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1. Introduction

C* is one of the parameters used for characterizing the creep crack growth and the stress field at the crack tip region.
Accurate estimation of C* plays an important role in the analysis of fracture mechanics and lifetime prediction for structures
at elevated temperatures. Many studies have been conducted to research estimation methods of C*. The General Electric/
Electric Power Research Institute (GE/EPRI) method is widely used to estimate C* for homogeneous materials [1,2]. The ref-
erence stress method is another widely used method for estimating C* [3,4]. Based on the reference stress method, Xuan [5]
proposed a method to estimate C* for mismatched weld creep cracks and Kim [6,7] proposed an enhanced reference stress
method to estimate C*. Other methods have also been proposed to estimate C* for mismatched weld creep cracks [8,9] in
addition to cracks in thin T-sections [10] and annular discs [11]. Further, the calculation equation of C* in the American
Society for Testing Materials (ASTM) E 1457 was modified for mismatched weld creep cracks by Xuan [12]. However, there
has been no research on the estimation of C* for materials with power-law creep constitutive equations that include a term
of threshold stress. Since threshold stress exists in some alloys due to the presence of second-phase or nanometer-sized par-
ticles, such as dispersion hardened alloys [13-16] and nanocomposites [17,18], it is necessary to establish estimation meth-
ods of C* with the effect of threshold stress included.
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Nomenclature

A power-law creep coefficient

a crack length

B specimen thickness

Cc a path-independent C-integral defined under the extensive steady state creep stage
Cepri C* estimated by the GE/EPRI method

Crem C* calculated by finite element method

Crer C" estimated by reference stress method

Cye C* calculated by the equation in ASTM E 1457
E Young’s modulus

€EPRI eepr1 = 100% x (Cepri — Crem) /Crm

EREF erer = 100% x (Crgr — Crem) /Crem

Eve eve = 100% x (Cye — Crem) / Crm

& creep strain rate

Eref creep strain rate at r

hy(a/W,n) dimensionless function of a/W and n
hi(a/W,n, o) dimensionless function of a/W, n, and oo

n power-law creep exponent

1 a dimensionless function dependent on a and W

P applied load

Py plastic limit load

(Vc)ss load line deflection rate under the extensive steady state creep stage

w specimen width

v Poisson’s ratio

0,0,00 stress, stress rate, and threshold stress, respectively

002, Oref 0.2% proof stress or the stress at 0.2% inelastic strain, and reference stress, respectively

In this paper, the GE/EPRI method and the reference stress method were implemented first, then modified to estimate C*
for power-law creep materials with threshold stress. The finite element method was then used to verify and assess the accu-
racy of the modified methods. The accuracy of the calculation equation of C* in ASTM E 1457 was also investigated.

2. Estimation method of C*

When the primary creep and tertiary creep stages are ignored, the steady state creep stage with elastic properties is usu-
ally described by a constitutive equation of elastic plus power-law creep [9]:
. 0
&E=—+Ao0" 1
F+ (1)
where A and n are the creep coefficient and exponent, respectively; E is the elastic modulus; ¢ is the creep strain rate; o and ¢
are the stress and stress rate, respectively. Under the extensive steady state creep stage, C* for compact tension (CT) spec-
imens can be estimated using the GE/EPRI method (denoted as Cgpy):

n+1
Cipry = A(W — a)hy (a/W,n) <m> o

where W is the specimen width, B is the specimen thickness, a is the crack length, P is the applied load, #, is the dimension-
less function of a and W, and h; is the dimensionless function of a/W and n [19]. C* can also be estimated using the reference
stress method (denoted as Cgg) [20]:

K?\ Eéet
C* — — Te! 3
REF <E > Oref ( )
where K is the stress intensity factor, o, is the reference stress, & is the creep strain rate at Gy (&er = Ac™), E' = E for
plane stress, and E' = E/(1 — ¢?) for plane strain. In addition, based on the ASTM E 1457 standard [21], C* for CT specimens

can be calculated with the following equation using the load line displacement rate (denoted as Cy,):

. PV 2 n
Ce="gw" ( a—aw " 0.522> ) (4)

where (V.) is the load line deflection rate under the extensive steady state creep stage.
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Power-law creep materials with threshold stress are characterized by [15,22]:
&=A(0 - ay)" (5)

where g is the threshold stress, which decreases with increased temperature [15,23]. Note that the value of n in Eq. (1) can
be affected by the testing temperature, but the value in Eq. (5) is independent of the testing temperature. When o, is equal to
0, Eq. (5) becomes the power-law creep model for ¢ = Ac". The elastic-creep model for power-law creep materials with
threshold stress is hence assumed to be:

. G

b=g+A(@—00)" (6)
In order to estimate C* for the CT specimens of power-law creep materials with threshold stress, Egs. (2) and (3) are modified
in the following manner:

n+1
Cipry = AW — a)hy(a/W,n) <m - 00) (7)

. K*\  Eéws
Cref - (E/> Oref — 00 (8)

where & = A(Gref — 09)". When gy = 0 MPa, Eq. (7) becomes Eq. (2) and Eq. (8) becomes Eq. (3). Since C* is a positive value
and n is a positive real number, o, has to be smaller than P/[1.455%,B(W — a)] in Eq. (7) and & in Eq. (8). The accuracy of
Eqgs. (7) and (8) was validated using the finite element method and was discussed in the following sections. Eq. (4) was also
used to calculate C* for power-law creep materials with threshold stress, and its accuracy was analyzed as well.

3. Finite element analysis

The dimensions of a standard 0.5T-CT specimen were used to model the specimen in the general finite element software
Abaqus. This means that the W of the specimen was equal to 25.4 mm [24]. The crack ratio (a/W) was 0.5. Only half of the
specimen was modeled in two dimensions, with the crack plane used as a symmetry plane. The finite element model
employed is shown in Fig. 1. The crack-tip region had finer mesh than the other regions, as shown in Fig. 1(b). In the model,
4093 elements were used with 12,539 nodes. The symmetry boundary condition was applied to the uncracked ligament, as
shown in Fig. 1(a); the crack tip was initially sharp. A rigid pin (the green circle) was passed through to the pinhole of the
specimen, and load was directly applied to the loading point of the rigid pin, as shown in Fig. 1(a). Therefore, the load was
applied to the specimen by the rigid pin, as in actual tests. The applied loads of P for simulated cases 1-12 are shown in
Table 1. The surface friction coefficient between the rigid pin and the pinhole was fixed at 0.3 [25-27]. The element type

used was CPE8R, which is an eight node, plane strain, and reduced integration element. (V)¢ was obtained at the measure-
ment point for load line deflection, as shown in Fig. 1(a). C* was calculated on the third contour surrounding the crack tip and
denoted as Cgy,. In this paper, Cy, was considered the exact C*. C* obtained from other methods was compared with Cy, to
judge their accuracy.

The material constitutive equation is shown in Eq. (6). The power-law creep behavior with threshold stress, as shown in
Eq. (5), was achieved through the use of the CREEP subroutine. Simulated cases 1-12 had the same elastic properties with
E =175 GPa and v = 0.3, as well as the same A and n [15], but had different g and P, as shown in Table 1. Therefore, cases
1-12 had the same materials properties with the exception of different values for ¢, and P.

4. Accuracy of the modified methods and discussion

The estimated and simulated C* values are shown in Table 1 for cases 1-12, where egpri, €rer, and ey. are the errors
between Cpgy, and Cipg;, Crg @nd Cyep, and Cgy and Gy, respectively, defined as follows:

Crony — Cr
eEpRI = w x 100% 9)
FEM
€REF = CREF:J x 100% (-10)
Crem
eye = Sve —Crem 100y (11)
Crem

The accuracy of the modified GE/EPRI method in Eq. (7) is shown in Fig. 2, where h; in Eq. (7) was equal to 0.919 for cases
1-12 with a/W=0.5 and n=5 [19]. Cases 1-6 had the same P, but ¢, increased by 30 MPa in each case from 0 MPa to 150
MPa, respectively. As demonstrated by the stars in Fig. 2, the error increased with increasing g for cases 1-6. Especially, the
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Measurement point for load-line deflection

(a) Mesh of half of CT specimen

Crack tip

(b) Mesh around the crack tip

Fig. 1. Finite element model of the 0.5 T-CT specimen (a/W = 0.5).

error increased rapidly from 206% to 560% when ¢ increased from 120 MPa to 150 MPa. Half of P/[1.455%,B(W — a)] in Eq.
(7) with P=9000N was 117.44 MPa. Thus, the error would increase rapidly when oy was larger than half of
P/[1.455n,B(W — a)]. The error decreased with increased P as demonstrated by the sold circles in Fig. 2 for cases 4, 10,
11, and 12. These cases had the same material properties with 6o = 90 MPa, but P increased from 9000 N to 12,000 N, respec-
tively. It should be noted that the accuracy of the GE/EPRI method or Eq. (2) was almost unaffected by P. This was because the
error barely changed under different P values for cases 1, 7, 8, and 9, which had ¢ = 0 MPa and P values that increased from
9000 N to 12,000 N, respectively.

The above analysis indicated that the accuracy of Eq. (7) was affected by o4 and P, but the effect of P was much smaller
than that of ¢. The slight effect of P and the large effect of o on the accuracy of Eq. (7) was induced by the parameter h;. This
was because the value of h; was obtained from previous finite element analyses without ¢ or with 6o =0 MPa [19]. When
0o =0 MPa, Eq. (7) became Eq. (2). Consequently, the accuracy of the GE/EPRI method or Eq. (2) could not be affected by
creep and geometry parameters and was nearly unaffected by P, though it was affected by h;. Therefore, the effect of P
on the accuracy of Eq. (7) was possibly induced by ¢ and this effect could be estimated by modifying the value of h;. How-
ever, the effect of P on the accuracy of Eq. (7) or h; was much smaller than that of ¢q. This effect could therefore be ignored.
This meant that h; was affected by a/W, n, and gy, and the creep and geometry parameters of A, n, a, W, and #; could not
affect the accuracy of Eq. (7). In order to verify that the creep and geometry parameters could not affect the accuracy of
Eq. (7), another 6 cases (A1-A6) were simulated as shown in Table 2. Cases A1-A6 had the same elastic properties and geom-
etry parameters as cases 1-6. Comparison of Table 1 with Table 2 showed that cases 1 and A1, cases 2 and A2, cases 3 and A3,
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Table 1

Threshold stress, applied load, and C for cases 1-12.
Case A (MPa"/h) n o (MPa) P (KN) Crem Cepri Crer Cye egpri (%) erer (%) eye (%)

(MPa-m/h) (MPa-m/h) (MPa-m/h) (MPa-m/h)

1 1.26 x 10717 5 0 9 1.70E-5 2.57E-5 1.70E-5 1.80E-5 51 0 6
2 1.26 x 10717 5 30 9 6.96E—-6 1.14E-5 8.00E-6 7.16E-6 64 15 3
3 1.26 x 10717 5 60 9 2.45E-6 4.45E-6 3.16E-6 2.40E-6 81 29 -2
4 1.26 x 10717 5 90 9 6.66E—7 1.45E-6 9.39E-7 6.27E-7 118 41 -6
5 1.26 x 10717 5 120 9 1.20E-7 3.68E-7 1.63E-7 1.10E-7 206 36 -8
6 1.26 x 10717 5 150 9 9.33E-9 6.16E-8 6.79E-9 8.80E-9 560 -27 -6
7 1.26 x 107" 5 0 10 3.20E-5 4.84E-5 3.20E-5 3.05E-5 51 0 -5
8 1.26 x 10717 5 0 11 5.69E-5 8.58E-5 5.69E-5 6.03E-5 51 0 6
9 1.26 x 10717 5 0 12 9.61E-5 1.45E-4 9.61E-5 1.02E-4 50 0 6
10 1.26 x 107" 5 90 10 1.92E-6 3.91E-6 2.65E-6 1.83E-6 104 38 -5
11 1.26 x 10717 5 90 11 4.73E-6 9.15E-6 6.39E-6 4.54E-6 93 35 -4
12 1.26 x 10717 5 90 12 1.03E-05 1.93E-05 1.37E-5 1.00E-5 87 33 -3

" Note: Case has no threshold stress when ¢ = 0 MPa.
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Fig. 2. Error of the modified GE/EPRI method for cases 1-12.

Table 2
Threshold stress, applied load, and C" for cases A1-A6.
Case A (MPa"/h) n ao (MPa) P (KN) Crgm (MPa-m/h) Cipri (MPa-m/h) egpri (%)
Al 1.26 x 10714 5 0 9 1.70E-2 2.57E-2 51
A2 1.26 x 10714 5 30 9 6.96E-3 1.14E-2 64
A3 1.26 x 10714 5 60 9 2.45E-3 445E-3 81
A4 126 x 10714 5 90 9 6.66E—4 1.45E-3 118
A5 1.26 x 10714 5 120 9 1.20E-4 3.68E-4 206
A6 1.26 x 10714 5 150 9 9.33E-6 6.16E-5 560

cases 4 and A4, cases 5 and A5, and cases 6 and A6 had identical n, 6o, and P, but different A values. A was 1.26 x 10717 for
cases 1-6 and 1.26 x 10~ for cases A1-A6. The h; value of 0.919 was also used to calculate Cjpy, for cases A1-A6, because
cases A1-A6 had the same value of a/W and n as cases 1-6. As shown in Fig. 3, cases 1 and A1, cases 2 and A2, cases 3 and A3,
cases 4 and A4, cases 5 and A5, and cases 6 and A6 had the same error values. Therefore, the accuracy of Eq. (7) was not
affected by the creep or geometry parameters but affected by h; and Eq. (7) was modified as follows:

P

n+1
Ceprs = AW — a)hi (a/W,n, UO)(m— 0'0> (12)
where hy(a/W,n,00) was a dimensionless function of a/W, n, and oo and could be calculated as follows:

P n+1
h1(a/W, n, 60) = C;EM/ A(W—a) <m_ 60) (13)
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Fig. 3. Error of the modified GE/EPRI method for cases 1-6 and cases A1-A6.

Table 3

hy(a/W,n, ay) for cases 1-12 with a/W=0.5 and n=>5.
Case 1 2 3 4 5 6 7 8 9 10 11 12
hqi(a/W,n,ag) 0919 0.849 0.767 0.636 0.454 0.211 0919 0.923 0.925 0.683 0.719 0.744

Since h;(a/W,n) was obtained from previous finite element analyses without ¢, [19] and Eq. (13) indicated that the value of
hi(a/W,n,0,) was equal to hi(a/W,n) when g, =0MPa, h;(a/W,n) was considered h;(a/W,n,co) with oo =0 MPa.
Therefore, h;(a/W,n, o) was equal to 0.919 for case 1 with a/W=0.5, n=5, and o = 0 MPa. The error was 51% for case
1 and this error of 51% was used to calculate h;(a/W, n, 0,) for cases 2-12 to obtain a conservative value as shown in Table 3,
because h;(a/W,n, ao) was slightly affected by P. As shown in Table 3, h;(a/W,n) or hy(a/W,n,0,) with 6o = 0 MPa was
slightly affected by P, because cases 1, 7, 8, and 9 had no ¢ and their creep constitutive became the power-law creep model
(¢ = Ac™). P effects on h;(a/W,n, 6,) became slightly larger when oo equaled 90 MPa for cases 4, 10, 11, and 12 and large
hi(a/W,n, a,) values were obtained under large P values (case 12), as shown in Table 3. Hence, h;(a/W,n, o) should be
obtained from a case with large P to ensure a larger or conservative estimated C*. Consequently, using the modified GE/EPRI
method to predict the life of components would lead to a shorter life and safer results. In other words, the modified GE/EPRI
method of Eq. (12) is sufficiently exact and conservative as an engineering method when the value of h;(a/W,n,ay) is
known.

o must be known when the reference stress method is used to estimate C*. g, can be calculated using the plastic limit
load, P, and the 0.2% proof stress or the stress at 0.2% inelastic strain, oy>, as follows [20]:

P
Oref = P_L 092 (14)
The expression of P, is shown in the literature for different geometries [19,20]. Since 7o, was not listed in the reference from
which the material properties in this paper were obtained [15], g, could not be calculated with Eq. (14). However, if C* is
already known, o can be calculated with Eq. (3). Therefore, o,f was calculated with:

K?\ Eé.
o 15
ref (E’ ) Crer (15)

In this paper, o, was calculated with Eq. (15) under different P values for cases with gy = 0, and the modified reference
stress method of Eq. (8) was used to estimate C* for other cases with gy # 0.

In order to calculate o precisely, K and C* were first calculated using the finite element method for cases 1, 7, 8, and 9
and then o was calculated with Eq. (15). The calculated K and C* are shown in Table 1 and Table 4 for cases 1, 7, 8, and 9,
respectively. The calculated o values are shown in Table 4. As shown in Table 4, o increased with increased P. Since o
was equal to zero in cases 1, 7, 8, and 9, the variation of ¢ was caused by P. It has been demonstrated that g is affected by
geometry [20]. Therefore, it can be concluded that o, is not only dependent on geometry, but also dependent on P.

Cases 2-5 had the same P and material properties, with the exception of ¢,. As demonstrated by the stars in Fig. 4 for
cases 2-5, the error of the modified reference stress method first increased with increased ¢ and reached a maximum pos-
itive value of 41% for case 4 with o, = 90 MPa. Afterward, the error decreased with increased oy and reached a value of -27%
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Table 4
Calculated K and g, used finite element method.
Case 1 7 8 9
K (MPay/m) 39.9 44.34 48.78 53.22
Orer (MPa) 174.69 194.10 213.70 233.23
60
&
o
= .\ °
= / * *
*Qﬁt 30 A P
iy /
o /
X
X 0 o o o o
=
S

Case

Fig. 4. Error of the modified reference stress method.
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Fig. 5. Error of the calculation equation of C in ASTM E 1457.

for case 6 with gy = 150 MPa. Cases 4, 10, 11, and 12 had the same material properties with different P, which increased by
1000 N in each case from 9000 N to 12,000 N, respectively. The error decreased with increased P as indicated by the solid
circles in Fig. 4 for cases 4, 10, 11, and 12. Since 0, = 174.69 MPa and o, = 150 MPa for case 6, and gy had to be smaller
than o, in Eq. (8), it could be deduced that the maximum error was possibly a little larger than -27% when ¢4 approached
the value of 174.69 MPa for o . Therefore, the accuracy of the modified reference stress method was within +40% in this
paper and increased with increased P. The estimated value was slightly larger than the exact value when gy was relatively
small. Otherwise, it was smaller than the exact value. However, it should be noted that the accuracy of the modified refer-
ence stress method was also dependent on the accuracy of the calculated Ges.

The accuracy of Eq. (4) is shown in Fig. 5. Cases 1-6 had the same P value and material properties though they had dif-
ferent values for ¢, which increased from 0 MPa to 150 MPa, respectively. As demonstrated by the stars in Fig. 5 for cases 1-6,
the error decreased initially with increased ¢ and reached a minimum value of -8% before increasing to -6%. The error was
within +10% for cases 1-6. Cases 4, 10, 11, and 12 had the same material properties with ¢, = 90 MPa and P values ranging
from 9000 N to 12,000 N, as shown by the solid circles in Fig. 5. Their errors increased from —6% to —3% with increased P.
Therefore, the accuracy of Eq. (4) was possibly affected by g and P. Cases 1, 7, 8, and 9 had the same material properties
with o = 0 MPa and P ranging from 9000 N to 12,000 N. Their errors changed from 6% to -5% and then to 6%, as indicated
by the open circles in Fig. 5. The error was randomly distributed within £10% for cases 1, 7, 8, and 9. The error was thus due
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to the computational error produced by the Abaqus software for cases 1, 7, 8, and 9. Since the error range for cases 1, 7, 8, and
9 was similar to those for cases 2-6 and cases 10-12, the errors for cases 2-6 and cases 10-12 may also have been due to
computational errors in the Abaqus software. Therefore, it was difficult to establish whether the accuracy of Eq. (4) was
affected by P and . Since the error was within +10% and was possibly due to computational errors in the Abaqus software
for cases 1-12, it could be concluded that the accuracy of Eq. (4) was sufficient, that the results were unaffected by g, and
that the equation could be directly used to calculate C* for power-law creep materials with threshold stress. The accuracy of

Eq. (4) did not appear to be affected by o because the effect of oy was calculated using the load line deflection rate, (V).

Further research is necessary to obtain h; under various n, oo, a/W, geometrical shapes, and loading conditions (plane
strain and plane stress). The calculation equation of C* in ASTM E 1457 can be directly used in lab conditions for power-
law creep materials with threshold stress. The modified GE/EPRI method and the reference stress method can both be used
to estimate C*. The modified GE/EPRI method can be considered a conservative method, while the modified reference stress
method can be considered an overestimated method with very large values of o, when used to estimate the creep crack
growth or predict the lifetime of high temperature components.

5. Conclusions

The GE/EPRI method and reference stress method were modified to estimate C* for power-law creep material properties
with threshold stress. Finite element analyses were performed to verify the accuracy of the modified methods. The accuracy
of the calculation equation of C* in ASTM E 1457 when used in power-law creep materials with threshold stress was inves-
tigated and the following conclusions were obtained:

(1) The modified GE/EPRI method was sufficiently exact as an engineering method. h; was slightly affected by the applied
load and significantly affected by the threshold stress. Additional studies are required to obtain h; under various
threshold stress conditions for different creep exponents and geometrical shapes.

(2) The accuracy of the modified reference stress method was within +40% in this paper and increased slightly with an
increase in the applied load.

(3) The accuracy of the calculation equation of C*in ASTM E 1457 was not affected by the threshold stress. Therefore, the
equation could be directly used to calculate C* for power-law creep materials with threshold stress.
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