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ABSTRACT This paper presents a new optimization algorithm for home energy management sys-
tems (HEMSs) in three-phase unbalanced low-voltage (LV) distribution networks. Compared with con-
ventional HEMS optimization methods, which consider only the active power consumption scheduling for
smart home appliances and distributed energy resources (DERs) (e.g., solar photovoltaic (PV) systems and
energy storage systems (ESSs)), the novelty of the proposed approach is to consider: i) both active and
reactive power consumption schedulings of home appliances and DERs, ii) realistic three-phase unbalanced
LV distribution networks with voltage-dependent load models, and iii) voltage control using an on-load
tap changer transformer and smart inverters of PV system and ESS at the households. The proposed
HEMS optimization algorithm, which is formulated using mixed-integer linear programming, is tested in
the modified CIGRE LV distribution network. Numerical examples demonstrate the performance of the
proposed algorithm in terms of active/reactive power consumption, three-phase voltage magnitudes, and the
total cost of electricity.

INDEX TERMS Home energymanagement, smart household appliance, three-phase unbalanced distribution
system, reactive power dispatch, voltage control, voltage dependent load.

NOMENCLATURE
The main notations used throughout this paper are summa-
rized here. Bold symbols represent vectors or matrices. Hat
symbols represent estimates of true parameter value. Other
undefined symbols are explained within the text.

SETS
U Set of nodes in LV distribution network.
L Set of branches in LV distribution network.
T Set of scheduling horizon with one-hour res-

olution.
8 Set of phases of three-phase lines or nodes.
Dv Set of nodes that are connected downstream

from node v.

The associate editor coordinating the review of this manuscript and

approving it for publication was Bin Zhou .

N Tap Set of tap positions corresponding to turn
ratio of an on-load tap changer transformer.

VARIABLES
Pnetu,t Net active power consumption of household

u at time t .
Psellu,t Net active power supply to grid by house-

hold u at time t .
δu,t Discomfort cost of household u at time t .
P(Q)loadu,t Total active(reactive) load power consump-

tion of household u at time t .
PESS,ch(dch)u,t ESS charging(discharging) power of house-

hold u at time t .
PESS,home,dch
u,t ESS active power discharge of household u

at time t for supplying household load.
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PESS,sell,dchu,t ESS active power discharge of household u
at time t for supplying grid.

PPV,home
u,t PV active power of household u at time t for

supplying household load.
PPV,sellu,t PV active power of household u at time t for

supplying grid.
P(Q)lineuv,t Active(reactive) power flow in line uv at

time t .
P(Q)nodeu,t Nodal active(reactive) power of household u

at time t .
P(Q)cu,t Active(reactive) power consumption of of

controllable load of household u at time t .
SOCu,t ESS state-of-charge of household u at time t .
T in
u,t Indoor temperature of household u at time t .
bnetu,t Binary variable for ensuring power trading

status of household u at time t .
bESSu,t Binary variable for specifying ESS charging

and discharging status of household u at
time t .

QPV
u,t Injected/absorbed reactive power from PV

system of household u at time t .
QESS
u,t Injected/absorbed reactive power from ESS

of household u at time t .
V sq
u,t Vector of square of voltage magnitudes for

three phases at node u at time t .
P(Q)load,nomu,t Active(reactive) power consumption of

household u at time t at nominal voltage.
aOLTC,sqφ,t Square of OLTC turn ratios for each phase

at time t .
UTap
φ,t,i Binary variable for determining a proper

turn ratio of OLTC of phase φ at time t .

PARAMETERS
π
buy(sell)
t TOU-based

buying(selling) price from(to) grid at time t .
εu Penalty parameter of discomfort cost of

household u.
P̂PVu,t Predicted PV active power output of house-

hold u at time t .
η
ch(dch)
u ESS charging(discharging) efficiency of

household u.
EESS,max
u Maximum ESS capacity of household u.
T̂ out
u,t Predicted outdoor temperature of household

u at time t .
SOCmin(max)

u Minimum(maximum) ESS state-of-charge
of household u.

PESS,ch,min
u Minimum ESS charging active power of

household u.
PESS,ch,max
u Maximum ESS charging active power of

household u.
PESS,dch,min
u Minimum ESS discharging active power of

household u.
PESS,dch,max
u Maximum ESS discharging active power of

household u.

Tmin(max)
u Minimum(maximum) indoor temperature

of household u.
Pc,min(max)
u Minimum(maximum) controllable load

active power consumption of household u.
δmax
u Maximum relaxation variable of discomfort

cost of household u.
P(Q)ucu,t Predicted active(reactive) power consump-

tion of uncontrollable loads of household u
at time t .

QPV,min(max)
u,φ Minimum(maximum) PV reactive power

capacity of household u at phase φ.
QESS,min(max)
u,φ Minimum(maximum) ESS reactive power

capacity of household u at phase φ.
Vmin(max),sq Square of minimum(maximum) voltage

magnitude in the system.
V nom,sq Square of nominal value of voltage magni-

tude in the system.

I. INTRODUCTION
As residential households consume approximately one third
of the total electricity consumption [1], home energy man-
agement systems (HEMSs) have become an indispensable
technology for the efficient and economical management of
residential energy usage. The primary goal of the conven-
tional HEMS is to reduce consumers’ electricity costs in their
comfortable and preferred environments by scheduling the
optimal energy consumption of smart household appliances
(e.g., air conditioners and washing machines).

Recently, emerging smart grid technologies including dis-
tributed energy resources (DERs) (e.g., rooftop solar pho-
tovoltaic (PV) and energy storage system (ESS)), advanced
metering infrastructure with smart meters, and demand side
management have enabled consumers to achieve more energy
saving through the HEMSs equipped with these smart grid
technologies [2]. A core technology for the conventional
HEMS is the optimization method employed to conduct an
economic load reduction and load shifting of smart household
appliances in addition to the operation scheduling of the
DERs (e.g., charge/discharge of the ESSs).

However, the conventional HEMS optimization algorithm
may calculate the incorrect and undesired energy consump-
tion schedules for smart households due to the the follow-
ing limitations. First, only the scheduling of active power
consumption of household appliances and active power
injection/absorption of the DERs is considered excluding
reactive power consumption of appliances along with reac-
tive power capability of the DERs. Second, the conventional
HEMS algorithm is designed assuming houses are connected
to three-phase balanced low-voltage (LV) distribution sys-
tems. However, the LV distribution systems are naturally
unbalanced where the load consumptions on each phase are
always changing independently [3]. Lastly, only constant
power load models excluding load-voltage dependency in
households are incorporated into the conventional HEMS
optimization formulation. Indeed, the consumer load varies
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along with voltage and is generally formulated as the static
polynomial ZIP load model [4] where Z, I, and P represent
constant impedance load, constant current load, and constant
power load, respectively. In this environment, the conven-
tional HEMS approach neglects the voltage quality for the
individual consumer, and does not consider the impact of
Volt-VAR optimization (VVO) through a voltage regulating
device (e.g., an on-load tap changer (OLTC)) [5] or volt-
age control capability and reactive power dispatch of the
DERs [6], [7] on the HEMS performance.

Conservation voltage reduction (CVR) is one of the
main applications of VVO in distribution management sys-
tems. The CVR method is a cost efficient solution, which
lowers distribution voltages to allow for consumer energy
savings and peak demand reduction while keeping con-
sumer voltages above the minimum operating limits through
the coordination of an OLTC, capacitor banks, and the
smart inverters of DERs [8]. Much research has focused
on the development of the CVR and VVO methods and
the assessment of their impact on distribution grid opera-
tions and energy savings in the following three schemes.
In the centralized approach, using mixed-integer nonlin-
ear programming, day-ahead models with voltage regulating
devices [9] and model predictive control-based approaches
were formulated by considering solar PV and wind turbine
generators [10]. In the hierarchical distributed approach,
in unbalanced three-phase distribution systems, algorithms to
reduce the computational burden have been proposed based
on the alternating direction method of multipliers [11] and a
two-stage optimization problem [12]. In the fully distributed
approach, an inverter-based model-free VVO scheme has
been proposed, in which each local agent is coordinated with
each other to adjust their reactive power and curtail the active
power in order to alleviate overvoltage phenomena [13].
Concise summaries of implementation strategies, evaluation
methods, and practical applications of CVR were presented
in [14]. Considering the energy savings obtained from CVR,
the HEMS integrated with CVR may provide more energy
savings with consumers than the conventional HEMS.

To address the aforementioned limitations and challenges,
this study proposes a more practical HEMS optimization
algorithm that can be executed in realistic distribution system
operating conditions. Specifically, in three-phase unbalanced
LV distribution networks, the proposed approach schedules
the optimal consumption of both active and reactive power
of unbalanced voltage-dependent household loads to reduce
the electricity cost within the consumers comfort level while
maintaining voltage quality along the distribution feeders by
the operation of OLTCs and the active and/or reactive power
dispatch of the DERs.

A number of researchers have reported methods to manage
home energy consumption. HEMS algorithms considering
the physical load model for home appliances were proposed
and executed based on load priority and consumers’ comfort
level [15], [16]. Over the last decade, considerable effort has
been devoted to formulating HEMS algorithms in different

types of optimization models [17]–[28], ranging from the
scheduling of different types of home appliances along with
electric vehicles using linear programming (LP) [17], [18],
load scheduling considering the consumers’ comfort level
using mixed integer nonlinear programming (MINLP) [19],
a convex programming based on relaxed MINLP using
an L1 regularization technique [20], load scheduling for
multiple consumers using mix-integer linear programming
(MILP) [21], [22], LP-based joint optimization of energy
supplies and electric loads through three-stage scheduling
(prediction, supply control, and demand control) [23], natural
aggregation algorithm (NAA)-based HEMS method consist-
ing of forecasting, day-ahead scheduling, and actual oper-
ation [24], robust optimization for the scheduling of home
appliances to resolve the uncertainty of consumer behav-
ior [25] and outdoor temperature and consumers’ comfort
level [26], and distributed HEMS architectures consisting of
a local HEMS and global HEMS [27], [28]. The previous
work on the HEMS algorithms including different types of
optimization models is summarized well in [29].

Compared to the extensive research on HEMS optimiza-
tion algorithms, only limited studies have investigated the
relationship between HEMS scheduling and the actual dis-
tribution system operating conditions. A co-simulation plat-
form was developed to assess the physical and economic
impact of a HEMS under different time-of-use (TOU) pricing
schemes on distribution systems in [30]. In [31], a bi-level
optimization problem was formulated to quantify the impact
of demand response (DR) from a HEMS on the voltage
profile. A HEMS algorithm based on voltage control was
proposed to maximize consumers’ comfort level by con-
trolling household passive loads [32]. In [33], considering
voltage-dependent load models, demand response mismatch
(DRM) (i.e., an active power mismatch between the sched-
uled and actually achieved DR) was introduced, and the
MINLP optimization problem was formulated to minimize
the DRM.

However, a considerable portion of the recent research on
HEMS optimization methods has assumed unrealistic dis-
tribution system models and operating conditions without
explicitly considering: i) active and reactive power consump-
tion in the voltage-dependent load model, ii) active and/or
reactive power dispatch of DERs with OLTC operation for
voltage control, and iii) three-phase unbalanced distribu-
tion feeders and load models. Prior work [30]–[33] inves-
tigated the interaction between HEMSs with DR-enabled
household appliances and physical distribution system con-
ditions such as reactive power and voltage quality. How-
ever, no realistic and practical HEMS optimization method
to resolve the challenges above has been proposed to
date.

The novelty of this paper is that it provides a practi-
cal HEMS optimization framework that schedules the eco-
nomical energy consumption of smart household appliances
based on three-phase unbalanced voltage-dependent load
models, considering the control of the OLTC and DERs to
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provide consumers with acceptable voltage quality. The main
contributions of this paper are summarized as follows.
• Wepropose a voltage-reactive power constrainedHEMS
optimization framework that can be carried out in three-
phase unbalanced distribution systems. Unlike existing
HEMS optimization methods that focuses on only the
consumer energy savings under the TOU pricing tariff,
the proposed framework minimizes the electricity cost
in consumers’ comfort level and improves the voltage
quality for the consumer simultaneously. In the proposed
framework, both the active and reactive power consump-
tions of unbalanced voltage-dependent loads together
with the operation of the OLTC and smart inverters of
the DERs are scheduled to achieve energy savings and
maintain voltage quality.

• We formulate the proposed HEMS optimization
algorithm as a MILP model. The models for
three-phase unbalanced active/reactive power flow,
voltage-dependent load, and OLTC are linearized and
these linearized equations are incorporated as the con-
straints of the proposedMILPHEMS optimization prob-
lem. In a simulation, we compare the performance of
the proposed HEMS to that of conventional HEMS in
terms of active/reactive power consumption, three-phase
voltage magnitudes, and the total cost of electricity.
Simulation results confirm that the proposed HEMS
can achieve more energy savings than a conventional
HEMS. Further, we quantify the impact of voltage mini-
mization on the proposed HEMS and verify that it could
lead to a more significant reduction in reactive energy
than in active energy.

The remainder of this paper is organized as follows.
In Section II, we introduce the system model configuration
and formulate the conventional HEMS optimization algo-
rithm using MILP in the TOU pricing tariff, where the
electricity price varies based on a different time block. The
proposed voltage-reactive power constrained HEMS problem
is formulated as an MILP problem in Section III. We then
present the simulation results and discussions in Section IV
and conclude the paper in Section V.

II. PRELIMINARIES
A. SYSTEM CONFIGURATION
We consider a radial LV distribution network that includes
a medium-voltage (MV)/LV transformer with OLTC and
multiple smart households along the distribution feeder as
indicated in Fig. 1. The distribution feeder consists of a set
of nodes U and a set of branches L (for example, U :=
{0, 1, 2, . . . , n} and L := {0→ 1, 1→ 2, . . . , n− 1→ n} ).
Let a node u ∈ U and each line is formed by a pair of nodes
(u, v) ∈ L. We assume that a smart household is connected
to each node u and is equipped with a PV system, an ESS,
and smart household appliances. Multiple households that
are supplied by the same LV system can form an entity,
which is regarded as a community. In the residential com-
munity, we consider the situation in which each consumer

FIGURE 1. System model for home energy management in a LV
distribution feeder.

(household) can exchange energy with the grid based on the
TOU pricing scheme. Under the TOU pricing, consumers can
reduce their electricity costs by scheduling their household
appliances and injecting power to the grid while system oper-
ator reduces an aggregated power demand from consumers in
order to reduce the system operational cost. We assume that a
distribution system operator can collect power consumption
data from consumers in the community. Therefore, the col-
lected data is used by the community HEMS as input data
to schedule the optimal energy consumption of households.
In this paper, the main function of the community HEMS is
to schedule the optimal energy consumption of appliances
and power exchange of consumers while maintaining the
consumer comfort and voltage level within their preferred and
acceptable ranges.

The smart household appliances are classified into two
types of loads: (1) uncontrollable load (e.g., TV, PC, and
lighting); and (2) controllable load (e.g., air conditioner,
washing machine, and ESS). Only the controllable load can
be scheduled and operated by the HEMS. In this paper, an air
conditioner is selected as the controllable load. We assume
that both loads consume both active and reactive power and
the reactive power consumption of loads are expressed in term
of their real power consumption and power factor. We assume
that PV system and ESS of each household have an individual
smart inverter which has capability to regulate the voltage
through injecting active power or injecting/absorbing reactive
power in the system. In the considered LV system, volt-
age regulating devices are the OLTC transformer and smart
inverters of PV system and ESS of each household.

B. CONVENTIONAL HEMS OPTIMIZATION MODEL
For each consumer (or household) u ∈ U with scheduling
period t ∈ T := {1, . . . ,T } where T is the set of scheduling
horizon, a general HEMS optimization problem is formulated
as follows:

min
∑
u∈U

∑
t∈T

(
π
buy
t Pnetu,t − π

sell
t Psellu,t

)
︸ ︷︷ ︸

J1
(
Pnetu,t ,P

sell
u,t
)

+

∑
u∈U

εu
∑
t∈T

δu,t︸ ︷︷ ︸
J2(δu,t)

(1)
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s.t. Pnetu,t = Ploadu,t + P
ESS,ch
u,t − PPV,home

u,t − PESS,home,dch
u,t (2)

Psellu,t = PESS,sell,dchu,t + PPV,sellu,t (3)

P̂PVu,t = PPV,home
u,t + PPV,sellu,t (4)

PESS,dchu,t = PESS,home,dch
u,t + PESS,sell,dchu,t (5)

Plineuv,t =
∑
w∈Dv

Plinevw,t − P
node
v,t , uv ∈ L (6)

Pnodeu,t = Pnetu,t − P
sell
u,t (7)

Ploadu,t = Pcu,t + P
uc
u,t (8)

SOCu,t=SOCu,t−1+
ηchu P

ESS,ch
u,t

EESS,max
u

−
PESS,dchu,t

ηdchu EESS,max
u

(9)

T in
u,t = T in

u,t−1 + αu(T̂
out
u,t − T

in
u,t−1)+ βuP

c
u,t (10)

0 ≤ Pnetu,t ≤ N · b
net
u,t (11)

0 ≤ Psellu,t ≤ N · (1− b
net
u,t ) (12)

SOCmin
u ≤ SOCu,t ≤ SOCmax

u (13)

PESS,ch,min
u bESSu,t ≤ P

ESS,ch
u,t ≤ PESS,ch,max

u bESSu,t (14)

PESS,dch,min
u (1− bESSu,t ) ≤ P

ESS,dch
u,t

≤ PESS,dch,max
u (1− bESSu,t ) (15)

Tmin
u − δu,t ≤ T in

u,t ≤ T
max
u + δu,t (16)

0 ≤ δu,t ≤ δmax
u (17)

Pc,min
u ≤ Pcu,t ≤ P

c,max
u . (18)

The objective function (1) for the HEMS optimization
problem consists of two parts. The first part denotes the
total electricity cost during the scheduling time period T .
T is set to 24 hours with a one hour scheduling resolution.
The total electricity cost is the difference between the elec-
tricity buying cost and electricity selling cost, correspond-
ing to the net power consumption in household (Pnetu,t ) with
TOU-based buying price (πbuy

t ) and net power supply (Psellu,t )
with TOU-based selling price (π sell

t ). The second part J2
represents the total amount of penalty (δu,t ), which involves
the consumers’ discomfort cost. Discomfort is the deviation
of the consumers’ preferred temperature from the indoor
temperature. δu,t is a relaxation variable to guarantee the
feasibility of the HEMS optimization problem. εu implies a
penalty for δu,t . For example, as εu increases, δu,t decreases,
consequently ensuring the minimum deviation of the con-
sumer’s preferred temperature from the indoor temperature,
however achieving less electricity cost saving. On the other
hand, a decreasing εu yields an increasing δu,t , which means
that consumer’s discomfort is larger, but with more electricity
cost saving. In this paper, we assume that the value of this
penalty coefficient is chosen by community HEMS operator
based on each consumer preference.

Equation (2) illustrates the net energy consumption,
i.e., the difference between the total active power consump-
tion from all appliances (Ploadu,t ) with the charging of the ESS
(PESS,chu,t ) and total active power supply from the PV system
(PPV,home

u,t ) with the discharging of the ESS (PESS,home,dch
u,t ) to

a household. Equation (3) is the constraint on the consumer’s

selling power (Psellu,t ) and consists of the discharging active
power (PESS,sell,dchu,t ) of the ESS and injected active power
(PPV,sellu,t ) of the PV system. The predicted PV generation
of the active power (̂PPVu,t ) addresses the power consumption
(PPV,home

u,t ) for the household and sells power (PV PV,sell
u,t ) to the

grid in (4). Equation (5) implies that a total ESS discharging

power (PESS,dchu,t ) supports power consumption (PESS,home,dch
u,t )

in the household and sells power (PESS,sell,dchu,t ) to the grid. The
balance equation for the active power flow is illustrated in (6)
where the active power flow at branch uv (Plineuv,t ) is written in
terms of the nodal active power (Pnodev,t ) at consumer v and the
sum of the active power flow from node v to nodewwherew is
in a set of downstream nodesDv that are connected to node v.
The nodal active power Pnodeu,t is expressed as the gap between
the net power consumption and net power supply to the grid
in (7). Equation (8) illustrates that the active power load
consumption Ploadu,t is the sum of active power consumption
for controllable load (Pcu,t ) (air conditioner in this paper) and
uncontrollable load (Pucu,t ). Equation (9) defines the operation
of the state of charge (SOC) for the ESS at the current time t
in terms of the SOC at the previous time t-1, battery capacity
EESS,max
u , charging and discharging efficiency, ηchu and ηdchu ,

respectively, and charging and discharging power for con-
sumer u, PESS,chu,t and PESS,dchu,t , respectively. Equation (10)
is the constraint for the temperature dynamics of the air
conditioner at time t (T in

u,t ), which is expressed in terms of
T in
u,t−1 at time t − 1, the predicted outdoor temperature at

time t (T̂ out
u,t ), power consumption of the air conditioner (Pcu,t ),

and the environmental parameters (αu, βu) that specify the
indoor thermal condition. Equations (11) and (12) ensure
that the buying and selling of power from/to the grid do not
occur simultaneously. Equation (13) provides the capacity
constraint of the SOC for the ESS. Equations (14) and (15)
present the constraints on the charging (PESS,chu,t ) and dis-
charging power (PESS,dchu,t ) of the ESS, respectively, where
bESSu,t represents the binary decision variable that determines
the charging/discharging status of the ESS. Equation (16)
presents the range of the relaxed indoor temperature. The
relaxation variable δu,t in (16) is limited by δmax

u in (17). The
capacity of the power consumption of the air conditioner is
described in (18).

We note that the aforementioned conventional HEMS
approach neglects the actual distribution system parame-
ters, network topology, and operating conditions such as:
i) line impedance (zline), ii) unbalanced distribution feeder
and voltage-dependent load models, iii) reactive power con-
sumption of home appliance, and iv) voltage regulation with
the DERs and OLTC. The aforementioned limitations are
addressed in the proposed HEMS optimization problem,
which is illustrated in the following section.

III. PROPOSED HOME ENERGY MANAGEMENT
OPTIMIZATION FRAMEWORK
In this section, we propose an optimization algorithm to
schedule the energy consumption of household appliances
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and power trades in multiple smart households considering
voltage control and the reactive power dispatch of DERs.
The proposed algorithm is implemented in a three-phase
unbalanced distribution network (phase φ ∈ 8 := {a, b, c})
with the same network topology as Fig. 1. The proposed
HEMS algorithm with the constraints of the conventional
HEMS (2)–(7), (9)–(18) can be formulated as follows.

min
∑
u∈U

∑
φ∈8

∑
t∈T

(
π
buy
t Pnetu,φ,t − π

sell
t Psellu,φ,t

)
︸ ︷︷ ︸

J1
(
Pnetu,φ,t ,P

sell
u,φ,t

)
+

∑
u∈U

∑
φ∈8

εu,φ
∑
t∈T

δu,φ,t︸ ︷︷ ︸
J2(δu,φ,t)

s.t.



Reactive power constraints : Eqn. (20)− (22)
Three-phase linear voltage constraint : Eqn. (23)
Voltage-dependent load models : Eqn. (29)− (38)
Reactive power of PV and ESS : Eqn. (39)− (40)
Voltage and OLTC tap change : Eqn. (41)− (43)

(19)

A. REACTIVE POWER CONSTRAINTS
Equation (20) expresses the nodal net reactive power con-
sumption (Qnode

u,φ,t ) of consumer u for phase φ at time t in terms
of reactive load power consumption (Qload

u,φ,t ) and injected or
absorbed reactive power from PV (QPV

u,φ,t ) and ESS (QESS
u,φ,t ).

The balance equation of the reactive power flow is illustrated
in (21), where the reactive power flow at branch uv (Qline

uv,φ,t )
is written in terms of the nodal reactive power (Qnode

v,φ,t ) at
consumer v and the sum of the reactive power flow from
node v to node w where w is in a set of downstream nodesDv
that are connected to node v. The reactive power consumption
of the air conditioner is described in terms of its power factor
(PFu,φ) and active power consumption (Pcu,φ,t ).

Qnode
u,φ,t = Qload

u,φ,t − Q
PV
u,φ,t − Q

ESS
u,φ,t (20)

Qline
uv,φ,t =

∑
w∈Dv

Qline
vw,φ,t − Q

node
v,φ,t , uv ∈ L (21)

Qc
u,φ,t =

√√√√1− PF2u,φ
PF2u,φ

Pcu,φ,t . (22)

B. LINEAR THREE-PHASE UNBALANCED POWER
FLOW CONSTRAINTS
We denote the complex vector and matrix of the voltage,
current, and line impedance by Vu, Ilineuv ∈ C3×1, and zlineuv ∈

C3×3. Using the linearization method introduced from [34]
with Kirchhoff’s voltage law Vv = Vu − zlineuv Ilineuv , the
relationship of voltage between consumers u and v can be
written as

Vsq
v,t=V

sq
u,t−z̃

line
uv (P

line
uv,t+jQ

line
uv,t )
∗
−(z̃lineuv )∗(Pline

uv,t+jQ
line
uv,t ) (23)

where Vsq
u,t ∈ R3×1 is the vector of the square of

the three-phase voltage magnitude for consumer u at
time t , Pline

uv,t = [Pline
uv,a,t ,P

line
uv,b,t ,P

line
uv,c,t ]

T and Qline
uv,t =

[Qline
uv,a,t ,Q

line
uv,b,t ,Q

line
uv,c,t ]

T are the three-phase active and reac-
tive line flow of line uv at time t , respectively, and z̃lineuv =

γ ⊗ zlineuv . Here, the symbol ⊗ represents elementwise multi-
plication, and γ is defined as

γ =

 1 e−j2π/3 e j2π/3

e j2π/3 1 e−j2π/3

e−j2π/3 e j2π/3 1

 . (24)

C. VOLTAGE-DEPENDENT LOAD MODEL CONSTRAINTS
In order to incorporate the relationship between load con-
sumption and voltagemagnitude in the optimization problem,
ZIP load models for both active and reactive powers are
adopted. Active and reactive powers of load for each phase
of node u at time t are modeled as

Ploadu,φ,t

Pload,nomu,φ,t

= cZp

(
Vu,φ,t
V nom

)2

+ cIp
Vu,φ,t
V nom + c

P
p (25)

Qload
u,φ,t

Qload,nom
u,φ,t

= cZq

(
Vu,φ,t
V nom

)2

+ cIq
Vu,φ,t
V nom + c

P
q . (26)

Here, P(Q)load,nomu,φ,t are active(reactive) power consumption of
load at nominal voltage V nom, {cZp , c

I
p, c

P
p } and {c

Z
q , c

I
q, c

P
q }

are the sets of the coefficients that illustrate the percentage
of constant impedance, constant current and constant power
loads for active and reactive powers, respectively, with cZp +
cIp+c

P
p = 1 and cZq +c

I
q+c

P
q = 1. Then, let the equations (25)

and (26) be rewritten in term of square of voltage magnitude
(V sq

u,φ,t ) instead of voltage magnitude (Vu,φ,t ) as shown below

Ploadu,φ,t

Pload,nomu,φ,t

= cZp
V sq
u,φ,t

(V nom)2
+ cIp

√
V sq
u,φ,t

V nom + cPp (27)

Qload
u,φ,t

Qload,nom
u,φ,t

= cZq
V sq
u,φ,t

(V nom)2
+ cIq

√
V sq
u,φ,t

V nom + cPq . (28)

Based on [34], the nonlinear term
√
V sq
u,φ,t in (27) and (28) can

be linearized as
√
V sq
u,φ,t ≈ 0.5 + 0.5V sq

u,φ,t . Finally, the lin-
earized ZIP models of the three-phase active and reactive
loads for consumer u at time t are described as

Pload
u,t = ω

P
u,t

(
cZp

(V nom)2
+ 0.5

cIp
V nom

)

+Pload,nom
u,t

(
0.5

cIp
V nom + c

P
p

)
(29)

Qload
u,t = ω

Q
u,t

(
cZq

(V nom)2
+ 0.5

cIq
V nom

)

+Qload,nom
u,t

(
0.5

cIq
V nom + c

P
q

)
. (30)
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Here, for ωP(Q)u,t ∈ R3×1
≥0 and P(Q)load,nomu,t ∈ R3×1

≥0 , ωP(Q)u,t

are defined as P(Q)load,nomu,t ⊗ Vsq
u,t . The two additional vari-

able vectors ωP(Q)u,t are introduced based on the McCormick
Envelopes relaxation technique [35] and are bounded by

ω
P(Q)
u,t ≥ P(Q)load,nom,min

⊗ Vsq
u,t + P(Q)load,nomu,t ⊗ Vmin,sq

−P(Q)load,nom,min
⊗ Vmin,sq (31)

ω
P(Q)
u,t ≥ P(Q)load,nom,max

⊗ Vsq
u,t + P(Q)load,nomu,t ⊗ Vmax,sq

−P(Q)load,nom,max
⊗ Vmax,sq (32)

ω
P(Q)
u,t ≤ P(Q)load,nom,max

⊗ Vsq
u,t + P(Q)load,nomu,t ⊗ Vmin,sq

−P(Q)load,nom,max
⊗ Vmin,sq (33)

ω
P(Q)
u,t ≤ P(Q)load,nom,min

⊗ Vsq
u,t + P(Q)load,nomu,t ⊗ Vmax,sq

−P(Q)load,nom,min
⊗ Vmax,sq. (34)

Equations (31), (32) and (33), (34) are underestimators and
overestimators of the two additional variable vectors, respec-
tively. These bounds are derived from the assumption that
bounds of variables P(Q)load,nomu,t and Vsq

u,t are known.
Equations (35) and (36) display the limit of the nominal

active and reactive power consumption of loads.

Pload,nom,min
≤ Pload,nom

u,t ≤ Pload,nom,max (35)

Qload,nom,min
≤ Qload,nom

u,t ≤ Qload,nom,max. (36)

The three-phase active and reactive load consumptions at
nominal voltage for consumer u at time t are expressed in
terms of the active and reactive power consumption of the
controllable (Pc

u,t ,Q
c
u,t ∈ R3×1

≥0 ) and uncontrollable appli-
ances (Puc

u,t ,Q
uc
u,t ∈ R3×1

≥0 ) as follows:

Pload,nom
u,t = Pc

u,t + Puc
u,t (37)

Qload,nom
u,t = Qc

u,t +Quc
u,t . (38)

D. CONSTRAINTS FOR REACTIVE POWER OF PV AND ESS
Equations (39) and (40) show the capacity limits of the reac-
tive power supported by the PV system and ESS.

QPV,min
u,φ ≤ QPV

u,φ,t ≤ Q
PV,max
u,φ (39)

QESS,min
u,φ ≤ QESS

u,φ,t ≤ Q
ESS,max
u,φ . (40)

E. CONSTRAINTS FOR VOLTAGE AND OLTC OPERATION
Equation (41) limits the range of the square voltage magni-
tude for consumer u with the minimum (Vmin,sq) and maxi-
mum (Vmax,sq) allowed value

Vmin,sq
≤ Vsq

u,t ≤ Vmax,sq. (41)

Equation (42) represents the square of the reference
node voltage magnitude, which can be computed by the
multiplication of the square nominal voltage magnitude

Vnom,sq and the square of OLTC turn ratio, aOLTC,sqt =[
aOLTC,sqa,t , aOLTC,sqb,t , aOLTC,sqc,t

]T
that is determined by the

OLTC tap position.

Vsq
1,t = aOLTC,sqt ⊗ Vnom,sq. (42)

In (42), the square of OLTC turn ratio aOLTC,sqφ,t is derived

as follows. Let aOLTCφ,t =
∑

i∈N Tap riU
Tap
φ,t,i derived from [8].

Here, ri is an element in a set of turn ratio of OLTC R =
{0.9, 0.90625, . . . , 1.1}, N Tap is a set of tap positions cor-
responding to turn ratio of OLTC, and UTap

φ,t,i ∈ {0, 1} is
used to determine a proper turn ratio in the set. The OLTC
is assumed to regulate voltage with a range of ±10% from
nominal voltage, and each tap position changes with 0.00625
p.u. turn ratio step size. Let (ri)2 = Ri and binary variable(
UTap
φ,t,i

)2
= UTap

φ,t,i. Then, the square of OLTC turn ratio can
be expressed as

aOLTC,sqφ,t =

∑
i∈N Tap

RiU
Tap
φ,t,i. (43)

IV. NUMERICAL EXAMPLES
In this section, we analyze the performance of the proposed
HEMS algorithm in the modified LV CIGRE distribution
network [36] as shown in Fig. 2. Section IV-A provides
the simulation setup for the proposed HEMS. The perfor-
mance of the proposed approach is analyzed and evaluated
in Section IV-B. In Section IV-B, the performance of the pro-
posed HEMS (Section III) is first evaluated and validated in
terms of the voltage level of the distribution feeder and sched-
uled active/reactive power. Then, the performance between
the conventional HEMS (Section II-B) and the proposed
HEMS is compared in terms of active power consumption and
electricity cost. Finally, the impact of additional objective and
constraints that minimize the feeder voltage magnitude on the
proposed HEMS is investigated..

FIGURE 2. Modified CIGRE low voltage distribution network with OLTC
and smart households equipped with home appliances, PV systems, and
ESSs.

A. SIMULATION SETUP
As indicated in Fig. 2, smart households are connected to
five nodes (R11, R15∼R18) from 18 nodes with different
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FIGURE 3. Predicted uncontrollable household load profile.

FIGURE 4. Profiles of predicted PV generation active power and outdoor
temperature.

types of connections: a three-phase load for nodes R11,
R15, R16, and R18, and single-phase load for node R17.
We assume that each smart household has different nominal
load consumption which consists of both controllable load
(e.g., air conditioner) and uncontrollable load (e.g., TV, light-
ing, refrigerator, cooking appliances), where the consumption
profile of the uncontrollable load is identical among the smart
households as shown in Fig. 3. The OLTC at reference node
R0 has a±10% regulator range from the nominal voltagewith
0.00625 p.u. step size, and the turn ratio ri belongs to the set
R = {0.9, 0.90625, . . . , 1.1}. The voltage magnitudes at all
nodes in the system are limited in the range of [0.95, 1.05]
p.u., which means that the square of voltage magnitudes are
bounded in [0.952, 1.052] p.u.. The sizes of the PV system
and ESS connected to each household, are 3.25 kW and
0.5 kW, respectively, with a battery capacity of EESS,max

u =

2 kWh. The PV generation active power output is assumed
identical among all households as shown in Fig. 4. For the
ESSs, the maximum charging/discharging power is 0.5 kW,
and the minimum charging/discharging power is 0 kW. The
initial, minimum, and maximum SOCs are 50%, 25%, and
100%, respectively. The charging (ηchu ) and discharging (ηdchu )
efficiencies are both 95%. For each household, the com-
fortable temperature range prior to relaxation is assumed

FIGURE 5. Profile of TOU price.

to be [22◦C,24◦C] with the maximum relaxed temperature
δmax
u = 2◦C. Parameters α and β in the dynamic indoor
temperature constraint are set to 0.9 and -0.0095, respec-
tively. The maximum power consumption (Pc,max

u ) of the
air conditioner is 1.14 kW. The outdoor temperature profile
and TOU tariffs for the purchase price of the electricity are
shown in Fig. 4 and Fig. 5, respectively, which are obtained
from [28]. We assume that the selling price of the electricity
is half of the purchase price in the TOU tariffs as shown
in Fig. 5. The coefficients for the ZIP load models are pro-
vided in Table 1 [4]. The numerical testing was performed
using the IBM ILOG CPLEX Optimization Studio 12.8 on
an Intel Core i3-4160 with a 3.6 GHz CPU, 8 GB of RAM,
and 64-bit operating system PC.

TABLE 1. ZIP Coefficients for Active and Reactive Load Model.

B. PERFORMANCE ASSESSMENT OF THE
PROPOSED HEMS
In this case, we first demonstrate the performance of the
proposed HEMS in terms of the distribution feeder voltage
level. Fig. 6 shows the values of the three-phase voltage
magnitude for each node at 2 P.M. and 8 P.M., correspond-
ing to two peak periods for PV generation output and load
demand. We can observe from this figure that the voltage
magnitudes at all the nodes are maintained within the lower
half of the allowable voltage range [0.95 p.u., 1.05 p.u.]. This
observation is because a lower voltage magnitude reduces
power consumption of the voltage-dependent load and allows
consumers to obtain more available power to be sold to
the grid. This justification is consistent with the role of
the first term of the multi-objective function (19) in the
proposed HEMS. Another observation is that all the nodes
at 2 P.M. have the minimum voltage magnitude values
identically.
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FIGURE 6. Three-phase voltage magnitudes in the test system at 2 P.M.
and 8 P.M.

This derives from the fact that a high PV generation output
at 2 P.M. increases the voltage level locally, which provides
more room for the OLTC to reduce and flatten the entire
feeder voltage level by reducing its tap position. Conversely,
at the peak demand period of 8 P.M. without PV generation,
the increase of the demand can result in a violation of themin-
imum voltage limit at certain nodes. To prevent this voltage
violation, the OLTC attempts to raise its tap positions.

FIGURE 7. Total active/reactive power flow and OLTC tap position for
phase a.

Figs. 7, 8 and 9 show the schedules of the total
active/reactive power flow and the OLTC tap position for
phases a, b and c, respectively. In these figures, the left and
right y-axis correspond to the total active/reactive power flow
and the OLTC tap position, respectively. We can observe
from these figures that, throughout the day, the OLTC has a
negative tap position for any phase. This observation justifies
the results in Fig. 6, which show that the three-phase voltage
magnitudes are below 1 p.u. due to a negative tap position of
the OLTC. In Figs. 7, 8 and 9, the scheduled OLTC tap posi-
tions are categorized into four different scheduling intervals
under varying load conditions and PV/ESS active/reactive
power: i) the tap positions becomes lowered under light load
condition (1∼3 A.M.); ii) the tap positions become the lowest
due to mainly the reactive power injection from the smart

FIGURE 8. Total active/reactive power flow and OLTC tap position for
phase b.

FIGURE 9. Total active/reactive power flow and OLTC tap position for
phase c .

FIGURE 10. Active power consumption schedules in household R11B.

inverters of the PV system and ESS (4∼8 A.M.) and due to
both the active and reactive power injection from the smart
inverters of the PV system and ESS during PV generation
period (9 A.M.∼3 P.M.); iii) the tap positions become higher
under heavy load condition (4 P.M.∼8 P.M.); and iv) the
tap positions become lowered (9 P.M.∼12 A.M.) because
system loads become lighter after the peak load condition.
We can verify from this observation that in the proposed
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HEMS approach the optimal energy consumption schedules
for smart households can be calculated through the coordina-
tion of the OLTC and smart inverters.

Fig. 10 shows the scheduled active power of household
R11B at node R11 phase b for a 24-hour period. In this
figure, the active power consumption is categorized into six
types: 1) PV active power injecting to supply the household
load (PV2Home), 2) PV active power injecting to the grid
(PV2Grid), 3) ESS active power charging (ESS Charging),
4) ESS active power discharging to supply the household
loads (ESS2Home), 5) ESS active power discharging to the
grid (ESS2Grid), and 6) active power consumption of the
controllable and uncontrollable loads (Load). We observe
from Fig. 10 that during the PV generation period, the major-
ity of the PV generation supports the household demand
(PV2Home) including the controllable and uncontrollable
loads, with a small amount of ESS charging power (ESS
Charging) and selling power to the grid (PV2Grid). It should
be noted that the ESS discharging power only addresses a
portion of the household demand (ESS2Home) without being
sold back to the grid (ESS2Grid). This implies that at any
scheduling period, the selling price is not sufficiently high
for a consumer to sell the ESS charging power to the grid
to realize a profit. We also observe from this figure that in
general, the ESS charging and discharging schedule relies
on the TOU pricing tariffs and household load consumption
profile. The ESS is charged during the scheduling periods
with a low electricity price and low load demand period
(1∼3 A.M. and 12 P.M.) whereas it is discharged during the
scheduling periods with high electricity price and high load
demand period (9∼10 A.M. and 3∼6 P.M.).

FIGURE 11. Schedules for active power consumption of air conditioner
and indoor temperature in household R11B given outdoor temperature
profile.

Fig. 11 shows active power consumption schedules for
air conditioner along with the indoor and outdoor tem-
perature of household R11B. In this figure, the left and
right y-axis correspond to the active power consumption of
air conditioner and the indoor/outdoor temperature, respec-
tively. We can observe from Fig. 11 that as the out-
door temperature increases, the active power consumption
of air conditioner also increases while maintaining the
indoor temperature within the consumer preferred indoor

temperature range. It is noted in this simulation study that
the initial preferred indoor temperature range [22oC, 24oC]
is relaxed with δmax

= 2oC so that the indoor tempera-
ture increases to 26oC (6 A.M.∼12 A.M.). This relaxation
prevents the HEMS optimization problem from becoming
infeasible and enables the HEMS to calculate the optimal
energy consumption schedule for households.

FIGURE 12. Aggregate three-phase active and reactive power
consumption schedules in the proposed HEMS.

Fig. 12 illustrates the values of the three-phase active
and reactive power injected from the OLTC transformer
for a 24-hour period. We can observe from this figure that
three-phase reactive power is unbalanced and fluctuating
more than the three-phase active power. This is because to
maintain the consumers’ voltage quality and reduction of
their electricity cost, the PV systems and ESSs frequently
regulate the feeder voltage using the reactive powermore than
the active power during the total scheduling period.

FIGURE 13. Comparison of total active power consumption schedules
between the conventional HEMS and the proposed HEMS.

Next, we compare the performance of the conventional
HEMS and proposed HEMS in terms of scheduled active
power fed by transformer. For a fair comparison, both systems
are tested in an environment where all operating parame-
ters and conditions to schedule home energy are identical
except for the proposed HEMS having the additional con-
straints associated with reactive power and voltage quality.
Fig. 13 indicates that the active power consumption of the
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FIGURE 14. Comparison of total active/reactive power consumption
schedules between the proposed HEMS without and with voltage
minimization term.

proposed HEMS is marginally less than that of the conven-
tional HEMS during the majority of the scheduling periods.
This observation is natural because the proposed HEMS
enables the OLTC, PV systems, and ESSs as voltage regu-
lators to decrease the voltage level for reducing the active
power consumption. However, this observation is not always
true at certain scheduling periods, for example in the follow-
ing situation. Whereas the ESS, through charging the active
power, decreases the voltage for reducing the active power
consumption of the load, the amount of the ESS charging
power could be greater than the amount of the reduction of the
load power consumption. In this situation, the active power
consumption in the proposed HEMS would become greater
than in the conventional HEMS.

Next, we investigate the impact of voltage minimization
on the proposed HEMS. To this end, we reformulate the pro-
posed HEMS optimization problem with additional objective
function J3 in (44) and constraints (45), (46) [37] as follows:

min
∑
u∈U

∑
φ∈8

∑
t∈T

(
π
buy
t Pnetu,φ,t − π

sell
t Psellu,φ,t

)
︸ ︷︷ ︸

J1
(
Pnetu,φ,t ,P

sell
u,φ,t

)
+

∑
u∈U

∑
φ∈8

εu,φ
∑
t∈T

δu,φ,t︸ ︷︷ ︸
J2(δu,φ,t)

+

∑
u∈U

∑
φ∈8

∑
t∈T

λu,φ,t︸ ︷︷ ︸
J3(λu,φ,t)

(44)

and

λu,φ,t = V sq
u,φ,t − V

min,sq (45)

λu,φ,t ≥ 0. (46)

In (44), the newly added objective function J3
(
λu,φ,t

)
represents the total gap between the square voltages and their
lowest limits for all nodes and phases during the prediction
horizon. The gap of the square voltage at each consumer is
defined in (45); this voltage gap is ensured to be non-negative
in (46). This objective function and the constraints are to
decrease the voltage profile as close as to its minimum limit
and hence, reduce the energy consumption while maintaining

the voltage quality. Fig. 14 compares the scheduled active and
reactive powers between the proposedHEMS algorithmswith
and without the voltage minimization. We first observe from
this figure that the difference of the active powers between
the two algorithms for a 24-hour period is reasonably small,
and conclude that the voltage minimization has no significant
impact on the active power scheduling. This small difference
occurs because the voltage minimization influences both the
charging and discharging process of the ESS for minimizing
the voltage magnitude and increasing the electricity cost
savings simultaneously. However, as indicated in Fig. 14,
we observe that the HEMS algorithm with the voltage mini-
mization yields a greater reduction of the reactive power than
without the voltage minimization. This is because PV system
and ESS of each household regulate voltage magnitude with
their reactive power capability by injecting more reactive
power than absorbing reactive power.

TABLE 2. Active/Reactive Power Consumption and Electricity Cost for
thirteen households in the System during 24 hours.

Lastly, Table 2 summarizes the total active/reactive power
consumption and total electricity costs for all consumers
during a 24-hour period for the three different HEMSs:
i) the conventional HEMS based on only the active power
scheduling (HEMS 1), ii) the proposed voltage-reactive
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power constrained HEMS (HEMS 2), and iii) HEMS 2 with
voltage minimization term (HEMS 3). We can verify again
from the table that HEMS 2 calculates less active energy
and electricity cost than HEMS 1. We can conclude from
this result that the proposed HEMS with the constraints asso-
ciated with voltage and reactive power provides consumers
with greater energy and electricity cost savings than con-
ventional HEMS without these constraints. Further, we can
verify from this table that compared to the results in HEMS 2,
the voltage minimization in HEMS 3 does not yields the
active energy and electricity saving whereas it results in a
significant reduction of reactive energy. Here, positive reac-
tive energy represents the reactive power consumed by the
households, whereas negative reactive energy indicates reac-
tive power being injected back to the grid. These different
directions and amounts of the reactive energy consumption
between HEMS 2 and HEMS 3 derive from the fact that
reactive power contributes to achieve voltage minimization
more significantly than active power.

To the best of the authors knowledge, this work is the
first optimization framework of HEMS that is formulated
with realistic distribution systemmodels and operating condi-
tions, including the constraints for active/reactive power flow
and load consumption, voltage quality and voltage regula-
tion, and three-phase unbalanced distribution systems with
voltage-dependent load models. By incorporating the afore-
mentioned constraints into the HEMS optimization frame-
work, we verify the benefit of CVR in terms of the energy
consumption of home appliances and the total electricity cost.
The advantage and meaningful observations of the proposed
approach can be summarized as follows:
• Comparing to the conventional HEMS method, the pro-
posed HEMS approach can achieve a more energy sav-
ing by operating household appliances at a lower voltage
level while maintaining the consumer’s comfort level
(i.e., preferred indoor temperature).

• The proposed HEMS approach ensures that the con-
sumer voltage level maintains within its acceptable
range through the coordination of the OLTC and smart
inverters of DERs. However, the conventional HEMS
approach may yields a voltage violation and incor-
rect voltage profile, consequently having a detrimen-
tal impact on home appliance’ life time and undesired
energy consumption schedule of home appliance.

• The proposed HEMS approach improves a distribution
voltage profile along the entire distribution feeders in
view of the active energy and electricity cost savings.
This result derives from the fact that the performance
of the proposed approach is marginally degraded with
additional voltage minimization objective function and
its corresponding constraints in term of active energy
and electricity cost.

C. DISCUSSIONS
In this study, we assume that a single community HEMS can
conduct both the energy consumption scheduling of smart

households and voltage regulation in the entire LV distribu-
tion system. In addition, the operation of other controllable
appliances (e.g., washing machine) and electric vehicles is
excluded in the proposed HEMS algorithm. In these assump-
tions, a computational complexity of the community HEMS
may increase significantly as the LV distribution system
becomes larger with a larger number of home appliances and
electric vehicles. Furthermore, consumers are at the risk of
exposing their privacy to system operator or a third party due
to a centralized data collection.

Nonetheless, we emphasize that our work is the first step
toward developing the HEMS algorithm in realistic distri-
bution system operating conditions and understanding the
impact of voltage quality and reactive power on the HEMS
performance. To resolve the computational complexity and
consumer privacy issues, an important extension of our work
would be to develop a cooperation framework between the
distribution system operator using the VVO and the resi-
dential load aggregator using the HEMS including all types
of controllable home appliances and referred to as a future
work.

V. CONCLUSION
In this paper, a mixed-integer linear programming-based opti-
mization algorithm was proposed for smart home energy
management in three-phase unbalanced LV distribution
systems. Compared to the existing home energy man-
agement optimization algorithms, the proposed algorithm
minimizes the consumers’ electricity cost within their com-
fort levels and maintains an acceptable voltage profile
for consumers simultaneously by: i) optimally scheduling
the active and reactive power consumption of unbalanced
voltage-dependent household loads and distributed energy
resource, and ii) dispatching active and/or reactive power
from PV systems and ESSs together with the scheduling of
the on-load tap changer tap position. Numerical examples
simulated in a modified CIGRE LV distribution network
confirm the effectiveness of the proposed algorithm in terms
of the active/reactive power consumption, three-phase unbal-
anced voltage magnitudes, and total cost of electricity.
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