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h i g h l i g h t s

• An improved car-following model is proposed by considering the effect of Headway Variation Tendency (HVT).
• The linear stability condition and the modified KdV equation are derived.
• The numerical simulation is presented to verify the effect of the headway variation tendency on traffic flow.
• Both the analytical and simulation results show that HVT can attenuate disturbance and avoid serious traffic jam effectively.
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a b s t r a c t

Advanced communications technology enables us to obtain the Headway Variation
Tendency (HVT) of the next moment in a car following scenario. To maximize the
benefits of the new technology, we developed a new traffic flow model that takes into
consideration the effect of HVT. First, linear analysis method is used to derive the linear
stability condition, that determines whether the HVT can improve traffic system stability.
Then, using the reductive perturbation method, a modified KdV (mKdV) equation is
obtained and the kink–antikink solutions are derived. The phase diagram of driver
sensitivity against equilibrium headway is also plotted by using the neutral stability line,
derived from linear analysis and the coexisting line, derived from nonlinear analysis. This
diagram demonstrates that HVT does have the ability to improve the stability of traffic
stream. Finally, the effect of HVT is validated through numerical simulations, where it
is evident that the information of HVT can smooth the traffic stream and prevent the
formation of traffic congestion.

© 2019 Published by Elsevier B.V.

1. Introduction

The growing traffic jam causes excessive fuel consumption as well as emissions to the urban environment. Such adverse
impacts pose a severe threat to the traffic system performance. Various traffic flowmodels have been developed, to explore
the mechanism of traffic jam formation [1–40]. Generally, traffic flow models are divided into macroscopic models based
on fluid mechanics, mesoscopic models based on gas dynamics theory and microscopic models based on self-driven
particles. The macroscopic models include continuum [1–5] and lattice hydrodynamic models [6–13]. The mesoscopic
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models [14], as a bridge between microscopic and macroscopic models, can capture the probabilistic nature of interactions
between vehicles and describe the macroscopic characteristics of the traffic system. The microscopic models investigate
the movement of the individual vehicle, and mainly include cellular automata [15–19], car-following models [20–28] and
application of microscopic models in various scenarios [29–34].

With the advent of Connected Vehicle Technology (CVT), drivers can access accurate shared information about other
vehicles, such as vehicle position, velocity, space headway and even acceleration. By considering the effect of multiple
headway, Ge et al. [35] proposed a cooperative driving model, where the theoretical analysis and the numerical simulation
both demonstrate that, introducing more than one site ahead in vehicle motion, can improve the traffic system stability.
Jiang et al. found that the negative speed difference can also influence driving behavior in a general force model [36], so
they proposed a new traffic flow model [37] which is able to describe the effect of positive velocity difference. Considering
the effect of multi-vehicle speed differences, Wang et al. [38] constructed a cooperative traffic flow model to study
the impact of multiple velocity differences on traffic flow dynamics. Besides considering the influence of the position
and velocity on the traffic system, some researchers take the acceleration [39] and even the jerk (i.e., rate of change of
acceleration) [40] into account, in order to improve traffic system stability.

Recently, the research on the anticipation effect has attracted great attention since it is a universal psychological
phenomenon in drivers. Tang et al. [41,42] examined how the driver’s forecast effect (DFE) influences traffic system
stability. Based on the microscopic analysis, they further researched the macro influences of DFE on traffic system. The
anticipation effect on dynamics of traffic flow is also analyzed using the lattice hydrodynamic model [43]. By considering
the effect of anticipation on traffic flow, Zheng et al. [44] examined the anticipation effect within a microscopic traffic
model. As a key parameter of traffic flow stability, anticipation optimal velocity is introduced into both microscopic and
macroscopic models [45,46]. Although various values of the anticipation effect are introduced to the traffic flow model
stabilizing the traffic stream, the effect of the expect Headway Variation Tendency (HVT), i.e. the headway variation
resulting from the driver behavior of the direct leading vehicle, is not explored.

The information of HVT can lead drivers following the leading car smoothly under congestion situation. For example, if
a driver can prejudge his/her future headway variation tendency, according to the driving behavior of the leading vehicle,
he/she will accelerate (decelerate) in advance. Such operation can compensate the human driver’s delay which is one
main contribution to traffic jam. Therefore, the HVT can reduce the generation of small disturbances and thus prevent
the formation of traffic congestion. The contribution of this paper focuses on: (1) construction of a new traffic flow model
considering the impact of HVT; (2) implementation of analytical method to deduce the theoretical results describing the
impact of HVT on traffic stability; (3) analysis of different model parameters’ impact on traffic system, using numerical
method.

The structure of this paper is as follows: the improved model is introduced in Section 2. The linear stability condition
of the proposed model is described in Section 3. The mKdV equation is derived by a nonlinear method in Section 4. In
Section 5, the analytical results are tested in numerical simulations. Conclusions are described in Section 6.

2. The new model

Traffic flow models have been tested since 1950 [20]. Among them, the Newell model is widely applied for its
simplicity, intuitiveness and innovativeness [21]. The trajectory of nth car is described by a set of coupled differential
equations:

dxn(t + τ )
dt

= V (∆xn(t)) (1)

Where xn(t + τ ), is the position of vehicle n at time t + τ , ∆xn(t) = xn+1(t) − xn(t) is the headway, τ is the time space
where drivers adjust their speed. According to the Newell model, drivers adjust their speed in line with space headway
within adjusting time τ .

In a normal traffic system, every car is moving. The current car can run faster or slower to avoid accelerating or
decelerating frequently if we know the leading car’s movement behavior of next moment. This action will prevent the
small disturbance occurring and smooth traffic system, and therefore stabilize traffic flow. Based on the Newell approach,
we propose a new car-following model that additionally takes into account the impact of HVT, described mathematically
as follows:

dxn(t + τ )
dt

= V (∆xn(t) + λ (∆xn(t + τ1) − ∆xn(t))) (2)

Where, τ1 is anticipative time, λ is effect coefficient of HVT (0 ≤ λ < 1), λ (∆xn(t + τ1) − ∆xn(t)) is the impact of HVT. In
our proposed model, the speed of vehicles depends not only on the space headway ∆xn(t), but also on the HVT. Therefore,
the new model can be used to explore the impact of HVT on traffic flow dynamics.

For simplicity, using Taylor’s expansion, it can be said that:

V (∆xn(t) + λ (∆xn(t + τ1) − ∆xn(t)))
≈ V (∆xn(t)) + λ (∆xn(t + τ1) − ∆xn(t)) V ′ (∆xn(t)) .

(3)
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We rewrite the new model as:
dxn(t + τ )

dt
= V (∆xn(t)) + λ (∆xn(t + τ1) − ∆xn(t)) V ′ (∆xn(t)) (4)

By converting the time derivative to an asymmetric forward difference, Eq. (4) can be rewritten as a difference
equation:

xn(t + 2τ ) = xn(t + τ ) + τV (∆xn(t)) + λτ (∆xn(t + τ1) − ∆xn(t)) V ′(∆xn(t)) (5)

In this work, we adopt the widely accepted optimal velocity definition, as described by Bando et al. [22],

V (∆xn(t)) =
vmax

2
(tanh (∆xn(t) − hc) + tanh(hc)) (6)

Using asymmetric difference method to discretize the proposed model, the simplified version of Eq. (4) reads:

∆xn(t + 2τ ) = ∆xn(t + τ ) + τ (V (∆xn+1(t)) − V (∆xn(t)))
+ λτ [V ′ (∆xn+1(t)) (∆xn+1(t + τ1) − ∆xn+1(t))
− V ′ (∆xn(t)) (∆xn(t + τ1) − ∆xn(t))]

(7)

3. Linear stability analysis

In view of the stability of uniformly steady-state flow, the extended model in Eq. (4) is processed using the linear
stability method. It is obvious that the steady state can be defined by assuming the vehicles running at the same optimal
speed V (h) and maintaining a uniform headway space h. Therefore, the uniform steady-state solution of Eq. (4) can be
described by

xn,0(t) = hn + V (h)t, h = L/N (8)

Where N denotes the total number of cars, L is the road length.
Assuming yn(t) is a slight deviation from the steady-state solution:

xn(t) = xn,0(t) + yn(t) (9)

Using V ′(∆xn) = V ′(h + ∆yn) ≈ V ′(h) + V ′′(h)∆yn, and substituting Eq. (9) into Eq. (7), we get

∆yn(t + 2τ )
= ∆yn(t + τ ) + τV ′(h) (∆yn+1(t) − ∆yn(t))
+ λτV ′(h) (∆yn+1(t + τ1) − ∆yn(t + τ1) − ∆yn+1(t) + ∆yn(t))

(10)

Where V ′(h) =
dV (∆xn)
d∆xn

⏐⏐⏐
∆x=h

and ∆yn(t) = yn+1(t) − yn(t).

Through expanding ∆yn(t) = Aeink+zt , one obtains:

e2zτ − ezτ − τV ′(h)(eik − 1) − λτV ′(h)(eik+zτ1 − ezτ1 − eik + 1) = 0 (11)

Letting z = z1ik + z2(ik)2 + · · · · and substituting the expansions of z into Eq. (11), ignoring the terms of order greater
than two, lead to the following two roots of z:

z1 = V ′(h)

z2 =
1
2
V ′(h) −

3
2
V ′2(h)τ + λτ1V ′2(h) (12)

When z2 < 0, for slight perturbation with long wavelengths, the flow will tend to be unstable. When z2 > 0, the
uniformly steady-state flow is stable. Thus, the neutral stability condition can be as follows:

τ =
1 + 2λτ1V ′(h)

3V ′(h)
(13)

If the following condition is met, the unstable traffic flow will be generated due to the slight disturbances in the
uniform flow.

τ >
1 + 2λτ1V ′(h)

3V ′(h)
(14)

Eq. (13) shows that the neutral curve is moving lower as the impact intensity of HVT increases, so by considering the
impact of HVT the traffic flow can be stabilized.
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4. Nonlinear stability analysis

In order to investigate the impact of HVT on traffic stream stability, we adopt the method of nonlinear analysis on
Eq. (7) and on the slowly varying behavior around critical points. Here, 0 < ε ≪ 1. So, the slow variables X and T are
defined as:

X = ε(n + bt), T = ε3t (15)

Where, b is a constant. Let

∆xn(t) = hc + εR(X, T ) (16)

We first substitute Eqs. (15) and (16) into Eq. (7), then consider the Taylor expansions to the 5th order of ε, thereby
getting the following equation:

ε2(b − V ′)∂XR + ε3(
3
2
b2τ −

1
2
V ′

− V ′λτ1b)∂2
XR

+ ε4(
7
6
b3τ 2∂3

XR −
1
6
V ′′′∂XR3

−
1
6
V ′∂3

XR − λV ′
b2τ 2

1 + bτ1
2

∂3
XR + ∂TR)

+ ε5(
5
8
b4τ 3∂4

XR + 3bτ∂T∂XR −
1
12

V ′′′∂2
XR

3
−

1
24

V ′∂4
XR

− λV ′
2b3τ 3

1 + 3b2τ 2
1 + 2bτ1

12
∂4
XR − λτ1V ′∂T∂XR) = 0

(17)

Where

V ′(hc) =
dV (∆xn)
d∆xn

⏐⏐⏐⏐∆xn = hc andV ′′′(hc) =
d3V (∆xn)
d∆x3n

⏐⏐⏐⏐∆xn = hc

Let b = V ′ and around the critical point τc , we have
τ

τc
= 1 + ε2 (18)

To simplify Eq. (17), we omit the 2nd and 3rd order terms of ε, so Eq. (17) can be rewritten as:

ε4(∂TR − g1∂3
XR + g2∂XR3) + ε5(g3∂2

XR + g4∂4
XR + g5∂2

XR
3) = 0 (19)

where

g1 = −
V ′

6
[
7
9
(1 + 2τ1λV ′)2 − 1 − 3τ1λV ′(V ′τ1 + 1)]

g2 = −
V ′′′

6

g3 =
V ′

+ 2τ1λV ′2

2

g4 =
5(1 + 2λτ1V ′)

216
−

V ′

24
− λV ′

2(τ1V ′)3 + 3(τ1V ′)2 + 2V ′τ1

12
− (1 + λτ1V ′)[ V

′

6 ( 79 (1 + 2λτ1V ′)2 − 1 − 3λτ1V ′(V ′τ1 + 1))]
(20)

g5 =
2(1 + λτ1V ′)V ′′′

− V ′′′

12
To obtain the regularized equation, the conversion can be performed on the Eq. (19) as follows:

T ′
= −

V ′

6

[
7
9
(1 + 2τ1λV ′)2 − 1 − 3τ1λV ′(τ1V ′

+ 1)
]
T

R =

√
V ′
[ 7
9 (1 + 2λτ1V ′)2 − 1 − 3λτ1V ′(τ1V ′ + 1)

]
V ′′′

R′ (21)

The standard mKdV equation with a O(ε) correction term is as follows:

∂T ′R′
− ∂3

XR
′
+ ∂XR′3

+ ε

√
1
g1

(g3∂2
XR

′
+

g1g5
g2

∂2
XR

′3
+ g4∂4

XR
′) = 0 (22)
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Fig. 1. Phase diagram in headway-sensitivity space (∆x, α).

Fig. 2. The relation diagram between the sensitivity αc and the effect coefficient of HVT λ and the relation diagram between the sensitivity αc and
the anticipation time τ1 .

If the perturbed term O(ε) is omitted, the mKdV equation with the kink–antikink soliton solution is:

R′

0(X, T ′) =
√
c tanh

(√
c
2
(X − cT ′)

)
(23)

where c is the propagation velocity of the density wave. The selected value of velocity can be obtained if Eq. (24) is
satisfied,

(R′

0,M[R′

0]) ≡

∫
+∞

−∞

dXR′

0(X, T ′)M[R′

0(X, T ′)] = 0 (24)

where

M[R′
] =

√
1
g1

(g3∂2
XR

′
+

g1g5
g2

∂2
XR

′3
+ g4∂4

XR
′) (25)

The selected speed c can be obtained by performing integration

c =
5g2g3

2g2g4 − 3g1g5
(26)

Then, the solution of kink–antikink soliton can be derived as

(V ′
= Vmax/2 = 1, V ′′′

= −Vmax = −2),
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Fig. 3. The velocity evolution after t = 10 000 s under the different parameters λ: (a) λ = 0, τ1 = 0.5, (b) λ = 0.2, τ1 = 0.5, (c) λ = 0.4, τ1 = 0.5,
(d) λ = 0.6, τ1 = 0.5.

R(X, T ) =

√
g1
g2

tanh

√
c
2
(X − g1cT ) (27)

The amplitude A of the solution is

A =

√
g1c
g2

(αc

α
− 1

)
with αc =

1
τc

=
3V ′

1 + 2λτ1V ′
(28)

The kink–antikink wave solution represents a coexistence phase including low-density free-flow phase and high-
density jammed phase. The relating space headways are presented by ∆x = hc + A and ∆x = hc − A,
respectively.

We plotted the coexisting and the neutral stability curves in Fig. 1, where the coexisting curve is indicated by solid
line and the neutral curve is indicated by dotted line. Fig. 1(a) shows phase diagram of the space headway-sensitivity
under different values of λ and τ1 = 0.5, and Fig. 1(b) shows phase diagram of the space headway-sensitivity under
different values of τ1 and λ = 0.3. Fig. 1 demonstrates how each couple of parameters (λ, τ1) have two curves, that
divide the traffic system into three regions: the unstable region, the stable region and the meta-stable region. In the
unstable region, disturbance of any size will be amplified and finally evolve into a congestion state. In the stable region,
slight disturbance in the traffic system will not lead to traffic congestions, while in the metastable region, the pattern of
traffic is determined by the size of perturbation. Fig. 1, shows that the unstable range decreases when λ or τ1 increase,
indicating that λ and τ1 can strengthen the traffic stability.

To better understand the effects of λ and τ1 on the traffic stability, we plotted the influence of parameters λ and τ1 on
critical sensitivity αc (see Fig. 2). We can see that critical αc is falling over λ or τ1, which is consistent with Eqs. (14) and
(28). The longer the anticipation time τ1 or higher the effect coefficient λ is, the lower the critical sensitivity is, which
indicates that the effect coefficient and the anticipation time can both stabilize traffic flow.
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Fig. 4. Space–time evolution of velocity after t = 10 000 s under the different parameters τ1: (a) λ = 0.3, τ1 = 0, (b) λ = 0.3, τ1 = 0.3, (c)
λ = 0.3, τ1 = 0.6, (d) λ = 0.3, τ1 = 0.9.

Fig. 5. Space–time evolution of velocity after t = 10 000 s under the different parameters λ, τ1: (a) λ = 0.4, τ1 = 0.6, (b) λ = 0.5, τ1 = 0.7.

5. Simulations

In order to study how traffic stability is affected by anticipation time and the effect coefficient of HVT, we carry
out numerical simulations under a periodic boundary condition. In this paper, Eq. (7) is used to study the spatial-time
evolution of the velocity with a small perturbation. Assuming N = 100 cars are running on a circuit road with L = 400
m. Let the initial conditions be as: ∆xn(0) = 4.0, ∆xn(1) = 4.0 for n ̸= 50, 51, ∆xn(0) = 4.0 − 0.1, ∆xn(1) = 4.0 − 0.1
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Fig. 6. Phase diagram in the space (λ, τ1).

for n = 50, and ∆xn(0) = 4.0 + 0.1, ∆xn(1) = 4.0 + 0.1 for n = 51, and the other parameters are specified as: hc = 4.0,
vmax = 2.0, τ = 0.5.

First, we test the impact of effect coefficient λ of HVT on stability of traffic system while τ1 is fixed. Fig. 3 displays the
patterns of traffic after t = 104s. Fig. 3(a)–(d) show space–time evolution of velocity in the cases of λ = 0, 0.2, 0.4, 0.6
and τ1 = 0.5 respectively. In Fig. 3(a) and (b), when perturbation is added to the traffic system, the stop-and-go traffic
wave occurs as time progresses. It is obvious that the width of the stop-and-go wave in Fig. 3(a) is wider than the one
in Fig. 3(b), and the amplitude variation trend of density wave is the same as the width. This is so, because the effect of
HVT is not considered in Fig. 3(a). In Fig. 3(b) the HVT is introduced, leading to the width of the stop-and-go wave to get
smaller, but the fluctuation range remain large. This is due to the effect of HVT not being fully considered. As the effect
coefficient λ continues to increase, the amplitude of density wave is greatly weakened. In Fig. 3(d), the phenomenon of
stop-and-go traffic disappears completely, and the unstable flow returns to a steady state. Based on the above analysis,
we can conclude that traffic stability can increase by taking the effect coefficient of HVT into account.

Following, we study the impact of anticipative time τ1 on the traffic flow while λ remains unchanged. Fig. 4 shows
the velocity evolution after t = 104 s under different parameters τ1. Fig. 4(a)–(d) show space–time evolution of velocity
corresponding to cases of τ1 = 0, 0.3, 0.6, 0.9 and λ = 0.3, respectively. In Fig. 4(a) and (b), we can see that a small
perturbation will gradually escalade over time and the uniformly steady-state flow will eventually evolve into stop-and-
go waves. The most serious traffic jam occurs in Fig. 4(a). With the help of the forecasting ability, traffic congestion is
gradually dissipating (see Fig. 4(b)–(d)), which indicates that the anticipative time plays a positive role in stabilizing the
traffic system. In Fig. 4(d), the disturbance disappears eventually, further demonstrating that the anticipative time can
enhance traffic stability. These conclusions are all in accordance with the results of the theoretical analysis.

Figs. 3(a) and 4(a) as λ = 0, τ1 = 0, show the case without the impact of HVT, that is the new model reduced to
Newell’s model. In Figs. 3(b)–(d) and 4(b)–(d), we can see that the intensity of density waves weakens as the parameters
λ and τ1 increase, by considering impact of HVT.

To further study the stabilization impact of the anticipative time and the effect coefficient of HVT on traffic flow, we
test the effect of the combination of τ1 and λ on the traffic system. Setting the values of τ1 and λ as (0.6, 0.4), (0.5,0.7),
the corresponding velocity evolution plot is displayed in Fig. 5. Comparing Figs. 5(a) to 3(b) and 4(b), traffic congestion
is found to be relieved significantly in Fig. 5(a). Comparing Figs. 5(b) to 3(c) and 4(c), the traffic congestion disappears
completely in Fig. 5(b), indicating that the stabilization of traffic flow can be higher by increasing the anticipative time and
the effect coefficient of HVT. This further confirms the positive impact of HVT on stability of traffic flow. These simulation
results are also consistent with the theoretical analysis.

Figs. 3 and 4 show that the increase in value of the parameters τ1, λ can enhance the traffic stability, however, when λ
or τ1 are very low (Figs. 3(b), 4(b)), traffic jam caused by even a slight perturbation still cannot be completely eliminated.
This happens because, while λ and τ1 are low, the regulation of traffic flow is slightly influenced by them, so they cannot
convert unstable traffic to uniform traffic. Fig. 6 well demonstrated the abovementioned phenomena. There, it can also be
seen that there is a critical curve plotted according to Eq. (14). Once (λ, τ1) become higher than this critical value, traffic
system enters a stable state irrelevant to the size of the added disturbances, while when the values of (λ, τ1) are lower
than the critical value, any size of added disturbances develops into a congestion traffic state.

6. Conclusions

Advanced Connected Vehicle Technology offers new opportunity to improve traffic flow performance. Using the options
of the new technology, drivers can get more traffic information from other vehicles than before. Although the anticipate
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effect has been researched by scholars, the direct space headway in the future is not considered. By introducing the
effect of HVT, this paper proposes a new car-following model to test the impact of HVT on vehicular stream dynamics.
The proposed model can predict the driving behavior of the directly leading vehicle, and initiate possible operations in
advance. Specifically, the linear stability conditions of the proposed model are obtained, indicating that traffic stability is
related to the HVT. Besides the linear analysis, the coexisting critical line is derived by a nonlinear analysis. The results
of the analytical method demonstrate that the anticipate interval and the effect coefficient of HVT can both smooth the
disturbed traffic system. According to the numerical simulations, we can conclude that, with the help of the HVT effect,
the new model can predict the downstream traffic condition so that a driver could avoid an unsuitable reaction to the
motion of the leading vehicle. The numerical tests also demonstrate that the extent of traffic congestion is closely related
to the power of HVT, which is also well described in the theoretical analysis result.

Before the fully advent of Connected Vehicle Technology, the mixed traffic stream of regular and connected vehicles
will coexist for a long time. Therefore, the penetration rate of connected vehicle should be investigated to explore the
influence of connected vehicles on mixed traffic stream. Also, the proposed model is not calibrated by field data for these
data are difficult to obtain. In the next work, we will try to address this by simulation methods.
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