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A Generalized Count Model on Customers’ Purchasaa 020 Market

ABSTRACT

In the Online-to-Offline (020) ecommerce model, ocieallenge facing the online
business is to predict customers’ future purch&®&ards each product or subcategory of
products, and consequently, coordinate the largeuatnof offline businesses involved.
The main obstacle in doing that originates from highly diversified services and thus
the customer base which offline businesses bringrie heterogeneity of customers,
geographic or demographic, needs to be accuratetyuated for. However, although the
previous transactions for each customer are wellinh@nted, his/her demographic data is
difficult or costly to acquire. Traditional wisdomelies on fitting customers into some
specific statistical distribution to arrive at disfactory stochastic model, which may be
accurate, to some extent, at a higher level. Thighe case for the classic Beta-
Binomial/Negative Binomial Distribution (BB/NBD) na@l on customers’ repeat
purchasing in offline contextNevertheless, to deal with the complex level ineuwers’
heterogeneity at an O20 business, using specsitillition is inadequate, let alone the

mathematical challenges.

We propose a new model to deal with the diversitgustomers. Using BB/NBD as a
starting point, we relax the Beta assumption in thedel to include a generalized
distribution. The generalization is made possihl®ugh using the Gaussian quadrature.
The results retain the elegance of stochastic matide at the same time it captures
customers’ heterogeneity at a better, granular.|é¥e use a dataset from Ctrip.com, a
leading O20 provider in China, to show that theppsed method outperforms the
BB/NBD model in both in-sample and out-of-sampleedictive performance. Our
approach provides a practical solution for O20 ftianers to forecast their future

demands.

Keywords: Business Analytics, Online-to-Offline, Rpeat Purchase, BB/NBD, Count
Model



1. Introduction

In a typical Online-to-Offline (O20) business, arsers purchase some service online
(e.g., order a meal, book a hotel room or a tripugh APPs using their cell phones), and
consume the service offline through a third pa@¢20 has several differences with the
traditional Business-to-Customer (B2C) model. t&irs O20 model, the online business
coordinates with the third party to provide servafline. A B2C business, however,
provides products to its customers directly. Ondtieer hand, an O20 business is more
than an agent or match maker. The online businasshee offline service providers take
separate roles in the value chain, with online ess providing website store front,
advertising, order processing and customer supfldee hosting online reviews,
resolving customers’ issues etc.). The service igepvfocuses on its core business. In
this way, 020 model lowers the bar for offline mesises to enter the online market.
Second, the scope of products provided in O20 masldifferent or wider than the B2C.
A B2C business usually deals with physical produlttsO20 model, however, offline
providers could sell not only products but alsartlervices (e.g., a meal in a restaurant
or a stay at a hotel). After smartphones penetrdtedvorld, service products are now

“‘just one touch away”, which leads to the tremersdgrowth of 020 market.

Challenges are accompanied by benefits. An O20@nerbusiness needs to
coordinate tens of thousands offline businesseseéids to effectively monitor these
providers, allocate the capacity accordingly antivee the desired customer service.
Among them, capacity allocation/planning is prolyathle most important/challenging
task for the online business. Take Ctrip.com (ohthe leading O20 websites in China)
as an example. If Ctrip can predict the futureltptarchases on a specific hotel (e.g.,
Sheraton) for the next several months, or more rgélgecustomers’ future purchases on
a specific sub-type of service (e.g., customer®ngng on meals), it will greatly
facilitate the communication with the providers (ihis case, Sheraton hotel) or
promotion strategies (meal products vs. hotel petgju In this paper, we aim to provide

a practical solution ortdow to predict customers’ future purchases in ttf#0narket?

One advantage of the O20 market is that onlinenesses have documented all

the transactions of customers. Since many prodgetistées purchases tend to be
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repetitive (e.g., haircut, meal, etc.) in 020, gsinstorical data to predict future actions

is a quintessential business analytics (BA) problem

Online businesses usually do not know customernsiadgaphic information (or it
is very difficult/costly to acquire), except custers’ purchase history. Regression based
methods thus will be difficult to implement withoat further understanding of each
customer. For O20 market, customers are highlgrde, because 020 involves a large
scope of offline businesses, providing a largeetgrof services (such as hotel, retreat,
restaurant). A typical online business (ctrip.comejtuan.com) can organize thousands of
offline businesses in hundreds of categories. Thestnesses may be geographically
located in different places. The diversity of tleevice and the location leads naturally to
the diversity of customers (e.g., the same hotalircin different cities). Meanwhile,
many 020 customers purchase the service in grdegs, a family/group of friends buy
a trip, movie tickets. At Ctrip.com, the averagenter of travelers for each tour order is
2.72). To make the situation worse, even for theesazustomer account, the travel
partners may be different for each trip. These derifies (diversity and grouping) of

customers’ base need to be effectively addresspretiict customers’ future purchases.

In the literature, predicting customers’ future ghase in 020 market can be
viewed as a special case of the customer repeahgsing problem, where customers
repeatedly shop in a category (e.g., purchasingofmh paste). A stochastic model --the
Beta-Binomial/Negative Binomial Distribution (BB/NB model is probably the most
well-known framework used in this situation (Jedaet al. 1980, Morrison and
Schmittlein 1988, Winkelmann 2008). BB/NBD models@®es that a customer’s
categorical spending follows a Negative Binomiastbution (NBD), while purchases
of a focal brand are Binomially distributed. To tap customers’ heterogeneity across
population, the selection rate of the focal brarideach purchase follows a Beta
distribution. Many previous studies have confirmbd validity of the BB/NBD model
(Morrison and Schmittlein 1988, Fader and Hardie®0

One concern for BB/NBD model is that it oversimighf the reality, especially the
assumption of Beta distribution. In many casesaR#stribution is flexible enough to

capture customers’ variations, and thus is wellepted in modeling customers’
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heterogeneity (Chatfield and Goodhardt 1970, Morriand Schmittlein 1988, Fader and
Hardie 2010). But in the case of O20 business,estustomers’ base is highly diverse
and may result in more than one mode in heterogedsstributions or even spikes in the
distributions, Beta distribution will fall short tlully capture the heterogeneity among

customers.

In this paper, we propose a new approach to camustomers’ heterogeneity
using a general distribution. Specifically, we assucustomers’ selection rates may
follow any arbitrary distribution, which is a bigep forward on the original BB/NBD
model, and can solve the heterogeneity problenctafedy. However, in achieving this,
we bring a general function form into our modeld dhe mathematical representation is
no longer tractable. We further introduce the €3&n quadrature to our model to

overcome this difficulty.

Our key contribution is based on the following alséion. In the BB/NBD
framework, the distribution for customers’ selenticates only shows up within the
integral. After introducing the Gaussian quadrattweapproximate the integral, the
untraceable general distribution is reducedk tdiscretized values. These discretized
values could be treated Rsinknown “parameters” of the distribution. We coektimate
these parameters using maximum likelihood as wienat the two parameters for Beta
distribution in the BB/NBD framework. Since the3sian quadrature is accurate for all
polynomials up to the degree 24 — 1 the whole formula converges exponentially fast as
k increases (Press et al. 2007, p180). Thus, we dawstomer purchasing model which

is general in nature as well as mathematicallyasieg

To validate our model, we acquired a dataset franp@€om, one of the leading
020 websites in China. Our results show that thepgsed GB/NBD model could
effectively address the customer heterogeneityditbby the vast diversifications in the
020 context.

In below, we first review the literature in SectidnThe details of our approach

are illustrated in Section 3. We then conduct apigoal analysis and a simulation study



to validate our model and evaluate its predictiefgrmance in Sections 4 and 5,

respectively. Concluding remarks are presentectati@ 6 at the end of the paper.
2. Literature Review

020, as a new ecommerce model, has received gratiegtion in academia in recent
years. Researchers have discussed various asde@2Q@ including the reputation
management (Xiao and Dong 2015), social relatiomagament (Tsai et al. 2013),
supply chain power structure (Chen et al. 2016Yise quality (Du and Tang 2014), and
advertising/recommendation scheme (Chen et al. )2H8wever, to our knowledge,
there is a lack of study discussing how to imprthesforecasting accuracy specifically in
020 market, or using 020 data.

General forecasting methods have a long researeanst Common forecasting
methods include time series analysis, panel datielspmachine learning based models,
and stochastic models (e.g., BB/NBD model). Timeiese analysis uses different
techniques, such as auto-regression, exponentiabtiing, autoregressive integrated
moving average (ARIMA) model, etc. These methods \aell established, but do not
incorporate enough factors, or take individual @ffento account. Machine learning
based models, one the other hand, demand a lang@ven of variables at an individual
level and have gained its popularity and succefisdrinternet age (Choi et al. 2014). The
panel data model and stochastic model lie in betwieeterms of data needed; they
incorporate more factors than time series analysisJess than machine learning based
method. Both Panel data (Ren et al. 2015) and astichmodels (Fader and Hardie 2001,
2005, Abe 2009) have reported success in varioggéss scenarios. We need to point
out that each method has its own merit and themeti®ne method which is superior than
others. Complicated models may have higher accurhowever, as Goldstein and
Gigerenzer (2009) pointed out: “simple statistit@mlecasting rules, which are usually
simplifications of classical models, have been ghdw make better predictions than
more complex rules, especially when the future eslof a criterion are highly uncertain.”
In O20 case, since customers exhibit a strong itefgepurchase pattern, adapting the
well-established NBD based model to this case tls batural and practical.



Using NBD based model to forecast customers’ caiegjo spending was
established in 1980s (Morrison and Schmittlein 13&hmittlein et al. 1985). Dunn et al.
(1983, p. 256) states that “for most purposes antdrpurchasing studies, the NBD tends
to be accepted as robust to most observed deparftom its (stationary) Poisson
assumption”. Take BB/NBD as an example. Its’ mdigai is to assume that a customer’s
categorical spending follows a Negative Binomiatdbution (NBD), while purchases
of a focal brand are Binomially distributed. Thdées#don rate of the focal brand at each
purchase follows a Beta distribution. The main oeafor using Beta distribution to
model customers’ heterogeneity on selection radethé mathematical convenience--
Beta is the conjugate prior of Binomial distribuitioAs a result, the BB/NBD model is
mathematically tractable and a lot of predictiveutes can be expressed in closed forms.
The whole implementation could be conducted in M@dE (Morrison and Schmittlein
1988, Fader and Hardie 2005, Zheng et al. 2012D20 case, when facing a highly
diversified customer base, how could we relax Ssumption of Beta distribution within
the framework and keep the mathematical simpliaitfhe same time? To answer this

guestion is the main purpose of the manuscript.

3. The Model
3.1. The Base Model

The canonic story behind our model is that a custampeatedly visits an 020 website
to purchase some services (e.g., purchasing toviceg She may not purchase the same
product/service (e.g., a trip to Shanghai, a stayidon chain) on every visit. We
discretize her decision process into two stepsigi the website for a product (e.g., a
tour), and to make the purchasing decision, i.ehetiver to purchase the focal
brand/subcategory (Hilton vs. Sheraton; or a griowr vs. free-travel tour, etc.) or not.
To quantify the first step, we follow Schmittleibad. (1985) and assume:
i.  the number of purchases) (nade by a customer during a time period
follows a Poisson distribution with rate
ii. the purchase rateacross customers follows a gamma distribution, a

standard conjugate prior to the Poisson distrilufithat is,f (1) =



a” A" te~*@ /T (r) with the shape parameterthe scale parameter and

I'(*) denoting the gamma function.

Since customers may have different purchase freme®n to capture the
heterogeneity of purchase rates among customergtreeluce the Gamma distribution
in assumptioni. Assumptions andii jointly prescribe the number of total purchadés (
of a random customer to follow a negative binordiatribution (NBD). That is,

r( ) reo1 "
PN =nlr,a) = Fzr-;nr: (0( f— 1) (0{ + 1) ' M

Using the NBD distribution to model customers’ rafgel purchasing has been verified
and proved to be very robust for store-level d&eh(mittlein et al. 1985, Dunn et al.
1983, Morrison and Schmittlein 1988).

Within the category spending, we assume:

iii.  for each visit, the probability that a customeestd the focal brand/
subcategory ip. Thus, the number of total purchases of the fobcahd/
subcategory by a customer follows a binomial disttion;

iv.  selection rat@ across customers follows a general distributicim wdf
9();

V. acustomer’s categorical spending decision andbfard/subcategory
choice decision are independent of each other.

The hidden notion behind assumptiinis that each customer is stable on her brand
preference during the observation period. In rgatiistomers’ favorites at individual
level may not be constant over time. Morrison aokrittlein (1988) refer to this as non-

stationarity and provide a detailed discussiorh@irtpaper.

Since customers’ preference towards the focal braag be different from each
other, they possibly will have different selectioates p. To fully capture the
heterogeneity among customers, we assume thattiealexates follow a general
distribution in assumptionv. Introducing a general distribution fgr represents an

important departure from the existing studies ost@mers’ repeat purchasing. In the



traditional BB/NBD model, the selection rates assuamed to follow a Beta distribution,
the conjugate prior of the Binomial distributions A result, the whole BB/NBD model is
mathematically tractable. The resulting BB/NBD midukes proved to be quite robust and
has been adopted in solving many business prob{®fosison and Schmittlein 1988,
Fader and Hardie 2000, Zheng et al. 2012). Howetres, assumption is made for
mathematical convenience. If there are more tham modes in the selection rates’
distribution or there exist spikes, the predictaceuracy of using the BB/NBD model is
doubtful. Moreover, it is very difficult to acquiistomers’ data to test the distributions
of their selection rates in practice. For the pagof generality and to fully capture the
heterogeneity among customers, we proceed to asshatep follows a general
distribution across the population with ggifp) instead of assuming a specific form for
to be the Beta distribution as in the BB/NBD mod8ince in our model, the distribution
of brand purchasing probability is a general disition, we term our model as the
GB/NBD model throughout the paper.

With assumptions to v, we can derive the distribution of a random custios

total number of purchases of the focal braxggs:

Ap)* —-Ap
pex =) = [[ Por = xiapr g ardp = ([ L2 g rardp

L a™p*T(x +7)
= d
fo g(p)dp

x!T(r)(a + p)*tr

_aTF(x+r)f1 p*
o (a+

This distribution involves the integration g{p). As we know, in numerical analysis, the
definite integral of a function, could be statedrdugh quadrature rule) as a weighted
sum of function values at specified points withe domain of integration. If we adopt

the Gaussian quadrature formula, the above equediome expressed as

k
o aTx+7) pf .
PO =) ~ s Z Ty SO, @




wherek is the order of the Gaussian quadrature, whidh@sen based on approximation
accuracy. Please note, generapp@the position of abscissa), andi) (the weight for
abscissd) are a standard process of Gaussian quadratuee détailed calculation of
w(i) is complicate, but fortunately, one can use theddrdized numerical procedure to
produce them, or directly look them up in a Gaussjiaadrature tableg(p;) is the value
of g(p) at the Gaussian abscigga Gaussian quadrature (with ordgrdoes not have
error if the integrand can be expressed in polyatsniwith order2k —1). For
nonpolynomial smooth integrands, the error decseayea factor of at least 4 with each
increase ok to k + 1. Further discussion on the Gaussian quadraturkel deufound in
Press et al. (2007, p180).

3.2. Parameter Estimation

Recall that in the traditional BB/NBD model, tworpmeters of the Beta distribution
need to be estimated to make predictive resultsleUthe empirical Bayes framework,
the parameters of the BB/NBD model can be estimatgidg maximum likelihood
(MLE). After introducing the Gaussian quadratureour model, the general distribution
g(),p €[0,1], is reduced td values ofg(p;),i=1,..,k. If we treatg(p;) ask
unknowns in Equation (2), we will have a total bH 2 unknown parameters
(a,v,g(p;)) to be estimated given the customers’ purchasatg &). We also resort to
the maximum likelihood for estimating parameterse Tetailed procedure of parameter

estimation is presented in the following table:

Table 1 Pseudocode for Parameter Estimation

Initialization Determine the number (J) of customers in the data set
Assign a value to k, the order of Gaussian quadrature
Seta =a’r=1%g(p) = g°p), i =1,...k
Set the log-likelihood value LL =0

Iteration For customer j (=1,...,J),
1) Count the total number of focal brand purchases x; from
the dataset
2) Calculate the probability that the customer make X;
purchases P(X=x;) from Equation (2)




3) LL=LL + Log[P(X=x)]
4) Move to j+1
Continue the iteration to cover all customers to get the final LL value

Optimization Find the optimal setof « = a*,r = r*, g(p;) = g*(p;) which
maximizes the final LL value

For the last optimization step, we use a nonlirggaimmization algorithm to obtain the
optimal set of the parameters. There is a practgsle. In some situation (when the
likelihood function is flat, thus difficult to findhe maximum), the searching algorithm
may not converge to the correct solution. Thishes limitation of all MLE methods. We

thus use a convenient approach in which we sgditsémarching into two steps. First, we
estimate the BB/NBD model, and feed the parametér8iBD distribution for our

GB/NBD model. Second, we estimate the GB/NBD mawigh k Gaussian parameters
(for Beta distribution). Splitting the searchingasp greatly facilitates the nonlinear

solver for MLE.

3.3. Posterior Distributions

After estimating all the parameters, it is easyitedict the customers’ purchasing rates,
selection rates, and total purchases across #kelift brands based on assumptiotsv.
We list some of the key results in this sectione Pphoofs and the detailed derivations are

all relegated to Appendix.

A brand manager, after observing the total purchasea focal brand by a
customer, can estimate the distribution of totatpases by the customer across different

brands as follows:
PIN=n|X=x)=[[P(N=n|X =x,1p)h(A,p|X = x)dAdp

T(n+7) T, pF(1 —p)" *g(pw(i)

(1 + @ (= TG+ 1) Tty 6O
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The expected number of total purchases acrossreatitfebrands conditional on the

purchases of the focal brand is expressed as

[oe]

E(N|X=x) = ZnP(N =n|X = x)

n=x
X

T e P

(3 iipl.)x (o pi)r gIw(i)

We know that

nfn+r)(1—p)"~
P F'x+r)A+ )™ (n—x)!

B i n'T(n'+x+r)(1 — p)™
B T(x +7r)(1 4 a)?'+xtrn1

nr=0

= rn"+x+nr@1- pl-)”’
+ x Z 7 .
F'(x +7r)(1 + a)n +x+7n’)

nr=0

By lettingx + r = r’, we have

L ([ 1+ Ty 1 T (1 - p)
E(le—x)—<m> <z+x>‘(a+pi> <a+pi +x>'

After obtaining the model parameters, we also cam gome insights on customers’

selection rates of the focal brand, which are gagfollows:

gplX =x) = fooh(/l,p|X = x)dA = p"g(pz |
0 (p + a)r*x Zi-{zl(a_i_pr(pi)w(i)

The mean of the selection rate given the total rermobpurchases of the focal brand can

be written as
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Similarly, we can obtain the marginal distributiohthe purchase rate given the total

purchases of the focal brand as

1 —Aa yr+x—1 vk —Api X . ]
FOIX =)= [ AL pIX = x)dp = S0 Eizx® TPLIGIND .
0 IF(x+r) Elle(a_l_p—;)i)mg(pi)w(i)

The mean of a customer’s purchase rate given kadrrtomber of purchases of the focal

brand then is

X

M+ + ) S ey e 6 0w (D)

EQAIX = x) = fwszx = x)dA =
0

PG+ 1) B g e @OW

4. Empirical Illustration
4.1. The Data

We acquired the data from Ctrip.com. Citrip is ldwgest online travel agent (OTA) in

China with market cap around 20B. It provides aeig of travel services such as group
travel, free travel, cruise and ticket service,. étc cooperating with Baidu.com, has

become a major player of the O20 market in Chingegent years. Our data records the
purchase transactions of Ctrip on total 1793 traeelice products in six categories. The
time spans from March 1, 2014 to August 31, 2044 months. To collect this dataset,
we focused on a group of 3458 customers who hage betive since January 1, 2014
(made at least one purchase of any product fromalgnl — February 28, 2014). The
data set is splitted into two parts with each cmgethree months. Table 2 shows the
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frequency of customers’ purchases on the “freeelfasubcategory from the first three
months. The second half (June 2014 — August 20fe&l)saved for validation of the
model’'s predictive performance. Among the 3458 awmstrs, 1630 of them never
purchased any “free-travel” product in the firgteta months, 410 of customers purchased

just 1, 182 customers purchase 2 free-travelssarah.

Table 2 Ctrip Dataset
Number of purchases  Frequency
0 1630
1 410
2 182
3 80
4 88
18 37
19 33
>=20 272

4.2. Model Fitting Results

Equation (2) gives the unconditional distributidnaorandom customer’s total purchases
of a specific subcategory in a given period of timAs discussed in the section on
parameter estimation, we can estimate the parasnater unknowns using the maximum

likelihood after observing the customers’ purchgsiata.

The estimated parameters are presented in Tablé& parameters for Fader and
Hardie (2000) are put under the column BB/NBD. Tdglikelihood value (LL) of the
estimation is -7278. The estimated parameters ioIGB/NBD model are shown in the
column GB/NBD. We use a f®rder Gaussian quadratute<{L0) to obtain these results.
Recall that a higher LL indicates a higher chaniceverall model fitting. From Table 3,

! Ctrip offers a variety of products including touhmtel, air tickets, visa and cruise etc. “Free-
travel” is a subcategory of tour service. It ontgyades lodging and commuting service, which is
very similar to group buying.
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it is easy to see that our maximum likelihood eation converges to a better value of -
7248 than the BB/NBD.

Table 3 Parameters Estimated

Parameters BB/NBD GB/NBD (with k=10)
-LL -7278 71248
y 30.891 3.026
a 1.152 0.208
a 0.185 NA
b 0.815 NA
9g(v1) NA 9.667
9(p2) NA 0
9(p3) NA 0
9(Ps) NA 0
9(s) NA 0
9(pe) NA 0
9(p7) NA 0
9(vs) NA 0.980
9 (o) NA 0.916
9 (®10) NA 15.061

In Table 4, we present the fitted values for boB/NBBD and GB/NBD models.
From the table, we can see that both models fit wigh the real dataset. The GB/NBD
model has smallegr? goodness-of-fit value (13.165 vs. 72.667), whickams GB/NBD

has a better fit.

Table 4 Comparison of the Fitted Values

Number of True Fitted Fitted (GB/NBD
purchases Frequency (BB/NBD) k=10)

0 1630 1651 1618

1 410 307 433

2 182 183 167

3 80 135 106

4 88 108 82

18 37 36 36

19 33 34 33

14



>=20 272 272 267
Goodness-of-fit 72. 669 13.165

160 Figure 1: Distribution of the Brand Choice Probability (p)
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Figure 1 shows the comparison of the estimatecomests’ brand choice probability by
Beta distribution (the solid line) and our propoggheral distribution (the circle line).
Both curves show that probability density is hightlae ends § =1, andp = 0).
However, for0 < p < 0.3, the Beta distribution curve is very smooth, while general

distribution curve shows fluctuations.
4.3. Order of Gaussian Quadrature

In the GB/NBD model, the order of Gaussian quadeaf) needs to be selected before
estimating the parameters. As we know, if the uwydey distributiong(p) can be
approximated by a polynomial function of ordé1, we could use &" order Gaussian
quadrature to accurately approximgig) (Stoer and Bulirsch 2002). Thus, d"érder
Gaussian quadrature can approximate polynomialtiome of 19" order, which is

adequate enough for a majority of common distrimsi
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Using the Ctrip data (where we do not know the tXacm of underline
distribution), we test the impacts of different erdk) of Gaussian quadrature on the
goodness of fit for GB/NBD model. The results dnewen in Table 5. As we can see, for
this dataset, any numbé&r> 6 gives better fitness results than the BB/NBD model
Computationally, both BB/NBD and the GB/NBD modehgerge within minutes on a

modern computer (Intel i7).

Table 5 Sensitivity on the Order of Gaussian Quadrature

K LL Goodness-of-fit
2 -15216 1563.1
3 -7311 134.2
4 -7334 166.3
5 -7308 125.5
6 -7277 75.9
7 -7258 31.9
8 -7254 23.7
9 -7251 17.9
10 -7248 13.2
11 -7247 10.8
12 -7246 9.7

4.4. Predictive Results

Predicting a customer’s future-period purchasesergiyner observed current-period
activity is often of central interest to any busise We further evaluate our model’s
predictive performance by computing the conditiomaipectation of a customer’s
purchases. To simplify the model estimation, weuamss that the second period is of
equal length to the first (observed) period. In case, the Ctrip data is splitted into two
equal periods: the first 3 months as the in-saraptéthe other half as the out-of-sample.
We use the first half of Ctrip data to estimate paeameters of the BB/NBD model and

16



GB/NBD model. After that, using Robbins’ resultsof®ins 1977), the predicted
purchases for the second half could be derived as:
EXLX =x)=+1)«PX;=x+1)/P(X; = x).

WhereX, is the focal customer’s purchases in the firsf, fdX’, is the predicted
number of purchase in the second half. This egunatepresents the expected future
purchases (on a specific brand of a customer) dmnegrotal number of purchases on the
focal brand in the first period. The predictionstoé two models are then compared with
the real sales for each of the 3458 customersarséicond half to evaluate the predictive
performance.

To measure the difference of the predicted valuktha true value, we calculate the
root-mean-square errof(RMSE) of the two series, where a lower RMSE vahgicates
a better prediction. ThBRMSEvalues for BB/NBD model is 9.010 and for GB/NBD is
6.267 respectively. This demonstrates superior igieallity of our proposed model
where the heterogeneity of the customers has beemately accounted for.

In summary, the model fitness, in-sample model detion and out-of-sample
prediction all indicate that the GB/NBD model iseetive for real world data. Since the
underline mechanism for customers’ decision proeesmobservable, we next further

examine this model through a simulation study, whexery step could be verified.

5. Simulation Study

One advantage of the GB/NBD model is that it cacueately approximate any
distribution of customer’s heterogeneity, whichvéy difficult to measure in reality. In
this section, we conduct a series of simulatiodysto evaluate our model's performance
when the underlying distribution deviates from Beta distribution. Two representative
distributions are tested: truncated normal and guigse linear. Using these two
distributions, we compare the simulation results coir GB/NBD model with the
traditional BB/NBD model.

The setup of the simulation for the GB/NBD modehssfollows:

1) There are 1,000,000 customers.
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2) A purchase ratgd;,~I'(a,r),i = 1...1,000,000 is randomly assigned for
each customer.

3) For customet,i =1..1,000,000, we conduct a random draw from the
Poisson distribution with rat&. The resulting number; = A"e~*/n! is
assigned as customis total category purchases.

4) The  selection probability  for the  focal brand, .,i.e
p;~trancated normal(u, 62) or p;~piecewise linear,i = 1...1,000,000 is

randomly assigned for each customer.

To get the simulation results for the BB/NBD modeg follow the first three steps for
the GB/NBD model and change the distribution of tbheal brand selection rate of

customeri to a Binomial distribution with parametetsandp;.

We estimate the parameters of the GB/NBD modelguEiquation (2). For the
BB/NBD model, we use Equation (5) from Fader anddita(2010):

_  Tor+x), a \v/ 1 \"T(@a+x) T(a+b)
P =x) = I'(r)x! (a+1) (a+1) '(a) T(a+b+x)

X 2F1(7‘+x,b;a+b+x;0(+1)
where,F; () is the Gaussian hypergeometric function (Abrampwaitd Stegun 1972). A
technical issue worth noting is that in the onlowntext, the total number of category
purchases; for customeri is known by online retailers (e.g., Ctrip.com haach
customer’s purchasing records of any products diclygroup tours, free travel, tickets,
etc.). We could estimate the Gamma parameters) first based om; only. Then, we
proceed to estimate the whole model. Since we meate a nonlinear optimization
algorithm to search for the maximal value of thkelihood function, the two-step
estimation strategy is less challenging.

In the simulation, we set = 1.8 anda = 0.09 for the Gamma distribution. To
evaluate the accuracy of predicting the selectatas' distribution, we keep the Gamma
distribution unchanged, and vary the parameterth@ftruncated normal distribution in

step 4). Our results are shown in Figures 2a-3b.
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In Figure 2a, the solid line is the true distribbati(truncated normal distribution
with u = 0.5 ando = 0.1); the dashed line is the fitting result of the Baistribution. As
we can see, the Beta line agrees with the trueiltlisbn quite well except the part
around the mean (from 0.45 to 0.55). The fittedigalby GB/NBD are presented by the
circle dots in the figure. It is easily seen tha fitted results by GB/NBD agree very
well with true distributions. Note that the appmm&ted values of the Gaussian
guadrature are shown in scatter dots; this is lscamly the values at the Gaussian

abscissas on the curve matter.
Figure 2b is analogous to Figure 2a. It is initel with a truncated normal

distribution withu = 0.3 and o = 0.1. The accuracy of the fitting for the Beta
distribution gets worse. The disagreement of trueves (solid line) and the Beta curve
(dashed line) is visually observable. The GB/NBDc{e dots) keeps its performance and
agrees with the true curve very well. Note thaEigures 2a and 2b, & @rder Gaussian

guadrature is used.

Figure 2b: Fitness of Truncated Normal (0.3,0.1%)

Figure 2a: Fitness of Truncated Normal (0.5,0.1%)
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In Figure 3a, we test an extreme case when therlumeldistribution is piecewise

linear (as shown by the solid curve). The estimd@eth curve fits the true distribution
poorly. Compared with the Beta curve, the valuesligted by the GB/NBD model are

much better. The results in Figure 3a are obtairséng a 15 order Gaussian quadrature.

We further increase the order of the Gaussian g from 15 to 21, and present the
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fitting results in Figure 3b The circle dots obtained from the GB/NBD modaatly
track the true curve. These results evidently destrate the advantage of the GB/NBD

model over the traditional BB/NBD model.

Figure 3a: Approximation of Piecewise Linear Distribution Figure 3b: Approximation of Piecewise Linear Distribution
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Next, we evaluate the predictive performance of @GB/NBD model. We
simulate one million customers’ purchases withtmee range(0, t). We split customers’
purchaseg¢X) into two partyX;, X,), whereX; andX, denote the purchases within the
time rangeg0, t/2) and(t/2,t), respectively. We uskg, to estimate th&+2 parameters
for the GB/NBD model and then use the parametetisna®ed to predict the same
customer’s future purchag&’,) within (t/2,t). The predicted result§, are compared

with the customers’ real purchases in the time eavf@t/2, t).

We follow the same procedure and obtain the priegicesults for the BB/NBD
model. To compare the predictive performance of &) and BB/NBD, we conduct
the simulation for three different selection ratestributions, piecewise linear and
truncated normal distributions with mean 0.3 anbl Ohe standard deviations for the
truncated normal distributions are kept the sameD.at The pdf curves of these
distributions are shown in Figures 2a to 3b. Tdslting RMSE values are presented in
Table 6, where the numbers in the brackets arerthers of the Gaussian quadrature used

in the simulation. Under all the three selectiates’ distributions, the RMSE value of

>The main idea of Gaussian quadrature is polynoagiptoximation. We need a higher order
polynomial function to approximate a non-smoothveur
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GB/NBD is smaller than that of BB/NBD, which indiea a better prediction
performance by GB/NBD. For piecewise linear case,RMSE by GB/NBD of using a
21 order Gaussian quadrature (6.5640) is smaler that of using a 15 order Gaussian
guadrature (6.6030), and that is to be expecteib i§tbecause a higher order Gaussian

guadrature leads to a better approximation, andemprently better prediction results.

Table 6 RMSE of the Prediction Performance

Piecewise
linear Normal (0.3, 0.12)  Normal (0.5, 0.12)
BB/NBD 7.1567 8.7461 16.8484
GB/INBD 6.5640 (21) 7.9641(9) 14.5333(9)
6.6030 (15)

6. Conclusions and Discussions

In this paper, we propose a stochastic model tdigreustomers’ future spending based
on their historical purchase transactions, with&obwing customers’ demographic
information. The heterogeneity of customers is nedleising an arbitrary generalized
distribution. In doing so, we extend the classiB&8/NBD model to a more realistic
model, which is applicable in O20 market, whereistintt feature is that the service
provided by businesses are diverse, and thus tlseoroers are highly diversified

geographically and demographically.

We acquire a dataset from Ctrip.com, one of thditgpO20 providers, to test
our mode along with the traditional model. Overd#ile proposed approach has both
better in-sample and out-of-sample predictions.fMyvher conduct a simulation study to

validate all the underlying steps.

The proposed GB/NBD model can be implemented in siation where
BB/NBD can be used. The model proposed is espgaaitable in online O20 contexts,
where customers are much more diverted and theacsion volumes are much higher.
As our simulation results show, when customers2d@n rates of the focal brand are

distributed by very complicate distributions (sua® piecewise linear), the traditional
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BB/NBD fails in terms of both fitness and predicti@accuracy, where the GB/NBD
model performs well. Note that by increasing thdeorof the Gaussian quadrature, we

always can get satisfactory results from the GB/NB&lel.

It is worth mentioning that even though we introglunore parameters into the
model than BB/NBD does, the optimization processltie simulation of a group of one
million customers can still finish in minutes onnaodern computer (Intel i7). The

parameter estimation part is not computationalBlleinging for the GB/NBD model.

The proposed model is not without limitation. Therent model doesn’t include
customer’'s demographic or preference informatiors. Wwe know, each customer’s
demographic or preference information is very diffi/costly to get. But in some
situations when we have these individual level nmfation, it will be very interesting to
study how to incorporate them into the model, amdntprove the prediction at each
customer’s level. On the other hand, for a 020 rmss, to effectively manage and
allocate capacity, the aggregated, subcategorydblawvel prediction is more relevant
than at individual level prediction. For that puspo the proposed GB/NBD model

suffices.
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The marginal distributions:
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