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This paper proposed an analytical method to study the mechanical behaviours of the existing tunnel due to new
tunnelling below. The coefficient of subgrade reaction of the existing tunnel can be considered as a variation
instead of a constant. The resultant deflections of the existing tunnel can be calculated by a superimposed
method. The proposed method is verified by the finite element method. The influences of the input parameters
on the deflection of the existing tunnel are studied. Based on a below-crossing project in Beijing, the results

obtained by our method match well with the monitoring data.

1. Introduction

With the increase of subways constructed in densely built-urban
areas, the cases of a new tunnel excavated below the existing tunnel are
commonly encountered. The key issues of such adjacent tunnelling
project are to guarantee the safety and serviceability of the existing
tunnel during new tunnel construction. Due to the inherent complex-
ities of the soil-tunnel interactions, it is a great challenge to study the
mechanical behaviours of the existing tunnel. The additional move-
ments of existing tunnel induced by adjacent tunnelling have been re-
ported by some researchers using the field measurements [1-7]. The
numerical analyses [8-12] and physical model tests [13-16] are also
used as powerful tools to gain insights into the mechanical responses of
the existing tunnel.

The analytical method, using the theory of beam on elastic foun-
dation, provides a simple and efficient way to study the interactions
between the new and existing tunnels. Some studies [17-20] have been
performed to investigate the responses of above-crossing tunnelling on
the existing tunnel. It is noted these methods are unavailable for the
cases of tunnelling below the existing tunnel. The coefficient of sub-
grade reaction at and adjacent to the intersection of the existing and
new tunnels decrease due to excavation. For a specific case of tunnel-
ling below the existing tunnel without clearance, Liu et al. [21] pro-
posed a superposition method to analyse the mechanical behaviours of
the existing tunnel.

To address the general issue of new tunnelling below existing tunnel
with clearance, a superposition method based on the theory of beam on
elastic foundation are adopted to study the mechanical responses of the
existing tunnel. The major contribution of this research is that the
coefficient of subgrade reaction along the existing tunnel can be
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considered as a function instead of a constant. The results obtained by
our method are in agreement with those by numerical simulation.
Parametric analyses are also performed to study the soil-tunnel inter-
actions on the mechanical behaviours of the existing tunnel. Moreover,
the mechanical responses of the existing twin tunnels due to new twin
tunnels excavation in Beijing are investigated. The results of the de-
flections of existing twin tunnels obtained by the proposed method are
in accordance with the on-site monitoring data.

2. Analytical solution
2.1. Soil-tunnel interaction model

We aim to study the mechanical responses of the existing tunnel due
to new tunnelling below. The calculation model is shown in Fig. 1. The
interaction between soil and existing tunnel is modelled by means of a
series of closely spaced independent linear springs. The excavation of
the new tunnel results in a variation of the stiffness of the springs along
the new tunnel. A continuous Euler-Bernoulli beam is used to model the
existing tunnel. The unloading pressure g(x) acting on the existing
tunnel due to new tunnel construction can be obtained by the unloading
load p associated with the new tunnel construction.

2.2. Solution of Winkler foundation model

The governing equation for an infinitely Euler-Bernoulli beam on
Winkler foundation is given by:

(4w &)

Ep ot + KBW (x) = q(x)B
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Fig. 1. Model sketch (a) cross section view of new tunnel and (b) plan view.

where Epl is the equivalent bending stiffness of the beam; W(x) is the
deflection of the beam; K is the coefficient of subgrade reaction; B is the
cross-sectional width of the beam; and q(x) is the unloading pressure
acting on the beam induced by new tunnel construction.
The solution of Eq. (1) can be written as:
W) = Wo(x) + v(x) (2)
where Wy(x) is the general solution of Eq. (1), and v(x) is the particular
solution related to the unloading pressure q(x).
The general solution can be written as:

Wy (x) = ef*(Cicospx + Cysinpx) + e (Cscospx + Cysin fx) 3)

72

where the characteristic of the system § = 4/KB/4E,I. The parameters
Cy, Cy, C3, and C4 are four integration constants. The constants can be
determined by boundary conditions.
Since e#* — oo, e ¥ — 0 when x — e and W(x) = 0 at x — o, Eq.
(3) can be simplified as:
Wy (x) = e #*(Cscosfx + C4sin fx) (&)
If a concentrated load P is applied at the origin, the rotation angle
6(x) is zero and the shear force Q(x) is —P/2 at the origin:
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Fig. 2. Winkler foundation model induced by external load q(§)d3.
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Fig. 3. Superposition method for existing tunnel due to new tunnelling below with clearance.

0(x) =9, =0

d3
Q) = —Ep I 52y = —2

2 %)

Substituting Eq. (4) into Eq. (5), the constants C3 and C4 can be
obtained:

(6)

Consequently, the vertical deflection of the infinite beam induced
by a concentrated load P can be expressed as:

P _ .

KB’ B (cospx + sin x) )
When q(6) is applied on an infinitesimal element length d§ at an

arbitrary position § of the infinite beam (Fig. 2), the origin of the in-

finite beam can be assumed to shift from O to O; The resultant de-

flection dW(x) can be calculated by Eq. (7), in which P is substituted by

q(8)Bdé and x is substituted by Ix — §l, respectively. That is:

Wp(x) =

dw (x) = %e‘ﬁ'x‘a‘ (cosB Ix — & + sinf Ix — 8l)

®
The general deflection W(x) of the infinite beam caused by
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Fig. 4. Unloading pressure caused by unloading load due to excavation.

unloading distributed pressure can be obtained through integrating Eq.
(8):

W(x) = ‘/::o q(;%e‘ﬁ‘x“” (cosf Ix — &l + sinf Ix — 81)ds ©

2.3. Calculation process

To consider the variable coefficients of subgrade reaction along the
beam of the foundation model, we propose a superposition method to
calculate the deflection of the beam. We use the Bisection method to
solve the mathematical problem by a series of iterations. The calcula-
tion process is shown in Fig. 3.

The sum of the virtue reaction forces (KW (X)eis)) + KWz (X)xeisi)
of each superimposed step subtracting the virtue external load
(Fi(X)xelsn) will balance the actual reaction force
(K [W1 () xetsty + Wa(X)xeisn]) of the beam. The virtue reaction forces
are calculated using the classical foundation model considering the
coefficient of subgrade reaction along the beam is K. And the actual
reaction forces are obtained considering the coefficient of subgrade
reaction is K from —S to S and the coefficient of subgrade reaction is K
at the other sections of the beam. The equilibrium equation can be
given by:

KW (X)eisiy + KWa(X)eisiy — Fi (Xelsi)
= K [Wi(¥)eis)) + Wa(X)@eisn] (10)

where Wi(x) is the deflection of the existing tunnel calculated by the
unloading pressure q(x); W,(x) is the deflection of the existing tunnel
calculated by the virtual external load F; (x)e|s)).

The final deflection of the beam from —S to S can be obtained by:

1)

In the first step, an initial value of W (x)xeis)y can be obtained by

W (X)etsy) = Wi(X)weis)) + Wa(X)eisn

Computers and Geotechnics 110 (2019) 71-81

Table 1
Input parameters of model.
Parameter Unit Value
20 m 12.0
H m 23.6
D m 6.2
L, m 100.0
L, m 100.0
Se m? 30.2
S m? 6.3
Ys kN/m? 16.9
i kN/m? 22.5
u - 0.3
Epl GPam* 3.8
K MPa/m 33.4
Ky MPa/m 23.4 (23.4, 16.7)
K, MPa/m 26.7 (26.7, 23.4)
S; m 2.0 (3.0, 3.0)
Sz m 2.0 (3.0, 3.0)

substituting F, (X)xeisiy = KWj (x)xeisy into Eq. (10). Wzl(x)(xe‘s‘) can be
expressed by:

KW (X)eisny

W; ()geeisy = K
— Rs

12)
where the superscript of W5(x)xeis)y is the order of the iteration in the
superimposed process.

Second, F; (X)«els)) is applied equally and oppositely as the external
load to the beam of the classical elastic foundation model to calculate a
new deflection W} (X)xeisn- W3 (X)xeisiy can be updated by calculating
the mean of the Wj (X)esi) and wf (X)xes)y- That is:

1
W3 ()els)) = E[Wzl ®)etsn + Wy () elsn) 13)

Third, if the difference between Wj(x)ueisy and Wi (X)xeisy is
smaller than a prescribed constant (close to zero), the deflection of the
proposed problem W(x) can be obtained by Eq. (11). Or else, W, (x)xeisi)
in Eq. (10) can be replaced by sz(x)(xgs‘). A new external force
F,(x)xeis)y can be recalculated by substituting sz(x)(xem) into Eq. (10):

E()ueisy = K — KW Xueisy + Wi () eisn]

F,(x)eisy is again applied equally and oppositely as the external
load to the beam of the classical elastic foundation model to calculate
the deflection Wy (x)elsi)-

The process is continued until the interval between W5 (x)e sy and
WY (X)xeis)) is sufficiently small.

Based on the abovementioned calculation process, the coefficient of
subgrade reaction can be considered as a function to describe the soil-
existing tunnel behaviours due to new tunnel construction below.

For the case of tunnelling below the existing tunnel without clear-
ance, the coefficient of subgrade reaction is zero at and adjacent to the
intersection of new and existing tunnels. In such cases, the coefficient of
subgrade reaction K from -S to S is zero. Substituting K; = 0 into Egs.
(12) and (14), the W (x)xeis) and F,(X)xeisiy can be expressed as:

W3 () xeisny = 0

14)

(15)
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Fig. 5. Numerical model of finite element method.
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Fig. 7. Comparison of deflections of existing tunnel due to tunnelling below without clearance by different methods.

E®)xeisy = KW ) eisy + Wi(X)reisn)

According to Eq. (11), the deflection of the existing tunnel due to
tunnelling below without clearance can be obtained by:

(16)

W (0)k,=0 = Wi(x) + W3 (X)k,=0 a7

2.4. Determination of input parameters

Five input parameters are required to calculate the deflection of the
existing tunnel, including the equivalent bending stiffness of the ex-
isting tunnel Epl, the coefficient of subgrade reaction of the undisturbed
soil K, the coefficient of subgrade reaction of the disturbed soil Kj, the
length of disturbed soil below the existing tunnel 2S, and the unloading
pressure q(x).

2.4.1. Equivalent bending stiffness of existing tunnel
The parameter El is related to the lining type of the existing tunnel.

75

The equivalent bending stiffness of a composite lining can be calculated
by the elastic modulus of the lining and the cross-section geometry of
the tunnel. The equivalent bending stiffness of a segmental lining is
related to the properties of the segments, joints, and bolts. Some the-
oretical methods have been proposed to study the equivalent bending
stiffness of segmental lining tunnel [23-25]. The longitudinal con-
tinuous model proposed by Shiba et al. [23] is widely used to calculate
the equivalent bending stiffness of the shield tunnel. That is:

kbo = EboAbo/lbo (18)
@, + coty, = n(O.S + M)
E.Ac (19)
cos* ¢,
£%1'= N E}L
cos@, + (@, + m/2)sing (20)

where ky, is the elastic stiffness of the longitudinal joint; Ey, is the elastic
modulus of bolt; Ay, is the area of bolt Ap, = 7rbe2; o is the radius of
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Fig. 8. Deflections of existing tunnel considering different coefficients of sub-
grade reaction (a) deflections along existing tunnel and (b) maximum negative
deflection.

bolt; I, is the length of bolt; ¢, is the angle of neutral axis; n is the
number of longitudinal bolts; I is the width of a tunnel segment; E, is the
elastic modulus of segment; A. is the sectional area of segments; [. is the
longitudinal inertia moment of the section of a segment.

2.4.2. Coefficient of subgrade reaction

The coefficient of subgrade reaction K, describing the soil-structure
interaction, is related to the existing tunnel and the soil underlying and
surrounding the existing tunnel. Some empirical and analytical
methods have been proposed to estimate the value of K [26-29]. In this
research, we use the method proposed by Yu et al. [30] to calculate the
coefficient of subgrade reaction, of which the overburden depth of the
concerned structure can be considered.

K=kB=3% 5 EgB*
n 1-w2\ EI

2.18 when® < 0.5

B

7}:

1 20
1+m whenB > 0.5

2D

where E; is the elastic modulus of the soil.
In the cases of tunnelling below the existing tunnel, the coefficient
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of subgrade reaction of the existing tunnel is not a constant due to the
disturbance of the new tunnel excavation. To appropriately consider the
mechanical behaviours of the springs at and adjacent to the intersection
of the new and existing tunnels, we can use some functions to describe

the variation of the coefficient of subgrade reaction along the existing
tunnel.

2.4.3. Length of disturbed soil below existing tunnel

The length of disturbed soil below the existing tunnel (2S) can be
calculated using the Rankine’s earth pressure theory by assuming the
angle between the sliding surface and the horizontal plane is 45° + ¢/2.
The disturbed length of a circular tunnel can be calculated using Eq.
(22).

2S = 2H, — B + D/sin(45 — ¢/2) (22)

where H; is the distance from the axis of the new tunnel to the axis of
the existing tunnel; ¢ is the friction angle of the subsoil of the existing
tunnel; D is the diameter of the new tunnel.

2.4.4. Unloading pressure along existing tunnel

The unloading load p (Fig. 1(a)) due to new tunnel excavation can
be obtained by the difference between the weight of the excavated soil
and the weight of tunnel linings per unit length. That is:

Se—7S . .
% for lined section

b= %% for unlined section

D (23)
where v, and vy are the unit weights of the soil and the linings per unit
length, respectively; and S, and S; are the cross-sectional areas of the
excavation and the lining, respectively.

Due to the unloading load, the unloading pressure g(x) acting on the
existing tunnel can be obtained by the Mindlin’s solution [22] shown in
Fig. 4. zo and H are the distances from the ground surface to the axis of
the existing tunnel and to the axis of the new tunnel, respectively; R; is
the distance from an arbitrary point (x, y, o) of the existing tunnel to a
point (A, , H) of the unloading load p; and R, is the distance from the
same point (x, ¥, 2o) to the point (A, n, —H). If there is a skew angle a
between the new and the existing tunnels, the coordinate of the arbi-
trary point (x, y, o) can be expressed as (xcosa, xsina, 2o) in the A — 5
coordinate system. The parameters R; and R, can be determined by:

R = \/(xcosrx — )% + (xsina — n)? + (zo — H)? 24

Ry = \J(xcosa — 2)? + (xsina — n)* + (zo + H)? (25)

Consequently, the unloading pressure along the longitudinal direc-
tion of the existing tunnel can be given by:

_ DI2 ply _pdidy [ (1-2w)@o—H) , (1-2u)o—H)
10 = Loply wa-wl R} 3
_ 3@o—H)® _ 3G3-4wz0@o+H)*—3H@o+H)(S20—H) _ 30Hzo(zo+H)3]
R B B (26)

where L; and L, are the distance from the intersection point O (shown
in Fig. 1(b)) to the start of new tunnel and to the face of new tunnel,
respectively; u is the Poisson’s ratio of soil.

3. Verification

To verify the proposed model, the analytical results are compared
with those obtained from numerical computations. The MATLAB soft-
ware is used to carry out the computations for the analytical model. The
numerical computations are performed by ABAQUS. As shown in Fig. 5,
we use 2D beam elements (the beam element length is 1 m) to model
the existing tunnel and a series of spring elements to model the elastic
foundation. To verify the proposed method, we can change the spring
stiffness to simulate various coefficients of subgrade reaction. The
length of the numerical beam model is 100 m and the two ends of the
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Fig. 9. Deflections of existing tunnel considering different lengths of disturbed soil (a) deflections along existing tunnel and (b) maximum negative deflection.

model are free. The unloading pressure was calculated by MATLAB and
was subsequently applied on the ABAQUS model to solve the problem.
The new tunnel is assumed to be excavated perpendicularly below the
existing tunnel. The parameters of the three cases used in the ver-
ification are shown in Table 1. The resultant deflections of the existing
tunnels of the three cases calculated by the proposed method and the
finite element method are shown in Fig. 6.

We can see the analytical results agree well with the numerical
results. The difference between the analytical result and the numerical
result at each point is less than 10%.

For a specific case of new tunnelling below existing tunnel without
clearance, the deflections calculated by the proposed method are
compared with the deflections obtained by our previous research
(Fig. 7) with the same input parameters. The length of disturbed soil 25
is 10 m where the spring elements are deleted (the coefficient of sub-
grade reaction K is zero). The results obtained by different methods are
in a good agreement.

4. Parametric analysis

In this section, the main factors influencing the deflection of the
existing tunnel, such as the variation coefficient of subgrade reaction,

77

the length of disturbed soil, the horizontal distance between existing
and new tunnels, and the vertical clearance between existing and new
tunnels, are investigated. The input parameters used in the subsequent
analyses are based on the parameters of Case 1 in Section 3.

4.1. Coefficient of subgrade reaction

The deflections of the existing tunnel with different coefficients of
subgrade reaction are shown in Fig. 8(a). The coefficient of subgrade
reaction K; decreases from 0.7 K to 0.1 K and the coefficient of sub-
grade reaction K, decreases from 0.9K to 0.3 K. With the decrease of
the coefficient of subgrade reaction, both the maximum positive de-
flection and the maximum negative deflection of the existing tunnel
increase. (Fig. 8(b)).

4.2. Length of disturbed soil

The deflections of the existing tunnel with different lengths of dis-
turbed soil are shown in Fig. 9(a). The curve width increases with the
increase of the length of disturbed soil. Meanwhile, the positive de-
flection of the existing tunnel increases. The maximum negative de-
flection with different length of disturbed soil is shown in Fig. 9(b). The
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Fig. 10. Unloading pressure and deflections considering different horizontal distances (a) Unloading pressure, (b) Deflections of existing tunnel and (c) Maximum
negative deflection of existing tunnel during new tunnel excavation.
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magnitude of the maximum negative deflection increases with the in-
crease of the length of disturbed soil.

4.3. Horizontal distance between existing and new tunnels

The horizontal distance of the new tunnel face to the axis of the
existing tunnel L, ranges from —18m to +18 m. The minus sign of L,
denotes the excavation face is behind the existing tunnel and the plus
sign means the excavation face is beyond the existing tunnel.

The unloading pressures during new tunnel excavation with dif-
ferent horizontal distances between the new and existing tunnels are
shown in Fig. 10(a). The unloading pressure at the origin is positive and
increases slightly from Ly = —3D to L, = —2D. Then, the unloading
pressure at the origin turns to negative and the magnitude of the
maximum negative pressure increases rapidly from L, = —2D to
Ly = +2D. When L, is from +2D to + 3D, the magnitude of negative
unloading pressure decreases.

The deflections of the existing tunnel during the new tunnel ex-
cavation are shown in Fig. 10(b). The characteristics of the deflection
curves are similar to those of the unloading pressure curves. The
maximum negative deflection of the existing tunnel with different
horizontal distances between the new and existing tunnels is shown in
Fig. 10(c). The maximum negative deflection of the existing tunnel
from L, = —2D to L, = + 2D is considerably sensitive to the horizontal
distance between the new and existing tunnel. The deflection of existing
tunnel changes slightly when the new excavation face is 2D behind or
beyond the centreline of the existing tunnel. The curve levels off when
the distance L, is more than a certain value.

4.4. Vertical clearance between new and existing tunnels

The deflections of the existing tunnel with different vertical clear-
ances are shown in Fig. 11(a). The magnitudes of both the negative
deflection and the positive deflection increase with the decrease of the
vertical clearance. The maximum negative deflection with different
vertical clearances is shown in Fig. 11(b). The magnitude of the max-
imum negative deflection decreases with the increase of the vertical
clearance.

5. Case study

The proposed method can analyse not only the cases of one tunnel
crossing below the other, but also the cases of multiple tunnels crossing
below multiple tunnels. In this section, the proposed method is used to
calculate the mechanical responses of the existing twin tunnels due to
new twin tunnels construction in Beijing. The calculation results are
compared with the field monitoring data.

5.1. Project overview and calculation parameters

Fang et al. [6] presented a case of closely spaced twin tunnels ex-
cavated below the other closely spaced existing twin tunnels of Beijing
subway. The plan view of the project and the cross-sectional view of the
new twin tunnels are shown in Figs. 12 and 13, respectively. The ex-
isting circular shaped twin tunnels are parts of the Beijing subway Line
4. They were excavated by the earth pressure balance shield and they
are horizontally parallel. The parameters of the segmental lining are
shown in Table 2. The new horseshoe shaped twin tunnels are parts of
the Beijing subway Line 6. They were excavated by the shallow tun-
nelling method. The layout of the monitoring points along the existing
twin tunnels is shown in Fig. 13. A hydrostatic level system was
adopted to monitor the settlements of the monitoring points set up
along the invert of each tunnel. A Hydrostatic level cell was installed at
each monitoring point. We used the central monitoring system to record
the signals at 30-min intervals. Details can be found in our previous
research [6].
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Fig. 13. Cross-section view of new twin tunnels and layout of monitoring points.
Table 2 the existing twin tunnels and the analytical results obtained by our
Tunnel structure parameters. method are shown in Fig. 14. Three different combinations of the
Parameter Unit Value c'oefﬁc1ent of subgrade reaction along the existing tunnel are con-
sidered.
External diameter B m 6.0 The settlement profiles of the existing twin tunnels, calculated by
:‘fg"'fe“t V‘(’i‘ith L ] ‘ ﬁp éis 10° our method considering the variation of the coefficient of subgrade
Njigeingf Eollltss‘; segment Ec - a 1'7 x reaction (K»(x) and K3(x)), display a double-trough “W” shape, which
Bolt diameter ry, mm 30 matches well with the field monitoring results. It is noted that in the
Bolt Length Iy, mm 400 analytical study, the new twin tunnels are excavated simultaneously.
Elastic modulus of bolt Ep, MPa 2.06 x 10° Therefore, the settlement profile obtained by the analytical study is
symmetrical with respect to the centreline of the twin tunnels. But in
the real project, due to the complicated interactions of the new twin
Table 3 . tunnelling, a larger settlement was reported above the north tunnel,
Calculation parameters. . )
which was first excavated.
Parameter Unit Value To appropriately investigate the mechanical behaviours of the ex-
154 isting tunnel due to new tunnel construction, further studies should be
Z’ 2 26 carried out to determine the magnitude and distribution of the coeffi-
1 - . . , .
s m 3.0 cient of subgrade reaction, especially the effects of excavation process
S, m 10.0 on the coefficient of subgrade reaction.
K MPa/m 33.4
Ky MPa/m 40.1
Kz MPa/m 13.4 6. Conclusions
Iy m 9.0 (24.0)
Ly m 21.0 (6.0)

The new and existing twin tunnels are mainly located in gravel. The
soils between the new and existing tunnels are silty clay, silt, and fine
sand. The soils surrounding and inside the top headings of the new twin
tunnels are reinforced before the new tunnel excavation, which in turn
increase the coefficient of subgrade reaction of the pillar between the
twin tunnels. Due to new tunnel excavation, the soils above the ex-
cavation are disturbed. The coefficient of subgrade reaction of the soil
above the new tunnel decreases. Our paper aims to predict the de-
formation of existing tunnel at stable stage neglecting the influence of
excavation process. In the application, we assume the new twin tunnels
are excavated simultaneously to simplify the problem without con-
sidering the influences on parameters’ identification of each other due
to construction. The calculation parameters are shown in Table 3.

5.2. Comparison between monitoring data and analytical results

We use the data of the finial stage (stable stage) to validate our
proposed method. The field monitoring data of the final settlement of
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This paper presents an analytical method to evaluate the mechanical
behaviours of the existing tunnel due to new tunnelling below. The
existing tunnel is considered as a continuous Euler-Bernoulli beam
resting on the Winkler foundation model. The unloading pressure
acting on the existing tunnel is calculated by the Mindlin’s solution. The
coefficient of subgrade reaction of the existing tunnel can be considered
as a function instead of a constant. A superimposed method is proposed
to calculate the mechanical behaviours of the existing tunnel due to
new tunnelling below. The proposed method is successfully verified by
numerical analysis.

Parameter analyses using the proposed method are carried out to
study the mechanical behaviours of the existing tunnel due to new
tunnelling below. With the decrease of the coefficient of subgrade re-
action and the vertical clearance between new and existing tunnels, and
with the increase of the length of disturbed soil, the magnitude of
maximum negative deflection of the existing tunnel increases. The
maximum deflection of the existing tunnel is sensitive to the horizontal
distance between new and existing tunnel when the new tunnel face is
adjacent to the intersection of new and existing tunnels.

Compared with the results calculated by the classical method, the
deflections of the existing tunnel calculated by the proposed method
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Fig. 14. Measured and calculated settlements with different combinations of
coefficients of subgrade reaction (a) west tunnel and (b) east tunnel.

considering the variation of the coefficients of subgrade reaction are in
accordance with the monitoring data at stable stage.
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