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a b s t r a c t

Thanks to the unique features, deployment of battery energy storage systems in distribution systems is
ever-increased. Therefore, new models are needed to capture the real-life characteristics. Beside active
power, the battery energy storage system can exchange reactive power with the grid due to the inverter-
based connection. Although some previous works have considered this issue, a detailed linear model
suitable for the realistic large scale distribution systems is not addressed adequately. In this context, this
paper proposes a mixed integer linear programming model for optimal battery energy storage system
operation in distribution networks. The proposed model considers various parts of the battery energy
storage system including battery pack, inverter, and transformer in addition to linear modeling of the
reactive power and apparent power flow limit. Moreover, a linear power flow model is used to calculate
voltage magnitudes and power losses with high accuracy. The proposed model is applied to the IEEE 33-
bus test case and the results prove the accuracy and efficiency of the proposed model. The results
demonstrate that considering reactive capability of the batteries offers new benefits including voltage
profile improvement, decreasing reactive power flow in the network, reducing network losses, and
releasing network and substation capacity.

© 2019 Elsevier Ltd. All rights reserved.
1. Introduction

Nowadays, Energy Storage Systems (ESSs) are not new devices
in the power systems. The emergence of these devices in the power
systems was the deployment of the pumped hydro units for load
leveling in Europe. Subsequently, development of the renewable
power resources and need for smoothing generated power
magnified role of the ESSs. In this stage, various ESS technologies
including pumped hydro units, compressed air energy storage
(CAES), thermal storage, hydrogen storage (along with fuel cell),
flywheels, supercapacitor, superconducting magnetic energy stor-
age (SMES) and various battery technologies have been utilized to
renewable energy integration and time shift (Whittingham, 2012).
With introducing smart grid concepts, the ESSs attract more at-
tentions owing to the numerous and unique applications besides
renewable energy assistant including price arbitrage (Saboori and
l Engineering, Kermanshah
67156-85420, Iran.
. Mehrjerdi), r.hemmati@kut.
Hemmati, 2016), peak shaving (Pimm et al., 2018), loss reduction
(Saboori and Abdi, 2013), supply capacity, spinning reserve, load
following, area regulation, transmission and distribution upgrade
deferral (Kleinberg et al., 2014), congestionmanagement (Hemmati
et al., 2017), reactive support and power quality (Mahela and Abdul,
2016), reliability (Awad et al., 2014), and black start and restoration
(Liu et al., 2016).

Among various ESS technologies, Battery Energy Storage Sys-
tems (BESS) are becoming prominent technology for almost all
applications owing to the unique feature including (Lawder et al.,
2014).

1. Modular system
2. Quiet operation
3. Minimum environmental manipulation
4. Non-polluting parts
5. Possibility to achieve a wide range of technical features
6. Quick and compact installation
7. Relatively fast response time
8. High power and energy density
9. High efficiency
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Nomenclature

Sets
UK Time periods
UN Generating units
UB Network buses
US Battery energy Storage systems (BESSs)
UY Auxiliary variable for linearization
UNB Generating units installed in the bus n
USB BESSs installed in the bus n

Parameters
Pmin
n Lower limit of active power generation of unit n (kW)

Pmax
n Upper limit of active power generation of unit n (kW)

DPgenn;k;p Slope of segment p of generation cost function of unit

n at time period k ($/kW)
Qmin
n Lower limit of reactive power generation of unit n

(kVaR)
Qmax
n Upper limit of reactive power generation of unit n

(kVaR)
Cmin
g Generation cost at minimum power output on unit n

($)
CLL
b;k Cost of load shedding at bus b and time period k

($/kW)
PDb;k Active power demand at bus b and time period k

(kW)
QDb;k Reactive power demand at bus b and time period k

(kVaR)
GL
b;bb Line conductance between buses b and bb (mho)

BLb;bb Line susceptance between buses b and bb (mho)

E0s Initial energy stored in BESS s (kWh)
hC BESSs charging efficiency
hD BESS discharging efficiency
EBrateds Energy capacity rating of BESS s (kWh)
SBrateds Power rating of BESS s (kVA)

Variables
OCTot Total daily operation cost ($)

Cgen
n;k Generation cost of unit n at time period k ($)

Cshed
b;k Load shedding cost of bus b at time period k ($)

DCgen
n;k;p Auxiliary variable of segment p of generation cost

function of unit n at time period k (kW)
PGn;k Active power generated by unit n at time period k

(kW)
QGn;k Reactive power generated by unit n at time period k

(kVaR)
PLb;k Active power shed in bus b and time period k (kW)
QLb;k Reactive power shed in bus b and time period k

(kVaR)
PBCs;k Active charging power of BESS s at time period k

(kW)
PBDs;k Active discharging power of BESS s at time period k

(kW)
QBCs;k Reactive charging power of BESS s at time period k

(kVaR)
QBDs;k Reactive discharging power of BESS s at time period k

(kVaR)
PFb;bb;k Active power flow between buses b and bb at time

period k (kW)
QFb;bb;k Reactive power flow between buses b and bb at time

period k (kVaR)
Es;k Energy stored in BESS s at time period k (kWh)
IPCs;k Binary variable indicating active charging power

status of BESS s at time period k
IPDs;k Binary variable indicating active discharging power

status of BESS s at time period k
IQC

s;k Binary variable indicating reactive charging power
status of BESS s at time period k

IQD
s;k Binary variable indicating reactive discharging power

status of BESS s at time period k
PBsqrs;k Auxiliary variable indicating square of net active

power exchange of BESS s at time period k
QBsqrs;k Auxiliary variable indicating square of net reactive

power exchange of BESS s at time period k
Vsqr
b;k Square of voltage magnitude of bus b at time period k

(PU)
qbusb;k Voltage angle of bus b at time period k (rad)
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Nowadays, various BESSs are developed and commercialized to
use in the power systems. Considering range of the power and
energy, the BESSs are employed mainly in the distribution systems
(Saboori et al., 2017).

Various research papers have beenworked on the modeling and
operation of the ESS in general and the BESS particularly. In
Hemmati and Saboori (2016) a general model is proposed for ESS
contribution in unit commitment along with sensitivity analysis.
The model is a Direct Current (DC) one and does not consider
reactive power of the network and the ESS. The results show that
taking ESS into account in the unit commitment model will
decrease operation cost as a function of the ESS power rating and
energy capacity. In Saboori and Hemmati (2017) the ESS reactive
contribution along with the distributed generation resources are
considered with a non-linear model solved by heuristics algo-
rithms. The proposed model is used to enhance distribution com-
pany (DISCO) profit by benefiting from price arbitrage. The authors
have proposed an unbalance three-phase BESS scheduling and
operation system for 4-wire low voltage distribution grids in
Bennett et al. (2015); Watson et al. (2018); Sabillon-Antunez et al.
(2017). In these works, either the reactive power is not take into
account or the model is non-linear. In Bennett et al. (2015) the
three-phase model us used to balance system currents where load
leveling is the primary application of the BESS. As stated by the
authors, their proposed model has been able to achieve defined
goals including load leveling and system balancing. In Watson et al.
(2018) the authors have been focused on proposing a non-linear but
convex model for distribution system operation with storage de-
vices. The simulation results in Sabillon-Antunez et al. (2017)
demonstrate that electric vehicle charging is performed coordi-
nately taking into account Volt-VAr control, energy storage device
and dispatchable distributed generation resources installed in
three-phase unbalanced distribution networks. Theoretic simula-
tions and realistic experiments are performed in Reihani et al.
(2016) for optimal charging and discharging of batteries in order
to peak shaving, load curve smoothing, and voltage control.
Although the reactive power of the BESS is considered that is not
aimed directly in the objective function in addition to the fact that
the proposed model is non-linear. Their results have been show
that the BESS operation does not have significant impact on the
feeder voltage but can be used to serve the reactive loads on the
circuit and reduce the reactive loads of the system.
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In Hosseina and Taghi Bathaee (2016) operation of the redox
flow BESS is addressed in the distribution networks with the aim of
peak shaving and load leveling. The proposed method does not
address reactive power capability. Optimal operation of the distri-
bution grid equipped with dispersed generation resources and
BESS via a Multi-Objective Energy Management (MOEM) is
addressed in Azizivahed et al. (2018). The reactive power is
modeled with non-linear equations and thud a heuristic algorithm,
namely, Hybrid Grey Wolf Optimizer-Particle Swarm Optimization
(HGWO-PSO) is used. The authors in Grillo et al. (2012) have been
proposed a model for the optimal operation of a hot-temperature
(sodium nickel chloride) BESS connected with wind turbines in a
medium voltage distribution system. While the proposed model
has been confirmed via experimental tests, the reactive power is
not focused.

Inverter-based operation of the BESS offers flexibility in
absorbing or injecting active and/or reactive power. But, this should
be modeled accurately to capture its applicability. Although some
researches consider reactive flow in the networks many of them
don't take into account BESS contribution in reactive power. Even
with considering BESS reactive power, proposed works are not
linear and are solved using evolutionary algorithms or BESS reac-
tive capability is not modeled based on the capability curve. In this
regard, this paper aims to model BESS accurately by considering
various constituent parts including battery pack, inverter, and
transformer in addition to the reactive power contribution based
on the capability curve. The proposed model takes the advantage of
BESS's inverter reactive power exchange with the grid in time pe-
riods with no or little active power exchange leading to auxiliary
benefit of voltage regulation besides conventional load leveling.
The proposedmodel is a Mixed Integer Linear Programming (MILP),
suitable for realistic very large scale distribution networks,
robustness in terms of convergence to the global optima, easily
solvable by commercial solvers in addition to the calculating
voltage magnitudes and network losses with precise linear equa-
tions. To demonstrate the usability of the model, is tested on the
IEEE 33 bus distribution test system and the results are presented
and discussed. The results demonstrated that not considering BESS
reactive capability leads to underestimate its benefits for the grid
operator. The contribution of the paper can be listed briefly as
follows.

� Modeling BESS considering constituting parts including battery
pack, conversion unit, and transformer.

� Modeling BESS reactive power contribution based on the 4-
quadratnt capability curve.

� Mixed Integer Linear Programming (MILP) model for optimal
BESS operation.

� Evaluating effects of considering BESS reactive contribution on
the obtained benefits.

The remainder of the paper is organized as follows. The pro-
posed model including BESS, network model, and operation opti-
mization is presented in section II. Section III demonstrates the test
case, inputs, results, and analysis. Afterwards, section IV draw some
conclusions and remarks for the summarization.

2. Proposed model

In this section, the proposed formulation will be described in
details which is a Mixed Integer Linear Program (MILP). The MILP is
a form of the linear programs in which some variables are required
to take integer values. In other word, in the MILP model, objective
function and all constraints are linear but some variables may be
integers while some others are continuous. The term “Mixed” in the
acronym denotes a mixture of the continuous and integer variables.
These optimization models arise naturally in many problems and
possess diverse applications in various engineering fields. The MILP
benefits from the linear structure of the problem including effi-
ciently solvable by strong commercial solvers and guaranteed
convergence to the global optima. The integer variables usually
come from the nature of the problem. In the proposed model,
integer variables are used to control BESS status between charging
and discharging actions. Explanation of the proposed method is
performed in three step, namely:

A. Objective function
B. BESS model
C. Power flow
2.1. Objective function

Objective function of the problem is tailored so as to take into
account two cost terms, namely power generation cost and load
shedding cots. Power generation cost is associated with cost of
providing electric energy from the network generators and/or up-
stream substation. In addition, shedding costumer load will
impose a cost on the system operator. The generation cost is
function of the consumed power and related cost factor. Load
shedding cost is related to the amount of the shed load and also
value of the lost load. As presented in (1), generation cost and load
shedding cost are elaborated over all generating units and network
buses at all constituting time periods, respectively.

OCTot ¼
X
n; k

Cgen
n; k þ

X
b; k

Cshed
b; k (1)

To keep linear nature of the problem, a piecewise linearization
technique is used to convert original quadratic generation cost
function. This is a well-known and trusted approximation method
and detailed explanations about this method is presented in the
Appendix (Hemmati and Saboori, 2017). Substituting equations are
presented in (2) to (5).

Cgen
n; k ¼Cmin

g þ
X
p
DCgen

n;k;p DPgenn;k;p c n2UN ; c k2UK \ (2)

PGn;k ¼
X
p

DPgenn;k;p þ Pmin
n c n2UN ; c k2UK (3)

Qmin
n �QGn;k � Qmax

n c n2UN ; c k2UK (4)

Pmin
n � PGn;k � Pmax

n c n2UN ; c k2UK (5)

Shedding load by the operator will result in monetary payment
to the costumers with respect to the bus location, time periods, and
amount of lost load. This cost component is formulated in (6) to (8).
In (6) the cost of load shedding is calculated as a linear function of
shed power and Value of Lost Load (VOLL). Equation (7) declares
that the shed power at each bus and time period should be a
positive value lower than the bus demand. This mean that load
shedding cannot act as a generation resource and is limited to the
reduction of the bus demand to no-load situation. In (8) it is indi-
cated that by shedding bus active demand, the reactive demand is
also curtailed with the same ratio.

Cshed
b; k ¼CLL

b; k PLb; k c b2UB ; c k2UK (6)



Fig. 1. Bus impact of the BESS.
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0� PLb; k � PDb;k c b2UB ; c k2UK (7)

QLb; k ¼
PLb; k
PDb;k

QDb;k c b2UB ; c k2UK (8)

2.2. BESS model

An Energy Storage System (ESS) can store energy at time periods
with low demand and then release the stored storage at time pe-
riods with high demand. This energy consumption time shift, or
equivalently energy arbitrage or load leveling, brings many benefits
to the system operation. Obtained benefits are a direct result of the
shaving the peak profile. The first and foremost benefit of the en-
ergy arbitrage is total electric energy production (purchase) cost
reduction. The energy cost reduction is based on the fact that cost of
providing electric power is a second order function of the produced
power. Therefore, providing energy needed in the peak periods
where energy cost is high at time periods with low demand where
energy cost is low causes significant cost different. Energy arbitrage
offers some by-products including power losses, voltage drop, and
emissions reduction in addition to the releasing network capacity.
Various methods have been developed in order to store electric
energy in a ESS including:

1. Pumped hydro energy storage
2. Compressed air energy storage
3. Hydrogen storage in addition to fuel cell
4. Flywheel energy storage
5. Supercapacitor energy storage
6. Superconducting magnetic energy storage (SMES)
7. Electrochemical battery energy storage

Among the abovementioned ESS technologies only Battery En-
ergy Storage System (BESS) have been developed and matured to
use in distribution network. The reason is that some ESS technol-
ogies, i.e. pumped hydro and compressed air energy storage, re-
quires special land or geographic formations which they cannot
easily found anywhere. Also, some other are in the experimental
stage and commercial production requires high investment ex-
penses namely SMES. Storing hydrogen as a medium and releasing
back by means of fuel cell have a low round trip efficiency. Other
remained ESS technologies including supercapacitor, flywheel, and
SMES have very low discharge time and cannot be used in the
energy management applications like energy arbitrage.

Among various ESS technologies, Battery Energy Storage Sys-
tems (BESS) are becoming prominent technology for almost all
applications owing to the unique feature including (Lawder et al.,
2014).

1. Modular system
2. Quiet operation
3. Minimum environmental manipulation
4. Non-polluting parts
5. Possibility to achieve a wide range of technical features
6. Quick and compact installation
7. Relatively fast response time
8. High power and energy density
9. High efficiency

The key factors to exploit functionalities of the BESS are precise
modeling and optimal scheduling in the system. To do this, we first
present the model of the BESS and then optimize the proposed
model in a daily operation scheduling problem. General function of
the BESS in the systemwhen it is connected to a bus is presented in
Fig. 1. The figure illustrates the bus (node) view point of the BESS
system. From the bus view, the BESS acts as a load at chargingmode
and a generator at discharging mode. Consequently, the role of the
BESS in the power flow of the system can be reflected in the bus
power balance equations for both active and reactive powers. To do
this, charging power of the BESS regarded as a fictitious demand
and therefore will be added to the consumption side of the bus
power balance equation for both active and reactive powers.
Similarly, discharging power of the BESS should be added to the
generation side of the bus power balance equation as a new gen-
eration source. Equations (9) and (10) give the mathematical ex-
pressions of the above statement for active and reactive power
balances, respectively. As the equations show, charging power of
the BESSs, bus demand, and summation over all flows sent to the
connected lines belong to the power consumption side of the
equations. In the contrary, discharging power of the all BESSs,
generated power by the installed generating units and up-stream
substation, and shed load are considered as generation side of the
equations.

X
s2USB

PBCs;kþPDb;kþ
X
bb

PFb;bb;k ¼
X

n2UNB

PGn;kþ
X

s2USB

PBDs;k

þPLb;k cb;bb2UB ;ck2UK

(9)

X
s2USB

QBCs;kþQDb;kþ
X
bb

QFb;bb;k ¼
X

n2UNB

QGn;kþ
X

s2USB

QBDs;k

þQLb;k cb;bb2UB ;ck2UK

(10)

As it is illustrated in Fig. 1, the incoming power into the BESS and
also the outgoing power from the BESS are exposed to the charging
and discharging units limitations and characteristics. It should be
noted that the BESS starts the daily operation process with an initial
and predefined stored energy level, as it is shown in (11). The stored
energy in the BESS at any time period is a function of the stored
energy, charged power, and discharged power at the previous time
period. Equation (12) demonstrates this situation and declares that
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some of the drawn power from the grid to charge and also some of
the released power form the BESS at discharge mode will be lost
owing to the charging and discharging units internal losses. The
stored energy in the BESS cannot exceeds its rated energy capacity.
The inequalities in (13) ensure that the stored energy of the BESS is
a positive value limited to the rated energy capacity. Also, at the end
of the time periods, stored energy in the BESS should be equal to
the initial value as it is shown by (14).

Es;k¼ E0s c s2US ; k ¼ 1 (11)

Es;k¼ E0s þ
Xk�1

kk¼1

PBCs;kkh
C �

Xk�1

kk¼1

PBDs;kk
.
hD c s2US ; k2UK

(12)

0� Es;k � EBrateds c s2US ; k2UK (13)

XK
k¼1

PBCs;kh
C ¼

XK
k¼1

PBDs;k
.
hD (14)

Fig. 2 shows that the whole BESS system is composed of three
parts. The main part of the system is battery pack. The battery pack
is composed of battery modules wherein each battery module is a
set of battery cells. The battery pack is responsible for storing and
delivering electric energy but with Direct Current (DC) waveform.
Considering that the grid is constructed and operated with Alter-
nating Current (AC) waveform, a converting device is needed. This
conversion will be performed in the Power Conversion Unit (PCU).
The PCU converts AC power of the grid to the DC charging power
needed in charging mode of the battery pack. In the contrary, it
converts DC delivered power of battery pack to the AC power of the
grid in the discharging mode of the battery pack. Considering that
AC output voltage of the PCU is limited to the low voltage range, a
step-up transformer is needed to enhance inverted AC voltage to
the grid voltage of the connection bus.

The BESS can choose one of the actions charging mode, dis-
charging mode, or doing nothing at any time period. Strictly
speaking, charging and discharging modes cannot take place
simultaneously. This is the case for the both active and reactive
powers. To establish such a situation, a binary variable is used
which switching its value between zero and unity changes the BESS
charging/discharging mode. Equation (15) states this matter
mathematically for the active power exchange. In addition, active
charging and discharging powers should be less than the BESS
apparent power after switching corresponding binary value to
unity, as declared in (16) and (17). This situation is also hold for the
reactive power, namely binary switching and apparent power
limitation. Equations (18)e(20) are equivalent constraints for the
reactive power same as the active power. Finally, a BESS at any time
period cannot inject power to the grid more that its stored energy
Fig. 2. The BESS con
multiplied by the discharging efficiency. Equation (21) represents
this constraint on the BESS discharging power.

IPCs;k þ IPDs;k � 1 c s2US ; k2UK (15)

PBCs;k � IPCs;k SB
rated
s c s2US ; k2UK (16)

PBDs;k � IPDs;k SB
rated
s c s2US ; k2UK (17)

IQC
s;k þ IQD

s;k � 1 c s2US ; k2UK (18)

QBCs;k� IQC
s;k SB

rated
s c s2US ; k2UK (19)

QBDs;k�QPDs;k SB
rated
s c s2US ; k2UK (20)

PBDs;k � Es;kh
D
dis c s2US ; k2UK (21)

At last but not the least, apparent power flow of the BESS should
be confined to the rated apparent power defined by the conversion
system and the used transformer. The BESS apparent power flow is
a non-linear function of the exchanged active and reactive power,
as mathematically expressed in (22).

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2 þ Q2

q
� S (22)

There are two problems with this constraint. The first is that one
variable is defined for each of the active and reactive powers while
the BESS uses two for each of them, i.e., charging and discharging.
Considering this fact that at any time period only one of the
charging and discharging powers have a value greater than zero,
net active power exchange can be defined as the summation of the
charging and discharging powers. This situation is a direct result of
equation (15). This is also the case for the reactive power consid-
ering (18). By substituting this terms in (22), the flow limit can be
expressed as (23).

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
PBCs;k þ PBDs;k

�2 þ �QBCs;k þ QBDs;k
�2r

� SBrateds

c s2US ; k2UK ; y2UY

(23)

The second problem is with the non-linearity. This is addressed
here by approximating second order terms with piecewise linear
terms. As declare in (24) and (25) second order functions of the
active and reactive powers are replaced with corresponding new
linear functions. By substituting new linear functions in the (23),
one can calculate (26) and the root square can be easily removed as
in (27) considering that BESS rated apparent power is a constant
value.
stituting parts.



Fig. 3. Single line diagram of the IEEE 33-bus distribution test system.
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�
PBCs;k þ PBDs;k

�2 ¼ PBsqrs;k s2US ; k2UK ; y2UY (24)

�
QBCs;k þ QBDs;k

�2 ¼ QBsqrs;k s2US ; k2UK ; y2UY (25)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PBsqrs;k þ QBsqrs;k

q
� SBrateds c s2US ; k2UK ; y2UY (26)

PBsqrs;k þQBsqrs;k �
�
SBrateds

�2
c s2US ; k2UK ; y2UY (27)

Only remained task is defining linearized term for the square of
the active and reactive powers. These are implemented in (28) and
(29) by using piecewise linearization (Explained in Appendix) for
active and reactive powers in turn. By substituting (28) and (29) in
(27) the final linear constraint for the apparent power flow of the
BESS can be expressed as (30) instead original non-linear one in
(22).

PBsqrs;k ¼
X
y

"
ð2yþ 1Þ

�
 
SBrateds

Y

!
DPBESs;y;k

#
c s2US ; k2UK ; y2UY (28)

QBsqrs;k ¼
X
q

"
ð2yþ 1Þ

 
SBrateds

Y

!
DQBES

s;y;k

#
c s2US ; k2UK

(29)

X
y

"
ð2yþ 1Þ

 
SBrateds

Y

!�
DPBESs;y;k þ DQBES

s;y;k

�

�
#
�
�
SBrateds

�2
c s2US ; k2UK ; y2UY (30)

At last, some supporting equations are needed to define limit
and slope of each piece line of the linearized equivalent which are
defined in (31) to (34) and (35) to (38) for active and reactive power,
respectively.X
y
DPBESs;y;k ¼ PBCs;k þ PBDs;k c s2US ; k2UK ; y2UY (31)

0�DPBESs;y;k �
SBrateds

Y
c s2US ; k2UK ; y2UY (32)

DPBESs;y;k �
SBrateds

Y
DPIs;y�1;k c s2US ; k2UK ; y2UY

(33)

SBrateds
Y

DPIs;Y ;k �DPBESs;y;k c s2US ; k2UK ; y2UY (34)

X
y
DQBES

s;y;k¼QBCs;k þ QBDs;k c s2US ; k2UK ; y2UY (35)

0�DQBES
s;y;k �

SBrateds
Y

c c s2US ; k2UK ; y2UY (36)
DQBES
s;y;k �

SBrateds
Y

DQIs;y�1;k c s2US ; k2UK ; y2UY

(37)

SBrateds
Y

DQIs;y;k �DQBES
s;y;k c s2US ; k2UK ; y2UY (38)
2.3. Power flow

For the power flow equations, a newly proposed and trusted
method is used. The details of the model can be found in Zhang
et al. (2013) and (Yuan et al., 2018) where its functionality is chal-
lenged in Yang et al. (2017). The active power flow considering
voltage magnitudes of the buses is defined in (39) where the
reactive power equivalent is presented in (40). The second term in
(39) and (40) stands for half of the line loss. The non-linearity of the
bus voltage angle in this terms can be easily removed by a method
similar to the BESS flow limit, namely piecewise linearization.

PFb;bb;k ¼GL
b;bb

�
Vsqr
b;k � Vsqr

bb;k

�
� BLb;bb

�
qbusb;k � qbusbb;k

�

þ GL
b;bb

0
B@
�
qbusb;k � qbusbb;k

�2
2

1
CA c b;bb2UB ; k2UK (39)

QFb;bb;k ¼ � BLb;bb
�
Vsqr
b;k � Vsqr

bb;k

�
� GL

b;bb

�
qbusb;k � qbusbb;k

�

� BLb;bb

0
B@
�
qbusb;k � qbusbb;k

�2
2

1
CA c b; bb2UB ; k2UK (40)
3. Case study

The model proposed in the previous section is implemented on
the IEEE 33-bus distribution test system. This test system is a hy-
pothetical medium voltage distribution network proposed by M. E.
Baran and F. F. Wu in 1989 (Baran and Wu, 1989). This system has
been recognized by the Institute of Electrical and Electronics En-
gineers (IEEE) as a benchmark for the electric power distribution
network studies. The system has constituted a basis for simulation
studies in distribution networks and is one the most popular test
systems in the field. Fig. 3 shows the single line diagram of the
system. It has one feeder with nominal voltage of 12.66 kV andwith



Table 2
Hourly load factors [%].

Hour 1 2 3 4 5 6
Factor 67 63 60 59 59 60
Hour 7 8 9 10 11 12
Factor 74 86 95 96 96 95
Hour 13 14 15 16 17 18
Factor 95 95 93 94 99 100
Hour 19 20 21 22 23 24
Factor 100 96 91 83 73 63
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four different laterals, 32 branches and a total peak load of 3715 kW
and 2300 kVAr. Line and bus load data are presented in Table 1. It
should be noted that bus 1 (substation) has no active and reactive
load.

As in the original network, the network is supplied only with the
up-stream substation. The only change is adding two identical
BESSs (denoted by BESS 1 and BESS 2) in buses 18 and 33 each with
500 kVA power rating and 1500 kWh energy capacity. Also, a daily
time horizon consists of 24 1-h time periods is considered. Hourly
bus active and reactive load factors are presented in Table 2 (Grigg
et al., 1999). For the sake of simplicity and without loss of gener-
ality, a step-wise power generation cost is considered wherein the
cost is increased constantly for each 500 kWh. The generation cost
factors are presented in Fig. 4 (Zhang et al., 2017). Voltage set point
of the substation is regulated in 1.02 per-unit to compensate
voltage drop in the feeders. Themodel is implemented in the GAMS
(Brook and KendrickAlexander, 1988) environment and is solved
using CPLEX (Cplex, 2007) solver.

In order to demonstrate applicability of the proposed method,
three different cases are simulated. In Case 1, a conventional dis-
tribution network without BESS is considered. In Case 2, the pro-
posed method is tested wherein the distribution network is
installed with the BESSs and reactive power contribution is
considered. Finally, Case 3 denotes a system with the BESSs but
without reactive contribution. Table 3 shows the simulation results
for the Case 1 and Case 2 in addition to the comparisons. The table
shows total indices including total daily operation, daily cost dif-
ference in terms of dollars and percent, voltage index value and
absolute and relatively difference. In addition, last rows represent
total daily active and reactive power losses and their differences for
the both cases.
Table 1
Line and load data of IEEE 33-bus distribution test system.

Line Location Line Parameter

Sending Bus Receiving Bus R (U)

1 2 0.0922
2 3 0.493
3 4 0.366
4 5 0.3811
5 6 0.819
6 7 0.1872
7 8 0.7114
8 9 1.03
9 10 1.044
10 11 0.1966
11 12 0.3744
12 13 1.468
13 14 0.5416
14 15 0.591
15 16 0.7463
16 17 1.289
17 18 0.732
2 19 0.164
19 20 1.5042
20 21 0.4095
21 22 0.7089
3 3 0.4512
23 24 0.898
24 25 0.896
6 26 0.203
26 27 0.2842
27 28 1.059
28 29 0.8042
29 30 0.5075
30 31 0.9744
31 32 0.3105
32 33 0.341
As it is demonstrated by the results, total daily operation cost is
reduced by 1190 dollars equal to 6.173 percent because of the
optimal BESS scheduling. This cost reduction is a direct result of
optimal load leveling by the BESSs. It should be noted that, load
leveling by the BESSs offers some other advantages besides cost
reduction including power loss reduction and voltage profile
improvement.

Total active and reactive power losses of the network with and
without BESS are presented in the table. These values are calculated
as the difference between injected power to and drawn power from
the feeder. The presented losses are summation over all time pe-
riods and show total daily energy loss in the network. As the results
show, total daily losses for both active and reactive powers are
decreased by approximately one fourth as a results of optimal BESS
scheduling. The Voltage Index (VI) is calculated by summing up all
of the bus voltage deviations from the unity and over all time pe-
riods, namely:

VI ¼
X
b;k

��1� Vb;k
�� (41)
s Bus Loads at Receiving Bus

X (U) P (kW) Q (kVAr)

0.047 100 60
0.2511 90 40
0.1864 120 80
0.1941 60 30
0.707 60 20
0.6188 200 100
0.2351 200 100
0.74 60 20
0.74 60 20
0.065 45 30
0.1238 60 35
1.155 60 35
0.7129 120 80
0.526 60 10
0.545 60 20
1.721 60 20
0.574 90 40
0.1565 90 40
1.3554 90 40
0.4784 90 40
0.9373 90 40
0.3083 90 50
0.7091 420 200
0.7011 420 200
0.1034 60 25
0.1447 60 25
0.9337 60 20
0.7006 120 70
0.2585 200 600
0.963 150 70
0.3619 210 100
0.5302 60 40



Fig. 4. Step-wise generation cost function (Zhang et al., 2017).

Table 3
Simulation results for Cases 1 and Case 2.

Total Operation Cost ($) Case 1 Case 2
20,474 19,284

Operation Cost Difference $ %
1,190 6.173

Voltage Index Value Case 1 Case 2
57.754 41.264

Voltage Index Difference VI %
16.49 28.55

Active Power
Losses (kWh)

Case 1 Case 2
7349.676 5495.948

Active Losses Difference kWh %
1853.728 25.22

Reactive Power Losses (kVArh) Case 1 Case 2
4834.904 3687.488

Reactive Losses Difference kVArh %
1147.416 23.73

Table 5
Simulation results for Case 2 and Case 3.

Total Operation Cost ($) Case 3 Case 2
20,025 19,284

Operation Cost Difference $ %
741 3.7

Voltage Index Value Case 3 Case 2
57.562 41.264

Voltage Index Difference VI %
16.298 28.31

Active Power
Losses (kWh)

Case 3 Case 2
7221.919 5495.948

Active Losses Difference kWh %
1725.971 23.90

Reactive Power Losses (KVArh) Case 3 Case 2
4758.541 3687.488

Reactive Losses Difference KVArh %
1071.053 22.50

4500 Without BESS
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This index is a measure of voltage profile flatness and is calcu-
lated to demonstrate effect of the BESS reactive contribution on the
network voltage profile. As indicated in the table, considering
reactive power contribution of the BESS in the network, improves
voltage of the buses significantly as the VI is decrease about one
third.

Table 4 presents the simulation results but ignoring BESS
Table 4
Simulation results for Case 1 and Case 3.

Total Operation Cost ($) Case 1 Case 3
20,474 20,025

Operation Cost Difference $ %
449.362 2.244

Voltage Index Value Case 1 Case 3
57.754 57.562

Voltage Index Difference VI %
0.192 0.33

Active Power
Losses (kWh)

Case 1 Case 3
7349.676 7221.919

Active Losses Difference kWh %
127.75 1.73

Reactive Power Losses (kVArh) Case 1 Case 3
4834.904 4758.541

Reactive Losses Difference KVArh %
76.36 1.57
reactive power contribution. The Case 1 and Case 3 are compared
based on the general simulation results. As the results show,
neglecting BESS reactive capability results to less benefits of the
BESS in terms of cost reduction, loss reduction, and voltage
improvement compared to the Case 2. The reason for these results
is that reactive power is flow only from the substation and causes
active and reactive power losses in the network. Also, bus voltages
are almost without change with respect to the case without BESS.

Table 5 contains simulation results for the Case 2 and Case 3 and
magnifies benefits of the proposed model. As it is indicated by the
results, taking BESS reactive contribution into account have a
positive impact on the various economic and technical factors. Most
important improvement is occurred in the total operation cost
which it is improved by 3.7 percent. Also, modeling BESS reactive
capability causes a 28.31 percent improvement in the voltage
profile leading to a flatter curve. The largest effect of the BESS
reactive power contribution is on the power losses. As the results
shows, by calling BESS reactive power, power flow in the network
will be decreased. Decreasing power flow will result to lessening
network active/reactive losses, in turn.

Fig. 5 illustrates hourly generated power in the network
including power to supply loads, network losses, and net exchange
of the BESS in the case with them. This power is the output power
of the up-stream substation supplying the network. As the figure
shows, in the case without the BESS there is a considerable varia-
tion from off-peak to peak hours resulting to power production
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Fig. 5. Total hourly generated active power (substation output) with and without BESS
1 and BESS 2.
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cost. In the second case, the curve is flattened by optimal charging
and discharging of the BESS. In fact, the valley is filled by the
charging power to shave the peak by discharging stored power.
Stored energy in the BESSs for each one and any hour in addition to
the active load profile is depicted in Fig. 6. The figure conveys two
deductions. The first is that the trend of accumulating energy in the
BESSs is quite in accordance with the load profile, i.e., using off-
peak hours to store energy as much as possible and deliver stored
energy in the peak periods. The second deduction is that both of the
BESSs respect their predefined energy capacity limit. Furthermore,
Table 6 represents hourly charging and discharging powers for both
BESSs in which absorb power at the time periods with low gener-
ation cost and inject it at the time periods with the time periods
with the high generation cost.

Total network active power losses for each time period is shown
Table 6
Hourly active load and charging and discharging power for BESS 1 and BESS 2.

Hour Active
Load

Active
Charging

Active
Discharging

BESS 1 BESS 2 BESS 1 BESS 2

1 2489 150 153 0 0
2 2340 211 230 0 0
3 2229 299 238 0 0
4 2191 256 292 0 0
5 2191 269 292 0 0
6 2229 261 282 0 0
7 2749 51 8 0 0
8 3194 0 0 0 0
9 3529 0 0 102 108
10 3566 0 0 112 114
11 3566 0 0 112 114
12 3529 0 0 102 112
13 3529 0 0 101 81
14 3529 0 0 102 112
15 3454 0 0 94 98
16 3492 0 0 101 111
17 3677 0 0 163 155
18 3715 0 0 169 155
19 3715 0 0 169 155
20 3566 0 0 112 114
21 3380 0 0 56 65
22 3083 0 0 0 0
23 2711 0 0 0 0
24 2340. 0 0 0 0

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
Hour

100

Fig. 7. Total hourly active power losses with and without BESS 1 and BESS 2.
in Fig. 7. As the figure demonstrates, using the BESS enhances losses
in the off-peak periods but with a lower ratio than the peak periods.
This results to 1853.728 kWh net reduction in the daily losses.
Regarding the power losses nature, this reduction is a result of
decreasing network reactive power flows besides load leveling.

Voltage magnitude of the network buses for the peak period
(hours 18 and 19) is presented in Fig. 8. The reason for demon-
strating voltages at this time period is that the highest voltage
drops occurs here. Therefore, the effect of the BESS to compensate
network voltages can be clarified easily. As in the figure, proper
modeling and scheduling of the BESS reactive power tend to flatten
the voltage profile. As it can be concluded from the results, the
network is face with voltage drop at almost all time periods instead
voltage increase and therefore it needs reactive power injection.
Based on this fact, the reactive power absorption (charging) of the
BESSs for all the time periods is zero while in the contrary they
inject reactive power at all of the time periods. The reason is to rise
voltage of the buses, dropped because of the long radial connecting
feeders.

Fig. 9 shows the generated reactive power by each of the BESSs
versus the reactive load of the buses. The reactive power supplied
by both of the BESSs is almost equal and propositional to the
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reactive power requirements of the network. Injecting reactive
power by the BESSs have caused compensation of the reactive
power demand and losses of the network which results to reduc-
tion of the reactive power output of the substation, in turn. This
reduction will release capacity of the substation and give chance to
contribute more in the active power requirements of the network
without expansion plans. It should be noted that, as the simulation
outputs proves, modeling and utilizing BESS reactive power in the
network results in diminishing reactive power flows. This matter
has a set of favorable consequences including:

� bus voltage improvement
� loss reduction
� more load leveling
� capacity release for both the substation and the feeders

4. Conclusions

In this paper a new model is proposed for BESS modeling and
optimal daily scheduling in electric power distribution networks.
Beside active power, reactive power contribution of the BESS is also
modeledbasedon the capability curve. Theproposedmodel benefits
from linear structure which guarantees convergence to the global
optimal and canbe easily solved byusing strong commercial solvers.
The model is implemented on a test case under various scenarios.
Although deploying the BESS in the network yields various benefit,
modeling and scheduling of the BESS reactive power offers extra
profits. Results of the simulations confirm that the proposed
modeling and scheduling of the BESS will enhance its benefits as
follow. The total dailyoperation cost is decreasedby3.7percentwith
respect to the case inwhich the BESS reactive power contribution in
not considered. In addition, voltage index of the buses is approxi-
mately improved by 30 percent which results to a flatter voltage
profile. Moreover, total daily active and reactive power losses of the
network demonstrate a 23.90 and 22.50 percent reduction, respec-
tively. It can be concluded that the obtained extra benefits owing to
considering the BESS reactive power can help to compensate high
investment costs of the storage devices.

Appendix. Piecewise Linearization

The non-linear square functions appeared in the generation
cost, BESS charging and discharging powers, and power flow
voltage angle and magnitude are linearized by using piece-wise
linearization technique. The method is described in the following.
Figure a1 demonstrates the general idea of the method. Indepen-
dent and dependent variables of the function are denoted by x and
f(x), respectively. As in the figure, a non-linear function similar to
f(x) can approximate by a set of linear functions. Each linear
function is a straight line with constant slope.

Xmin

f1(x) = s1 x1

x1

Xmax
X X X

f(x)

f (Xmin )

Fig. a1. Piecewise linear approximation of the quadratic function curve.

First step to linearize f(x) is defining number of the linearizing
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blocks or straight lines. Increasing the number of straight lines will
increase accuracy of the approximation in expense of run time.
Equation (a1) shows that if XMin and XMax denote minimum and
maximum bound of the x and R stands for desired number of
linearizing blocks, then d Xis width of each block. Length of each
line segment (Dxr) on the x axis is limited to the defined block
sized, as in equation (a2). Slope of each line segment, denoted by
D sr , can be easily calculated from (a3). for example, If the original
non-linear function is a square function then slope of each line
segment will be equal to (a.4). Then the original non-linear function
can be approximated by its initial value (denoted by f ðXminÞ) in
addition to the summation over all linear function, as (a1) dem-
onstrates. Each linear function is equal to the line segment slope
multiplied by the corresponding variable denoted by Dxr . The line
segments start from 1 and end with R. it should be noted that Dxr is
a positive variable and its summation over all segments will be
equal to the original value of the x, as (a5) and (a6) show.

d X ¼ XMax � XMin

R
(a1)

Dxr � d X ; r2UR (a2)

D sr ¼
f
�
xmax
r
�� f

�
xmin
r
�

d X
(a3)

D sr ¼ ð2r � 1Þd X (a4)

f ðxÞ¼ f
�
Xmin

�
þ
XR
r¼1

D sr D xr (a5)

Dxr �0 ; c r2UR (a6)

X
r
Dxr ¼ x (a7)

To ensure that line segments are filled up from the beginning, an
additional equation is required. This situation is established in (a8)
wherein Ir denotes a set of auxiliary binary variables. It should be
noted that, if original non-linear function placed in a minimizing
objective function, this equation is not required. Because, the
minimization procedure automatically selects line segments from
the beginning, for example generation cost function.

d X Ir �Dxr � d X Ir�1 ; r2UR (a8)

Equations (a1) to (a8) are valid for a situation inwhich variable x
takes only positive variables. Otherwise, some new equations are
needed as shown. In this regard, (a7) should be replaced with (a9)
and then (a7) to (a7) add to the problem. These new equations
ensure that negative values of the x will be treated as positive
values similar to the original non-linear function. In these equa-
tions, xþ and x - are auxiliary positive continuous variables and Bx
is an auxiliary binary variable.

X
r
Dxr ¼ xþ � x� (a9)

x¼ xþ � x� (a10)

xþ � B XMax (a11)
x� � ð1�BxÞ XMax (a12)

xþ � 0 (a13)

x� � 0 (a14)
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