x)e Jo vix)s (2.18)
and
t
Vuw(x, t) = Vwg(x)e™ Jo 198 _ e Jo vixs)ds / Vo(x, s)ds (2.19)
0
as well as

t
Aw(x, t) > Awg(x)e Jo s _ 2= Jg vixdsg ey . f Vo(x, s)ds
0

(2.20)

1
— —wo(x) — wo(x)u(x, t)e™Jo vesks
e

forallx € 2 andt € (0, T).

The following lemma on a upper bound for fQ |[Vw(-, t)|? is important for our arguments.

Lemma 2.3. Assume that (u, v, w) is a classical solution of (1.1). Then we have

[£2]
f V(- t)]* < 2/ |Vwol* + THwOHfOO(Q) + llwollfrgy - [ (1)
2 I7] e 7}

forallt € (0, Thax)-

Proof. The proof of this lemma is completely similar to Lemma 4.3 in [41], so we omit it here. O

The following lemma provides an estimate for —Aw in the corresponding interior part. The main ideas we use come
from [46] .

Lemma 2.4. Let (u, v, w)solve (1.1) in £2 x (0, T) with some (ug, vo, wo) satisfying (1.2). Then
—Aw(x, t) < Hw0||LoQ(m ~v(x,t)+ ko forallx e 2 and t € (0, T),
where

ol
0 = 14001 gy + 41T g+ e

To build a bound for |Ju(-, t)||»(s) for all large p, we need the following Gagliardo-Nirenberg inequality.
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Lemma 2.5 (Gagliardo-Nirenberg Inequality). Let r € (0, ) and ¥ € W12(£2) N L'(£2). Then there exists a constant Cgy > 0
such that

1) < Con (IV9 130 1 I + 1 e (221)
holds with A* € (0, 1) satisfying
n

n_
T

o

A= L
R

3. Global boundedness

In this section, we will obtain the boundedness of the solutions to (1.1) under an explicit condition on the parameters
X, & and w. The main step is to establish a uniform bound of u(x, t) in (1.1) w1th respect to the norm in L”(.Q) for certain
p € (1, 00). To achieve this, we firstly need to obtain some estimates for [, u?(x, t), [,, |Vo(x, )|, [, u(x, £)]Vo(x, t)?

and fg | Av(x, t)|%. Moreover, since ECM density satisfies an ordinary differential equation (ODE), we must overcome the
essential analytic difficulty which stems from the fact that the chemotaxis and haptotaxis terms in the first equation of (1.1)
require the different [P —estimate techniques.

Lemma 3.1. Let T € (0, Tmax), X > 0,& > O0and u > 0, and assume (1.2) holds. Then the solution of (1.1) satisfies

dr/u +/ IVul> < x /u|vU| /u3+C4 (3.1)
forallt € (0, T) where C4 is defined below.
Proof. We multiply the first equation in (1.1) by u and integrate over £2 to obtain, forall t € (0, T),

1d
Sdr QuZ:/;zu(Au—XV-(UVv)—SV.(qu)+Mu(1_u_w))

—/|Vu|2+)(/uVu~Vv+§/uVu~Vw+M/u2(1—u—w) (3.2)
2 2 2 2

—/|Vu|2+xquu-Vv—§/uzAw+/L/u2(1—u)
2 2 2 /o 2

according to the nonnegativity of w. By Young's inequality, we derive that

1 2
x/ UV - Vo < f/ |Vu|2+X—/ 12| Vo)? (3.3)
2 2 2 2 2

forall t € (0, T). To deal with the third and last terms on the right side of the inequality (3.2), we apply Lemma 2.4 and
Young'’s inequality to obtain that for all t € (0, T)

_é/ W Aw < §||w0||1_oc(_q)/ u2v+ gﬂ/ u?
2 Je 2 e 2 Je
Hm 3 8 3 3 SKO/ 2
< — u o0 —_— u-.
=< 4/;2 +27M2(§||w0||L (.Q)) /QU + 2/,

Furthermore, Young's inequality applied again to the third term on the right-hand side of (3.4) yields that for all t € (0, T)
(?’:ﬂ + )/ < %/ u?+C forall t € (0,T), (3.5)
2

IA

(3.4)

2

where C; = 2;342 (s"0 + pL) |£2] > 0. Now we turn to estimating the second integral on the right side of (3.4). In fact,

according to the Gagllardo Nirenberg inequality, we can use Lemma 2.1 to obtain that there exist some constants C; > 0
(i = 2, 3) fulfilling

1
1ol o + Callvlley)?

4
< (GIVDI 0 10021

||U|| LZ(Q)

B = (3.6)
< (.

This, combined with (3.3)-(3.5) readily yields that

1d 0 < 2y 2 ﬂ/3
-—— Vu — v v - & u C
2t /I I“+ f Vvl 2/, + Gy

forallt € (0, T) with C4 := 2;342 (EK0 + /L) |£2] + 27 =3 (£||w0||Loo 9)) Cs3. Then we can obtain the desired result. O
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Lemma 3.2. Let (u, v, w) solve (1.1) with n = 3. Then the inequality

/|W| +4/ [Vol* +/ |V|Vv|| <7/u [Vv]?

,d|Vu?
+2 Vo2 ——
FYe) 31)

Proof. Invoking that Vv - VAv = %A|VU 1> — |D2v|2 and using the second equation in (1.1) and several integration by parts,
we find that

(3.7)

holds forall t € (0, T), where T € (0, Tax)-

1d | velt= | very v(av—v+u)
4dt 5 v v v v
1
= f/ |Vv|2A|Vv|2—/ |Vv|2|D2v|2—/ ik
2 2 2 2
—/QuV'(|Vv|2Vv) (3.8)

1 1 3| Vul|?
:_7/ ’V|Vv|2|2+f/ |Vv|2!—/ IVu2D?v]°
2 Je 2 oo v Q
—/ |Vv|4—/ u|Vv|2Av—f uvVov - V|Vu?
2 2 2

forall t € (0, T). Therefore, along with the pointwise inequality |Av| < +/3|D%v|, using Young’s inequality leads to, for all
€(0,7),

—/ ulVol|?Av < ﬁ/ u|Vo|?|D?v|
2 2

3
s[ |Vv|2|D2v|2+f/ |V
2 4 2

forallt € (0, T).In order to further estimate the last integral term on the right side of (3.8), we use Young’s inequality again
to obtain

1
—/ uVov - V|Vo|? < f/ |V|Vv|2|2+/ u?|Vo?
fe) 4Jq 2
forallt € (0, T). Inserting these inequalities into (3.8) we discover that (3.7) holds. O

Since the haptotaxis term Vw(-, t) might become unbounded in L*°(§2), we must deal with the difficulty term
JouC, OOVw(-, t) - VIVu(-, 1)

Lemma 3.3. Let (u, v, w) be the solution of (1.1) with nonnegative initial data (ug, vo, wo) satisfying (1.2). Forany x > 0,& > 0
and ;. > 0, then

d 5 3 2 1
i/ u|Vol? < (74_52”“}0”%&(9))/ |Vu|2+,/ |V|Vu|2| +,/ |V |?

2
+(x2+1+452||w0||§m(m—u)/ u2|w|2—zs/ uw|D?v|
2 2

3| Vu|? 9| Vu|?
—l—(,u—Z)/ulelz—i-/ u Vol +$/ uw Vol
2 32 ov N Jav

- 2/ u|D?v|’
2

holds forall t € (0, T), where T € (0, Tax)-
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Proof. From the nonnegativity of w, (1.1) and the pointwise identity Vv - VAv = %A|Vv|2 - |D2v|2, an integration by parts
gives

d
£ u|Vv|2=/(Au—xV-(qu)—g-‘V-(qu)+,uu(l—u—w))|Vv|2
+2/ uVo - V(Av — v +u)
2
5—/ Vu-V|Vv|2+X/ qu-Vlelz—i-E/ uVw - V|Vu|?
2 2 2

+M/ u(l—u)|Vv|2+2/ qu-VAv—Z/ u|Vol?
2 2 2

+2/ uVu - Vv (3.10)
2
=—2/ Vu~V|Vu|2+X/ uVU~V|VU|2+2/ uVu- Vo
2 2 2
—g/ qu-V|Vv|2—§f uwAlelz-i—(u—Z)/ u|Vol?
2 2 2
3| Vu|?
+/ 2V —2/u|D2v|2—u/u2|Vv|2
dv o o

082
/ 3| Vu|?
+ & uw
90 av

forall t € (0, T). Now by straightforward estimates and using the pointwise identity Vv - VAv = %Aqul2 - |D2v|2 again,
it yields that

d
— | uvv)? < —2/ Vu.V|vU|2+Xf uVu-V|Vv|2+2/ uvVu - Vo
dt Jg 7] 2 2

—g/ qu-V|Vv|2—2§/ quv-VAv—ZS/ uw|D*v[*
2 2 2

3| Vu|?
+(M—2)fu|Vv|2+/ 2Vl —2/u|D2v|2
Q 2 v 2

Yo 3| Vul?
—u | u|Vu|”+& uw
Q 2 v

forallt € (0, T) and using the fact v = Av — v + u and the nonnegativity of u and w we find that

(3.11)

—2";“/ uwVuv - VAv = —25/ uwVv - V(v +v —u)
2 2

< —25/ uwVuv - Vo, + 22;‘/ uwVu - Vv
2 Q

1 1
5452/ u2w2|Vv|2+*/ |Vvt|2+f/ [Vul?
2 2 2 2 2

2 1 1
szxszllwoummfgu2|vU|2+5f9|Vv[|2+5/Q|Vu|2

forallt € (0, T). Then we use Young's inequality again to obtain that

—2/ Vu.V|W|25f |Vu|2+/ ]V|Vv|2|2
2 2 2

forall t € (0, T). Similarly, we can estimate the second and third terms on the right-hand side of (3.11) according to

1
X/ uVu - V|Vl < XZ/ uZIVv|2+f/ VIVl
2 2 4 2
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forallt € (0, T)and

2/ uVu.VUS/ |Vu|2+/ u?|Vul?
2 2 2

forallt € (0, T). Furthermore, we may recall Lemma 2.2 and make use of Young’s inequality again to find that

—sf wVu- V|Vo]? < ¢ ||wo||Lw(g)f IVul2 + - /|V|Vv||

forallt € (0, T). Hence, (3.9) results from above inequalities immediately. O

To absorb the third term on the right-hand side of the inequality (3.9), we next state the following lemma.

Lemma 3.4. Let (u, v, w) be the solution of (1.1). Then we have

f|Av| +/ |V | <2/ |Vvl? +2f |Vul? (3.12)

forallt € (0,T), whereT € (0, Tax)-

Proof. We test both sides of v; = Av — v + u by —Av; and integrate over x € §2 to find that

Zdt/ |Av|? +/ V|2 = /Vv Vvt—{—fVu Vg
/|Vv| +f |Vul> + = /IVvt

forallt € (0, T). We can obtain (3.12) by an elementary computation. O

IA

With the help of the following lemma, we can deal with Lemma 3.4 better.

Lemma 3.5. Let (u, v, w) be the solution of (1.1). Then we have

d 2 2 2 2
Sl wvelr+ | 1avr+2 ] (ver< | u (3.13)
dt Jg 2 2 2

forallt € (0,T), whereT € (0, Tax)-

Proof. We multiply the second equation in (1.1) by — Av and integrate by parts to see, using Young's inequality, that

1d |V| |A|2 |V|+ VuV
2 dt v v v
/ |Av)? —/ [Vv]? —/ uAv
<—= |Av|2—/ |Vv|2+f/ u?
2/9 2 2Ja

forallt € (0, T), as claimed. O

Lemma 3.6. Letn =3, T € (0, Tnax), x > 0,& > 0and u > 0O, and assume (1.2) holds, then the solution of (1.1) satisfies

d
I (/q/ w4+ = f|Vv| + = /|Av| +/ [Vu|? +/ u|Vv|>
+/ |Vu|2+10/ |Vv|4+/ |V|Vu|2|2+/ |Av|?
2 k7] 2 2
+/ |Vv|2+/ u|Vv|2+K1/L/ u? (3.14)
2 2 2
3| Vul|?
5/(2/ u2|Vv|2+/ u2—2$/ uw|D2v|2+5/ o2V
Q Q Q 02 v

3| Vu|? 9| Vu|?
+(u—1)/u|Vv|2+/ u Vol +& [ uw Vol —2/u|D2v|2+C5
Q R v 2

v 82

forallt € (0,T), where k1 = g + 52”1110”%00(9), Ky = (% + 52”71)0”1%00(9)))(2 + % + 452”“}0”%&(9) —pand G == k1Cy
independent of t.
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Proof. We can cancel some integral terms via an appropriate linear combination of the inequalities gained in (3.1), (3.7),
(3.9),(3.12) and (3.13), then we can easily derive (3.14). O

Lemma 3.7. Letn =3, T € (0, Tmax), x > 0,& > 0and u > 0. Assume that the initial data (ug, vo, wo) satisfies (1.2) and the
positive parameters x, & and p fulfill (1.6). Then there exists C > 0 such that the solution of (1.1) satisfies

/u2+/ v2+/ |Vv|4+/ |Av> <C forall te(0,T). (3.15)
2 2 2 2
Proof. Writing
5 1
yl(t)::/qf u2+7/‘ |Vv|4+f/ |Av|2+/ |Vv|2+/ u|Vv|* forall te(0,T) (3.16)
2 2 2 2 2 2 2

and invoking Lemma 3.6, we see that y(t) satisfies
Yi(t) +ya(t) + h(t) < z(t) forall te(0,T) (3.17)
where

15 1
h(t)::/ |Vu|2+—/ |Vv|4+f |V|Vv|2|2+f/ |Av|2+/c1u/ u (3.18)
2 2 2 2 2 2 2

forallt € (0, T)and

z(t)::KZ/ u2|Vv|2+(/c1+1)/ u2—2$/ uw|D2v|2+5/ [Vl
2 2 2 982

3| Vvl|? 3| Vvl|?
+(u—1)/u|Vv|2+/ u| | +& | uw Vol
2 a0V 90 v

- 2/ ulD*v|” + G
2

,8|Vul?
av

(3.19)

for all t € (0, T). Now we will estimate the integrals on the right of (3.19) appropriately. By Young’s inequality we can
estimate

2
(- 1)/ ulvol? < (“_1)/ u2+/ Vol (3.20)
2 4 2 2

forall t € (0, T). Furthermore, we can utilize the boundary integral estimates in [63] to find a constant ¢; > 0 such that

3| Vu|? ,
<c1|Vv|* on 082 x (0,T),

this means that

,d|Vul? 3| Vu|? 3| Vul?
51 |V + ) u—+& | uw——m—
90 311 FYe) 8\) R 3\1

ch/ u|Vv|2+c2/ [Vu?
92 I

for all t € (0, Tax), Where ¢; = max[(l + §||w0||Loo(m)c1, 5c1}. Apart from this, the boundary trace embedding
W'+322(2) < [2(3$2) for r > 0 along with the embedding

(3.21)

W2(Q) > W2A(R2) <> LI(82)

provides some n > 0 and c4(n) > O fulfilling

2
/ ¢* < 77/ IVol® + C4(77)</ |¢|> (3.22)
00 2 2
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for any ¢ € W12(£2), inserting n = % to (3.22) yields some constants ¢; > 0 (i = 3, 4, 5) fulfilling

3|V ,|Vul? a|Vo?
u +5 V| ——— + & uw
a2 v 20 ov FYe) v
§c2/ u|Vv|2+CZ[ |Vv|4§c3/ u2+63/ Vol
082 0 082 a2
2 2
2 2|2 2
< [ vut+aaon( [ w) + [ [9i9o] +c3c4<n)<f |Vv|)
2 2 2 2

2
5/ |Vul? +c3c4(n)<f u) +/ ‘VleHz +cs forall te(0,T)
7 2 7
by Young’s inequality and Lemma 2.1. Thereupon, (3.17)-(3.20) and (3.23) readily assert that
((m — 1)
2

(3.23)

Vi) () < tataatn+1) [ @ - [ @ re
2 2

forallt € (0, T), which proves (3.15) by once more using Young’s inequality. O

Lemma 3.7 yields the following useful corollary which will be used in the proof of Lemma 3.8.

Corollary 3.1. Letn = 3, T € (0, Tpmax), and assume that the initial data (ug, vo, wo) satisfies (1.2) and the positive parameters
X, & and p fulfill (1.6). Then there exists C > 0 independent of T such that the solution of (1.1) possesses the property

£ t)||L°°(S2) =C (3.24)
forallt € (0, T)and for any 4 < q < oo there exists M1(q) > 0 such that the solution of (1.1) satisfies

f [Vu|? < Mi(q) (3.25)
2
forallt € (0, T).

Proof. The estimates (3.24) and (3.25) immediately result from Lemma 2.1, the Sobolev embedding W 4(£2) — C°(£2) and
the standard parabolic regularity theory (see [17]). O

Lemma 3.8. Letn = 3, T € (0, Tpax), and assume x > 0,& > 0 and u > 0 satisfy (1.6), and suppose that the assumption (1.2)
holds. Then for any p > 2 there exists C = C(q) > 0 independent of T such that the solution of (1.1) fulfills

lu(-, ey < C forall t € (0, T). (3.26)
Proof. Multiplying the first equation in (1.1) by puP~! and integrating by parts, we find that

1d 1

-—— fuP = (Au—XV~(uVU)—$V~(qu)+;w(1—u—w))

pdt Jjo 2

5—(p—1)/ uP*2|Vu|2+x(p—1>/ T VTR
2 2

_m/upAw_}_M/uP(‘l_u)
2p Q Q

_ 2 _ —
. 1)/ uplewluwf up|W|z_M/ 2 Aw (3.27)
2 Q 2 Q Zp 2
+u/ w1 - u)
2

-1 2p—-1
< _M/ ul’—2|vu|2+wf up|Vv|2
2 2 2 Q

§p—1) Ko§(p — 1)
+ S 00l gy [ w0 (BT i) [ [

forallt € (0, T). From Lemma 3.7, Holder’s inequality implies that there exists C4; > 0 such that

fgupwuﬁ < (/Q uZP);</Q |Vv’4>% 5@(/9 uz")% (3.28)
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and

/Q”p”5</gu2p>5</gvz);SCS</QHZP)5

for all t € (0, T). Moreover, an application of the Gagliardo-Nirenberg inequality (see Lemma 2.5) and the fact (a + b)" <
2"(@ + b")foralla,b > 0,r > 0 provide some constants Cs > 0 satisfying

1
2p : 2.2
CG u = C6||u2 ||L4(Q)
2

2
4 [ 4
< CGCéN<||Vuz gy - U215+ fu? ||L%(m>
LP(R)
12(2

S 4C6CéN(||Vug”2A )mp“—)n) _;’_mp)

holds for some constants Cgy > 0, with A € (0, 1) provided by

3 _3
2~ 4
A= ——.
343
I=35+3

In view of Lemma 2.1, Young’s inequality yields C; > O fulfilling

1
2 P _
c6</9 uzp) 54CGC§N(<||Vuz||fz(m+1>mp“ A>+ml’)
2 p 2
S*/ |Vuz| + G,
PJa

where Cg := C4 + Gs. Clearly Young’s inequality yields that u? can be controlled by uP*!. Consequently, y,(t) = fQ uPdx
satisfies

yo(t) +y2(t) < Cg forall te(0,T)
with some Cg > 0. Upon an ODE comparison argument, we can obtain (3.26). O

Corollary 3.2. Letn = 3, T € (0, Tmax), and assume that the initial data (ug, vo, wo) satisfies (1.2) and the positive parameters
X, & and w fulfill (1.6). Then there exists C > 0 independent of T such that the solution of (1.1) possesses the property

o€ O [roogy = € (3.29)
forallt € (0, T).
Proof. According to Lemma 3.8 and the standard parabolic regularity theory (see [17]), (3.29) immediately follows. O
As compared to the analysis of the classical Keller-Segel model, we cannot directly apply the well-known Moser-

Alikakos iteration [64] to the first equation in (1.1) to gain the boundedness of u(-, t) in L>°(£2) since Vw(-, t) might become
unbounded in L*°(£2). Moreover, we can apply the methods in [47] and Lemma 2.1 to obtain the assertion of (1.1).

Lemma 3.9. Letn = 3, T € (0, Thax), and assume that the initial data (ug, vo, wo) satisfies (1.2) and the positive parameters yx,
& and w fulfill (1.6). Then there exists C > 0 independent of T such that the solution of (1.1) satisfies

lu(-, )llzoey < C forall t €(0,T). (3.30)
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Proof. We multiply the first equation in (1.1) by puP~! and integrate over £2 to obtain that

/up /up 1 Au— xV - (uVv)—EV - (qu)—i—Mu(l—u—w))
pdt

-1 2p—1
< _p=D )/ w22+ 2P p )/ uP|Vu|?
2 e 2 @

-1

—M/u"Aw—i-u/u”—u/u”“
p Q Q 2
-1 2(p—1

< _p=D )/ w2 v+ P2 L )/ uP|Vu|?

2 Q 2 e
-1 — 1)k

+7g(p )”'I.U()”LOO(Q)/ UPU+7E(p ) 0/ Up‘f‘,l»b/ Llp
p 2 p 2 Q

—M/ uPt
2

for anyp > landallt € (0, T). This, along with Corollary 3.2 and Lemma 2.5 leads to

— up /up /|Vu2 <cip /u" (3.31)

foranyp > 2 and all t € (0, T), where ¢c; > 0. We can use the Gagliardo-Nirenberg inequality (see Lemma 2.5) to obtain
that

C1p2/ uw = cip ||u2 ”LZ(Q)
2

(3.32)
< op?||Vu? IILZ(Q) lu’ || Dy 2P’ (LN
which combined with the Young inequality readily yields that
p 2 P P
c1p? f W < / IVul |+ csplu? I o + c3p° U2 I - (3.33)
2 2
We collect (3.31) and (3.33) to get
d p
E uP +/ up < C4P5||u2 ”51(9)
Q I (3.34)

< cap(max(1, uf |7, ).

Now we let p; := 2" and My(T) := max{1, sup,co 1) [, Ui+, t)} for T € (0, Tax) with i = 1,2, ..., which combined with
(3.34) implies that forany t € (0, T)

dt
where all above positive constants ¢; (i = 1, 2, 3, 4) are independent of T as well as of p > 2. Upon a comparison argument,
we can find b > 1 independent of i such that

M{(T) < max{b'MZ ,(T), |21 luo] P o )- (3.36)

) . Pi
o+ / W < cpd(max(l, ¥ | 1 < cap?M2,(T), (3.35)
2

Next we will divide the proof into two cases.

Case 1. For infinitely many i > 1,if b'M2 |(T) < ||uo|Ifxq), then we derive that sup,c ) lu(-, t)lli(2) < l[uollie(e) ina
quite similar way to Lemma 4.1 in [46].

Case 2. If biMiz_1( ) > |lug P 150(22) for all sufficiently large i, then

Mi(T) < b'MZ {(T) (3.37)
for alli > 1 upon enlarging b if necessary. Then

InM;(T) <ilnb+2InM;_(T) forall i > 1,
which implies that

InM{(T) < (i+2)Inb + 2/(InMy + 21nb)
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and thus
M{(T) < b2+ 2 (3.38)

It follows from the above cases that (3.30) holds as T — Tpax, Where C = b max{1 + |£2], luollgy)} O

Proof of Theorem 1.1. The statement of global classical solvability and boundedness is a straightforward consequence of
Lemmas 2.1 and 3.9 (see [41,46]). O
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