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Rectangular plates are important components in structures such as vehicles and bridges. The noise radi-
ated by vibrating plates is mainly determined by three factors: the mean-square vibration, the radiation
efficiency of the plates and the directivity of the sound. Although the first two factors have been widely
investigated, much less attention has been paid to the directivity. The aim of this study is to investigate
the directivity indices for rectangular plates subjected to either a single point force or multiple incoherent
forces. Particular attention is given to plates with a large aspect ratio, referred to as plate strips. New def-
initions of directivity index are introduced that are more appropriate to such plate strips. The vibration of
the plates is calculated from a modal superposition method based on approximate modal solutions of the
plates with various boundary conditions. The Rayleigh integral method is used to obtain the sound pres-
sure radiated from the vibrating plates, assuming that they are set in an ideal infinite baffle. Directivity
indices of sound are firstly determined for plates with a small aspect ratio, and then for plate strips with a
larger aspect ratio. Examples are given to illustrate the effects of the structural boundary conditions, and
the effect of the baffle. For distributed incoherent excitation, as often found in practice, it is shown that
the sound directivity pattern in the far field corresponding to the width direction varies insignificantly
along the length of the strips; this is different from a single point force excitation. It is also found that
the noise radiation from different concrete plates is approximately omnidirectional in the plane perpen-
dicular to the longitudinal direction. Plates and plate strips are much less directional at high frequencies
than the corresponding rigid piston. Nevertheless, the maximum value of directivity increases at high fre-
quency as the number of modes in a one-third octave band increases. The dominant directions of sound
radiation from plates are mainly controlled by the acoustical wavelength and vibrational wavelength,
while the structural boundary conditions and the presence of the baffle have only a minor influence
on them. Finally it is shown that, for the prediction of sound directivity of plate strips under distributed
incoherent excitation, a two-dimensional vibro-acoustic model can be used in place of the three-
dimensional one.

� 2019 Elsevier Ltd. All rights reserved.
1. Introduction

Plates with different sizes and aspect ratios are widely used as
important structural components in vehicles, airplanes, industrial
machinery, buildings and bridges. They are also important compo-
nents in the radiation of noise when the structures are subjected to
dynamic loading. For the purpose of predicting and mitigating
noise from complex structures, it is helpful to understand the
sound radiation from vibrating plates; particularly common are
those with rectangular shape. Two important factors that influence
the radiated sound power of a vibrating plate are the spatially-
averaged vibration velocity and the radiation efficiency of the
plate. In addition, the sound directivity also plays an important role
in determining the distribution of sound pressure for external radi-
ation problems.

The radiation efficiency of a rectangular plate has been exten-
sively studied, both for individual modes of vibration and for
broadband excitation. Wallace [1] derived the modal radiation effi-
ciency of simply-supported rectangular plates set in an infinite
rigid baffle, based on the far-field acoustic intensity on a hemi-
sphere of large radius. Gomperts [2,3] studied the modal radiation
efficiency of rectangular plates with different boundary conditions.
Berry [4] and Zhang and Li [5] analysed the modal radiation effi-
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Fig. 1. Spectra of sound pressure levels during the train pass-by time (80 km/h) at
the same plane position but two different longitudinal positions along a real U-
shaped girder bridge.
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ciency of a rectangular plate with elastic constraints by using the
Rayleigh-Ritz method and Fourier transforms. The effect of plate
boundary conditions on the vibration and sound radiation of plates
has also been discussed by Park et al. [6], Qiao et al. [7] and Squic-
ciarini et al. [8]. By adopting a modal summation method, Xie et al.
[9] investigated the radiation efficiency of a baffled rectangular
plate averaged over all possible excitation positions on the plate.
The sound radiation of unbaffled plates has also been investigated
and compared with the baffled case by Laulagnet [10], Nelisse et al.
[11], and Putra and Thompson [12].

Analytical expressions for the sound radiation directivity of
simple sound sources such as a dipole, a quadrupole and a baffled
circular piston can be found in textbooks, e.g. [13]. However, the
sound directivity of vibrating rectangular plates has not been stud-
ied as comprehensively as their radiation efficiency. Shuyu Lin [14]
used thin plate theory to calculate the vibration of rectangular
plates with simple supports on their four edges and then obtained
the sound radiation from the plates using the Rayleigh integral
method. Hashemi et al. [15] adopted Mindlin plate theory and
the Rayleigh integral method to calculate the vibration and sound
radiation of moderately thick rectangular plates with various
boundary conditions. Both of these studies used three-
dimensional plots in terms of spherical coordinates to illustrate
the sound directivity pattern for the plates in the far field. The
sound directivity expressed in spherical coordinates can be also
expressed by 2D plots with respect to one angular coordinate while
the other angular coordinate is fixed [16]. Directivity patterns in
spherical coordinates may be convenient for plates of small aspect
ratio, but they are less suitable for the plate strips of large aspect
ratio for which the variations along the longitudinal direction are
important.

He et al. [17] developed a method based on Kirchhoff–Love
plate theory and the Rayleigh integral to calculate the directivity
of the sound radiated by a vibrating stepped circular plate with a
free edge. Budarapu et al. [18] also adopted the Rayleigh integral
method to investigate the directivity of vibrating plates with
attached point masses or springs. Lin and Pan [19] used finite ele-
ment and boundary element methods to investigate the vibration
and sound radiation pattern of a box structure.

Many investigations have been presented of the vibration of
plates subjected to a point force or moment excitation, as done
by Feit [16]. Tao et al. [20] have investigated the radiation patterns
of a thin infinite plate subjected to multiple forces, in phase or out
of phase, to account for a machine supported on multiple points on
a plate. Michishita et al. [21] have investigated the sound radiation
directivity of a plate strip of infinite length with application to steel
girder bridges excited by automobiles. However, the vibration of
the strip was defined in terms of given waves and not calculated
based on specific multiple excitation points. The situation of a
finite plate subjected to multiple excitations with moving positions
like a bridge excited by moving automobiles or trains has not pre-
viously been studied, according to the knowledge of the authors.

The particular motivation for the current work is the external
noise radiated from railway bridges. In a recent field test of noise
from a concrete U-shaped rail transit bridge, the sound pressure
was measured at the same position in the cross-section but at
two arbitrary longitudinal positions (N1 and N2, which were
10 m apart from each other at 1 and 11 m from the centre of the
30 m long bridge span, and were both 9.5 m beneath the centre
line of the bridge deck). Fig. 1 shows the sound pressure spectra
during the train pass-by time (train speed of 80 km/h) at these
two positions. It can be seen from the figure that the measured
noise levels at the two field points are very similar. This is a prac-
tical example suggesting that the angular directivity of sound radi-
ated from plates of a bridge may not change significantly with the
longitudinal coordinates (although in the field measurement there
are other factors that play a role). In previous studies of this [22–
25], the authors have used numerical methods such as the bound-
ary element method to determine sound pressure levels at a range
of field points and these have been plotted using contour maps to
illustrate the directivity of the sound radiation from specific
bridges. Obvious directivity patterns of the bridge noise in a
cross-section perpendicular to the bridge axis have been observed
but could not be well explained in these studies. Moreover, Li et al.
[26] found in a numerical example that a two-dimensional (2D)
acoustical model could be used for the prediction of rail and bridge
noise as an approximation of the three-dimensional (3D) situation.
However, the applicability of this finding requires a more rigorous
investigation.

The aim of this study is to investigate the directivity indices for
rectangular plates, especially those of large aspect ratio, subjected
to either a single point force or multiple incoherent forces. To
enhance understanding of the directivity properties of the sound
radiated from complex structures, use is made of established and
well-recognized theoretical methods to describe the vibration
and sound radiation of plates. New definitions are introduced for
the directivity of plates that are more applicable to plate strips
with a large aspect ratio. To represent the spatial sound field, the
sound directivity indices are expressed in cylindrical coordinates
because of their applicability to such plate strips. This study
focuses on the sound directivity of rectangular plates with various
aspect ratios, boundary conditions, and excitation positions. Ana-
lytical solutions for the modal frequencies and mode shapes are
utilized for a rectangular plate with combinations of clamped,
simply-supported or free boundary conditions on each of the four
edges. The modal superposition method is then applied to calculate
the forced vibration of the plate at given positions. The method is
verified by comparison with results from a finite element/bound-
ary element model. By assuming, for simplicity, that the plate is
set in an ideal infinite baffle, the sound pressure at arbitrary field
points is obtained from the Rayleigh integral method [13]. The sen-
sitivity to the baffled approximation is also investigated by com-
parison with results from the finite element/boundary element
model.
2. Vibration and sound calculation

The solutions for the natural frequencies and mode shapes
derived by Warburton [27] are utilized for a thin rectangular plate
with various boundary conditions on each edge. The modal
superposition method is used to obtain the forced vibration at
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any position on the plate. The Rayleigh integral method [13] is then
used to calculate the sound pressure at specified field points. This
is based on the simplifying assumption that the vibrating plate is
mounted in an infinite rigid co-planar baffle.
2.1. Transverse vibration of a thin plate

Fig. 2 depicts a thin plate with width 2a, length 2b (b�a) and
thickness h. The Cartesian coordinate system is used with coordi-
nates (x,y) and the origin located at the centre of the plate. The
mode shapes of the plate can be expressed as the product of char-
acteristic beam functions in the x and y directions

umn x; yð Þ ¼ am xð Þbn yð Þ ð1Þ

where am xð Þ and bn yð Þ are the characteristic beam functions in the
present coordinate system that can be obtained from those given
in Ref. [27]; umn x; yð Þ is the mode shape of the plate; m and n are
the mode indices for the x and y directions respectively. For the case
of simply supported (or sliding) boundaries on two parallel sides,
the above equation is exact, but otherwise it is an approximation.

The natural circular frequency of the platexmn corresponding to
the mode shape umn x; yð Þ can be written as

xmn ¼hp2

2a2
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where E, q, and l are the Young’s modulus, density and Poisson’s
ratio of the plate; and the coefficients G, H, J are tabulated by War-
burton [27] for given boundary conditions and mode indices (m, n)
in the x or y directions.

By using the modal superposition method, the vibration veloc-
ity amplitude v x; yð Þ of the plate subjected to a harmonic point
force Fejxt at location (xf ; yf ) can be obtained as

v x; yð Þ ¼
XM

m¼1

XN

n¼1

jxFumn xf ; yf
� �

umn x; yð Þ
Cmn x2

mn 1þ jgð Þ �x2
	 
 ð3Þ

where F andx are the amplitude and circular frequency of the exci-
tation force; j ¼

ffiffiffiffiffiffiffi
�1

p
; g is the damping loss factor of the plate; Cmn
Fig. 2. A baffled rectangular plate associated with the main geometrical parameters
and defined coordinate systems.
is the modal mass of the plate; andM and N are the maximummode
indices considered in the x and y directions.

2.2. Sound radiation from the plate

In the above equations the vibration of the plate has been
expressed in Cartesian coordinates as these are the most logical
for a rectangular plate. The sound radiation could be expressed
in Cartesian, spherical or cylindrical coordinates. In the current
work it is chosen to use cylindrical coordinates as these are more
appropriate for plate strips of large aspect ratio.

By using the Rayleigh integral over the plate surface, the sound
pressure amplitude at a given field point r; h; nð Þ in cylindrical coor-
dinates shown in Fig. 2, can be expressed as [13]

pf r; h; nð Þ ¼ jxq0

2p

Z b

�b

Z a

�a

v x; yð Þe�jkr
0

r0
dxdy ð4Þ

where k =x/c0 is the wavenumber of the sound; c0 is the speed of
sound; q0 is the density of the air; and r0 is the distance between
the field point and a point (x, y) on the plate surface. The subscript
f is introduced to refer to the chosen excitation point used to obtain
v(x, y) in Eq. (3).

In order to characterise the average sound radiation within the
length of the plate, the squared pressure is averaged along the lon-
gitudinal coordinate n as follows

pf r; hð Þ�� ��2 ¼ 1
2b

Z b

�b
pf r; h; nð Þ�� ��2dn ð5Þ

Often a plate is excited by many forces simultaneously or even,
in the case of a bridge, by moving forces that cross the plate. The
assumption of an array of incoherent forces can be adopted in such
situations to simplify the problem. When the plate is excited by K
incoherent forces at various positions, the amplitude of the
squared sound pressure at a given field point can be expressed as
the energy summation of the response to the individual sources

p r; h; nð Þj j2 ¼
XK
f¼1

pf r; h; nð Þ�� ��2 ð6Þ

Since many vibration modes generally contribute to the sound
radiation of a plate for broadband excitation, the sound pressure
is first calculated for a fine frequency spacing and then converted
to frequency bands. In the present paper, results are presented in
conventional one-third octave bands. In each case the sound pres-
sure is calculated at seven discrete frequencies (0.891, 0.926, 0.962,
1.000, 1.039, 1.080, and 1.122 times f, where f is centre frequency
of interest. The squared sound pressure results are then averaged
to give the one-third octave band average. The average only
includes half the squared pressure for the first and last frequencies
as they are on the boundary of the band.

2.3. Definition of sound directivity

Sound directivity indices are usually defined in polar coordi-
nates, especially for circular radiators for which the spatial direc-
tivity pattern is axisymmetric. Polar coordinates could still be
used to illustrate the sound radiation pattern of a rectangular plate,
but they must be depicted in a 3D diagram. As the current study is
focussed particularly on plate strips with a large aspect ratio, the
following alternative directivity indices based on cylindrical coor-
dinates are introduced for the sound radiated by the rectangular
plate

Dhf r; nð Þ ¼ 10log10

pf r; h; nð Þ�� ��2
1
p

R p=2
�p=2 pf r; h; nð Þ�� ��2dh ð7Þ
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Dnf r; hð Þ ¼ 10log10

pf r; h; nð Þ�� ��2
1
2b

R b
�b pf r; h; nð Þ�� ��2dn ð8Þ

The first index shown in Eq. (7), expressed in dB, is referred to
here as the angular directivity index, and is used to show the varia-
tion of sound intensity in the direction h compared with the aver-
aged sound intensity over a circle of radiusr at the given
longitudinal coordinate n. The second index defined in Eq. (8),
referred to here as the longitudinal directivity index, is used to char-
acterise the variation of sound intensity at the coordinate n com-
pared with the averaged sound intensity over a straight line at a
distance r from the plate centre and at the given angular coordi-
nate h. Thus Dhf is a function of h at given values of r; nð Þ whereas
Dnf is a function of n at given values of r; hð Þ. Larger values of Dhf

or Dnf indicate that the sound radiation in the given direction is
stronger. The directivity indices at various coordinates r; nð Þ or
r; hð Þ can be compared with each other. It is noted that the denom-
inators in Eqs. (7) and (8) differ from the conventional ones, which
are either the maximum value or the mean value of the squared
sound pressure over a specific far-field surface. In this study, they
are simply averaged over a line rather than a surface. This approach
is used to allow comparisons with a 2D approach. These two
indices can be used to represent the spatial sound radiation pattern
in both the far field and near field by changing the parameters r
(r > a) and n or h.

The directivity indices of the sound radiated by the plate sub-
jected to incoherent forces, i.e. the angular directivity index
Dh r; nð Þ and the longitudinal directivity index Dn r; hð Þ, can be

expressed similarly to Eqs (7) and (8) except that pf

�� ��2 is replaced

by pj j2 from Eq. (6). Moreover, the averaged angular directivity
indices Dhf rð Þ and Dh rð Þof a plate, excited by a single force and by
a set of incoherent forces respectively, are used to represent the
average sound radiation within the length of the plate, i.e. the aver-
age of Dhf r; nð Þ or Dh r; nð Þ over n.

2.4. Dominant sound radiation direction

From the angular directivity index Dhf r; nð Þ, the dominant sound
radiation angle Uf r; nð Þ of a plate can be defined as

Uf r; nð Þ ¼ hjDhf r;nð Þ¼max Dhf r;nð Þð Þ ð9Þ

The above equation can also be applied to the plate excited by
incoherent forces when the subscript f is omitted. The variable n
in Eq. (9) can be also dropped to represent the dominant sound
radiation angle corresponding to the averaged angular directivity
indices.

The critical frequency fc is the frequency at which k ¼ kb (where
kb denotes the wavelength of plate bending waves, and k is the
wavelength of the sound in the air), which can be expressed as [13]

f c ¼
c20
2ph

12q 1� l2
� �
E

� 1=2

ð10Þ

In the case of sound radiation from the bending waves of an
infinite plate above the critical frequency, fc, the sound propagates
at the coincidence angle Uc to the plate normal [13]

sin Ucð Þ ¼ k=kb ð11Þ
The wavelengths kband k can be expressed as follows [13]:

kb ¼ 2p Eh2

12q 1� l2ð Þx2

 !1=4

ð12Þ

k ¼ 2p
k

¼ 2pc0=xw ð13Þ
For finite plates subjected to forces within a one-third octave
band, the vibration modes with natural frequencies occurring
within this band play the dominant role in the vibration of the
plate and its sound radiation. The dominant sound radiation angle
can be theoretically estimated from Eq. (11) by taking kbas the
averaged wavelength for the corresponding mode shapes of the
plates in the x direction. Taking a rectangular plate with width
2a and four simply-supported edges as an example, the wave-
length of the plate for the m th mode is

kb ¼ 4a
m

ð14Þ

The dominant sound radiation angle obtained from Eqs. (9) and
(11) will be compared in the discussion section.
3. Results and discussion for plates

3.1. Directivity for a rectangular piston

The directivity of a rectangular piston (2a = 0.5 m, 2b = 0.6 m) is
illustrated in this section as a first step. The constant velocity on
the plate surface can be obtained from the above formulation by
including only the first mode of the plate with four free edges (FFFF
edges), m = 1, n = 1.

Fig. 3 shows the angular directivity index Dhf r; nð Þ of the piston
in the far field (r/a = 10) for different excitation frequencies fe.
These are also expressed in terms of ka, where k is the acoustic
wavenumber. These results are one-third octave band averages
based on seven discrete frequencies, as discussed above. It can be
noted from Fig. 3 that the angular directivity index Dhf r; nð Þ has lit-
tle dependence on the longitudinal coordinate n (see Fig. 2) within
the length range of the plate (�1� n/b�1). The directivity pattern
found can be observed to be similar to that for the circular piston
illustrated in [13].

3.2. Directivity for a rectangular plate subject to a single point force

Table 1 lists the geometry, material parameters and critical fre-
quencies of the various plates and plate strips used in this study.
Plate A, with the parameters listed in the second row of Table 1,
is a typical steel plate with thickness 5 mm and critical frequency
fc of 2444 Hz. Plate B in Table 1 has twice the thickness of Plate A.
Plate C has twice the width of plate A but the same aspect ratio.
Plate D has the same thickness and width as Plate A, but a larger
aspect ratio of 4. Plate E is obtained by doubling all the dimensions
of Plate D. Plates F � P will be discussed later.

The excitation force is applied at an arbitrary position on the
plate (chosen as xf/a = �0.37, yf/b = �0.53) with different one-
third octave band centre frequencies. To calculate the vibration
of the plate and its sound radiation, a sufficiently large number
of modes should be included in the vibration analysis. The maxi-
mum values M and N used for each direction are chosen such that
the natural frequencies corresponding to the modes (m = 1, n = N)
and (m =M, n = 1) are at least twice the maximum excitation fre-
quency. This leads, for example, to the values M = 13, N = 16 for a
frequency of 4000 Hz for Plate A. The investigation mainly focusses
on simply-supported boundary conditions applied along the four
edges of the plates (SSSS). Other boundary conditions will be con-
sidered later.

Fig. 4 illustrates the angular directivity indices Dhf r; nð Þ for the
plate at the same centre frequencies (fe = 400, 2000, 4000 and
10000 Hz) used for the piston. These results correspond to the far
field (r/a = 10); they are found to be largely independent of r pro-
vided that r/a�5. The value r/a = 10 will be used in the remainder
of this study. It can be seen that the angular directivity index again
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Fig. 3. Angular directivity indices Dhf r; nð Þ for a rectangular piston (r/a = 10): (a) fe = 400 Hz, ka = 1.83; (b) fe = 2000 Hz, ka = 9.16; (c) fe = 4000 Hz, ka = 18.3; (d) fe = 10,000 Hz,
ka = 45.8.

Table 1
Geometry, material and critical frequencies of plates and strips used in this study.

Plate/strip identity Width
2a (m)

Length
2b (m)

Aspect ratio Thickness h (mm) Density
q(kg/m3)

Damping loss
factor

Elastic
modulus
E (GPa)

Critical frequency
fc (Hz)

A 0.5 0.6 1.2 5 7800 0.01 200 2444
B 0.5 0.6 1.2 10 7800 0.01 200 1222
C 1.0 1.2 1.2 5 7800 0.01 200 2444
D 0.5 2.0 4.0 5 7800 0.01 200 2444
E 1.0 4.0 4.0 10 7800 0.01 200 1222
F 1.0 8.0 8.0 10 7800 0.01 200 1222
G 3.0 24.0 8.0 250 2600 0.01 35 70
H 3.0 18.0 6.0 250 2600 0.04 35 70
I 3.0 12.0 4.0 250 2600 0.04 35 70
J 3.0 6.0 2.0 250 2600 0.04 35 70
K 3.0 3.0 1.0 250 2600 0.04 35 70
L 2.0 24.0 12.0 125 2600 0.04 35 140
M 2.0 20.0 10.0 125 2600 0.04 35 140
N 2.0 16.0 8.0 125 2600 0.04 35 140
O 2.0 12.0 6.0 125 2600 0.04 35 140
P 2.0 8.0 4.0 125 2600 0.04 35 140
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has little dependence on the longitudinal coordinate n. From a
comparison with Fig. 3 it is clear that the directivity of the vibrat-
ing plate is different from that of a vibrating piston at the same
value of ka; the piston directivity shows a strong radiation at 0�
to the plate normal, whereas the plate directivity is less strong at
0� but it contains large lobes at ± 49� and ± 30� respectively at
4000 Hz and 10000 Hz, as can be seen from Fig. 4(c) and (d). The
dominant radiation angles of the plate corresponding to the lobes
in Fig. 4(c) and (d) match well with those estimated from Eq.
(11), which are 51� and 30� respectively.

To show the variation with frequency in different cases, and to
avoid showing a lot of graphs similar to Fig. 4, Fig. 5(a) shows the
maximum values of the averaged angular directivity indices Dhf rð Þ
for Plates A, B and C, which have the same aspect ratio 1.2. Larger
values indicate that the radiation is more directional (0 dB indi-
cates it is omnidirectional). These are plotted against the frequency
normalised by the corresponding critical frequency, fe/fc. Fig. 5(b)
displays the associated angle of dominant sound radiation (see
Eq. (9)), and Fig. 5(c) gives the number of modes of the plates in
each one-third octave band. Fig. 5(d)–(f) illustrate the correspond-
ing results for Plates D and E with a larger aspect ratio of 4.

The results in Fig. 5(a) indicate that the size of the plate has a
strong influence on the maximum value of averaged angular direc-
tivity indices, both the normalized excitation frequency fe/fc and
wavenumber ka of sound clearly affecting the directivity. This is
different from the case of the piston for which the directivity is
determined only by the value of ka. It can be seen from Fig. 5(a)
that the thinner and larger plates generally have larger maximum
values of Dhf rð Þ, i.e. stronger sound directivity in the dominant
radiation direction. From Fig. 5(c) it can be seen that the thinner
and larger plates also have more vibration modes in a given one-
third octave frequency band. Conversely, it can be observed from
Fig. 5(d)–(f) that the results for these two plates (D and E) are iden-
tical at a given normalised frequency fe/fc. It can be seen from Fig. 5
(d) that a piston of the same size as plate D generally produces lar-
ger Dhf rð Þ than the plate. This is because the piston is more



(a)    (b)

(c)    (d)

Fig. 4. Angular directivity indices Dhf r; nð Þ for a plate with simple boundary conditions along the four edges (SSSS) and under a single force (Plate A, fc = 2444 Hz, xf/a = �0.37,
yf/b = -0.53): (a) fe = 400 Hz, fe/fc = 0.16, ka = 1.83; (b) fe = 2000 Hz, fe/fc = 0.82, ka = 9.16; (c) fe = 4000 Hz, fe/fc = 1.64, ka = 18.3; (d) fe = 10,000 Hz, fe/fc = 4.10, ka = 45.8.
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directional as it has a single vibration mode of infinite wavelength
(see Eq. (11)). However, the plates have many bending modes of
different wavelengths which radiate sound in different directions.

The dominant radiation angles shown in Fig. 5(b) and Fig. 5(e)
vary erratically between 0 and 90� below the critical frequency.
However, in this frequency range the directivity is close to omni-
directional as the maximum value of Dhf rð Þis small. For frequencies
larger than the critical frequency, the dominant radiation angles
can be seen to decrease with increasing frequency. The theoretical
result from Eq. (11), also shown in Fig. 5(e), shows a similar trend,
which indicates that the theoretical coincidence angle of an infinite
plate can be used to estimate the dominant radiation angles of the
finite plates above the critical frequency.

For the sound radiated from the plate, unlike the piston, the
directivity is not only influenced by the acoustic wavelength (and
therefore frequency) but also by the bending wavelength of the
plate. The acoustic wavelength and averaged bending wavelength
of the plate in the frequency band of interest determine the dom-
inant radiation angle (see Eq. (11)), while the number of plate
modes in a frequency band is generally related to the maximum
value of angular directivity indices. Fig. 6 plots the maximum value
of Dhf rð Þ against the number of modes in each frequency band for
Plates A � E. The maximum value of Dhf rð Þ generally increases with
the number of modes in the frequency band. It can be approxi-
mately fitted with the following formula:

Dhf rð Þ ¼ 4log10N ð15Þ
where N is the number of bending modes of the plate in a given
one-third octave frequency band, although there is a large spread
in the results. The above expression is only valid when N > 2 as
can be seen from Fig. 6.

4. Results and discussion for plate strips

4.1. Directivity for plate strips under single point force

The plates used in some engineering applications such as bridge
components have large aspect ratios, i.e. b/a�1, which can be
called ‘strips’. In this section, two plate strips (F and G shown in
Table 1) with an aspect ratio of 8 are taken as examples to illustrate
their sound directivity. They correspond to typical components
used in civil engineering structures. Plate F is a 10 mm thick steel
plate with a critical frequency of 1224 Hz, whereas Plate G is a
plate made of concrete with a critical frequency of 70 Hz. The
thickness of Plate G is 250 mm, and it has a bending wavelength
of about 1.50 m at 750 Hz. To use thin plate theory, the thickness
of the plate should be no more than 1/6 of the bending wave-
length; therefore, it can be considered as a ‘thin’ plate for frequen-
cies below 750 Hz. Although it is much thicker than the steel plate,
this is typical of bridge constructions.

Fig. 7(a) and Fig. 7(b) present the angular directivity indices
Dhf r; nð Þ for r/a = 10 of the steel Plate F subjected to a point force
at an arbitrary position on the strip at frequencies below and above
the critical frequency: fe = 1000 Hz (fe/fc = 0.82) and fe = 2000 Hz
(fe/fc = 1.64), respectively. Fig. 7(c) and Fig. 7(d) show the results
of the concrete Plate G at the frequencies fe = 50 Hz (fe/fc = 0.72)
and fe = 315 Hz (fe/fc = 4.52), respectively. As can be seen from
Fig. 7(b) and (d), the directivity for these frequencies above fc
shows obvious dependence on n especially for plate F. It may be
noted that field points in the region of r/a = 10 can be very impor-
tant in practical applications such as for the noise from bridges,
ships and vehicles. The dependence of the directivity pattern on
the coordinate n can produce difficulty in the placement of the
microphone around the vibrating structures. However, Fig. 7(a)
and (c) indicate the directivity is less dependent on n at these lower
frequencies (below fc) where it is also closer to omnidirectional.

In order to quantify the variation of directivity at different fre-
quencies, Fig. 8(a) shows the maximum values of the averaged
angular directivity indices Dhf rð Þ of Plates F and G, and Fig. 8(b) dis-
plays the associated angles of dominant sound radiation. Fig. 8(a)
indicates that the steel plate has higher maximum values in the
angular directivity diagrams than the concrete plate. This is at least
in part due to differences in the corresponding frequency range. It
is also observed from Fig. 8(a) that the piston again produces larger
Dhf rð Þ than the plate of the same size. The dominant sound radia-
tion angles for Plate F show a similar tendency to those of Plate E



(a) (d)

(b) (e)

(c)  (f)

Fig. 5. Variation of averaged angular directivity and modal density with frequency for different plates (SSSS, xf/a = �0.37, yf/b = �0.53, r/a = 10): (a) maximum value of Dhf rð Þ,
aspect ratio 1.2; (b) dominant radiation angle hm, aspect ratio 1.2; (c) number of modes in each one-third octave band, aspect ratio 1.2; (d) maximum value of Dhf rð Þ, aspect
ratio 4; (e) dominant radiation angle hm, aspect ratio 4.0; (f) number of modes in each one-third octave band, aspect ratio 4.0.
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(which has the same thickness but different dimensions), as can be
seen from a comparison of Fig. 8(b) and Fig. 5(e).

To quantify the variation with position, Fig. 8(c) shows the stan-
dard deviation of the maximum values of Dhf r; nð Þ with respect to
the n direction, plotted against the normalized frequency. Simi-
larly, Fig. 8(d) presents the standard deviation of the dominant
sound radiation angles associated with these maximum values of
Dhf r; nð Þ. The standard deviations of the maximum values of
Dhf r; nð Þ are quite small in each frequency band but the standard
deviation of the dominant sound radiation angles is quite large
for the steel plate (Plate F), especially below fc. However, the dom-
inant sound radiation angles and their standard deviations are gen-
erally very small for the concrete one (Plate G). The directivity
indices of plate strips are influenced by many factors such as plate
material and size, frequency and position of the excitation forces.
Fig. 9(a) compares the maximum values Dhf rð Þ of Plates F and G
subjected to a single forces at different positions, and Fig. 9(b)
gives the associated dominant radiation angle. It can be seen from
these results that the force position has some influence on the
sound directivity. It is difficult to obtain a general conclusion for
an arbitrary rectangular plate because the directivity is generally
irregular and unsymmetrical in the presence of a single excitation



Fig. 6. Maximum value of Dhf rð Þ against number of modes in each one-third octave
band for steel plates of different sizes and subjected to single force.
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force at a particular position on the plate. However, the sound
directivity has some interesting and useful properties for strips
excited by sets of incoherent forces distributed along the length
direction or across the width of the plate. This will be illustrated
in the following sections.
4.2. Directivity for a strip under a set of incoherent forces

A plate may be excited into vibration by several sets of incoher-
ent forces along lines at various lateral positions or just many
forces randomly distributed across the plate. Fig. 10 illustrates
the angular directivity indices Dh r; nð Þ for the same two strips (F
and G) subjected to incoherent forces across the plate. A total of
25 incoherent forces are equally spaced over the strips in both x
Fig. 7. Angular directivity indices Dhf r; nð Þ for plate strips (SSSS, xf/a = �0.37, yf/b = �0.51
fc = 1.64, ka = 18.3; (c) Plate G, fe = 50 Hz, fe/fc = 0.72, ka = 1.34; (d) Plate G, fe = 315 Hz, f
and y direction (5 by 5 array of forces). The directivity pattern
now shows only weak reliance on the coordinate n. This phe-
nomenon is caused by the averaging of the sound pressure due
to the different force positions. Fig. 11 depicts the longitudinal
directivity indices Dn r; hð Þ for Plates F and G at three different fre-
quencies at the corresponding dominant radiation angles h as
shown in the legends of the figures. This is based on the same 5
by 5 array of incoherent forces. It can be seen from Fig. 11 that
the sound directivity indices Dn r; hð Þ generally vary within about
±2 dB between different n locations, apart from those near the plate
boundaries.

Next, results are presented of the sound radiation of a strip sub-
jected to incoherent forces applied along a line on the strip at a
selected lateral position. The structure-borne noise from a railway
bridge under a moving train is a particular example of such excita-
tion. Fig. 12 shows the corresponding diagram to Fig. 11 for the
same two strips (F and G) but considering a total of 20 incoherent
forces that are equally spaced along a line in the length (y direc-
tion) of the strips at a fixed x position (xf = �0.37a). It can be
observed from a comparison of Fig. 11 and Fig. 12 that the two sets
of incoherent forces produce the similar longitudinal directivity
indices as well as similar dominant radiation angles (identified in
the legend). The above findings match the results given by Li
et al. [26] and Song et al. [25] who found that the sound pressure
levels of bridge noise vary insignificantly along the moving direc-
tion of a train during the passage of the train crossing the bridge.

Fig. 13 presents the equivalent results to Fig. 8 but for the case
when 25 incoherent forces are applied across the plates (the same
5 by 5 array of positions). It can be observed from a comparison of
the two figures that the incoherent forces produce a more direc-
tional radiation than the single force for the steel plate. This is
because generally more modes are excited in a given frequency
band by the distributed forces; the modes of vibration in this band
contribute more significantly to the vibration of the plate
compared to other modes of vibration. As a result, the bending
, r/a = 10): (a) Plate F, fe = 1000 Hz, fe/fc = 0.82, ka = 9.16; (b) Plate F, fe = 2000 Hz, fe/
e/fc = 4.52, ka = 8.66.



Fig. 8. Variation of averaged angular directivity with frequency (SSSS, xf/a = �0.37, yf/b = �0.53, r/a = 10): (a) maximum value of Dhf rð Þ; (b) dominant radiation angle; (c)
standard deviation of maximum values of Dhf r; nð Þ with respect to n direction; (d) standard deviation of the dominant sound radiation angles with respect to n direction.

(a) (b)

Fig. 9. Variation of averaged angular directivity with frequency subjected to a single force at different positions (SSSS, r/a = 10): (a) maximum value of Dhf rð Þ; (b) dominant
radiation angle.
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wavelength of the plate is more concentrated at a fixed value (see
Eq. (11)) and the sound radiation is more directional. The directiv-
ity of the concrete plate G is not obviously affected by the type of
excitation because the plate has only a small number of modes of
vibration in each frequency band. The dominant radiation angles in
Fig. 13(b) remain the same under the two kinds of excitation as
they are controlled by the wavelength rather than the number of
modes that contribute to the sound radiation. However, the inco-
herent forces significantly reduce the standard deviations of the
maximum angular directivity indices and dominant radiation
angles (Fig. 13(c, d)) compared with the single force situation
(Fig. 8(c, d)). Thus, with distributed excitation the radiation may
be more directional but it has a much lower variation along the
length of the plate strip.

In order to show the influence of the aspect ratio on the varia-
tion of directivity, Fig. 14(a) gives the maximum values of the aver-
aged angular directivity indices Dhf rð Þ of Plates G, H, I, J and K listed
in Table 1. These are all concrete plates of the same width and



(a) (b)

(c) (d)

Fig. 10. Angular directivity indices Dh r; nð Þ for plate strips subjected to 25 incoherent forces across the plate (SSSS, r/a = 10): (a) Plate F, fe = 1000 Hz, fe/fc = 0.82, ka = 9.16; (b)
Plate F, fe = 2000 Hz, fe/fc = 1.64, ka = 18.3; (c) Plate G, fe = 50 Hz, fe/fc = 0.72, ka = 1.34; (d) Plate G, fe = 315 Hz, fe/fc = 4.52, ka = 8.66.

(a)                      (b)

Fig. 11. Longitudinal directivity indices Dn r; hð Þ at dominant radiation angles for the plate strips subjected to 25 incoherent forces across the plate (SSSS, r/a = 10): (a) Plate F;
(b) Plate G.

(a) (b)

Fig. 12. Longitudinal directivity indices Dn r; hð Þ at dominant radiation angles for the pate strips subjected to 20 incoherent forces along the length direction (SSSS, xf/a = -0.37,
r/a = 10): (a) Plate F; (b) Plate G.
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(a)  (b)

(c)  (d)

Fig. 13. Variation of averaged angular directivity with frequency for the plate strips subjected to 25 incoherent forces across the plate (SSSS, r/a = 10): (a) maximum value of
Dhf rð Þ; (b) dominant radiation angle; (c) standard deviation of maximum values of Dhf r; nð Þwith respect to n direction; (d) standard deviation of the dominant sound radiation
angles with respect to n direction.

(a) (b)

Fig. 14. Variation of averaged angular directivity with frequency for the concrete plate strips of different aspect ratio (b/a) and subjected to 25 incoherent forces across the
plate (SSSS, r/a = 10, h = 250 mm): (a) maximum value of Dh rð Þ; (b) standard deviation of maximum values of Dh r; nð Þ with respect to n direction.
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thickness but different lengths. A total of 25 incoherent forces are
applied across these plates (5 by 5 array as before). It can be seen
from Fig. 14(a) that the aspect ratio b/a has little influence on the
maximum values of the averaged angular directivity indices.
Fig. 14(b) compares the standard deviation (over n) of the maxi-
mum values of Dhf r; nð Þ for these plates of different aspect ratio.
It can be observed that the standard deviations are all less than
1 dB although they are affected to some extent by the aspect ratio.
Results for another set of plates (L � P in Table 1) are shown in
Fig. 15. These plates have a smaller width and thickness than Plate
G and again have various aspect ratios, in this case from 4 to 12.

It can be seen from Fig. 14(a) and Fig. 15(a) that the maximum
values of the averaged angular directivity indices generally
increase as frequency increases and they are less than 5 dB for fre-
quencies less than 3fc and less than 2 dB for frequencies less than
fc. The dominant frequency of noise from concrete railway bridges



(a) (b)

Fig. 15. Variation of averaged angular directivity with frequency for the concrete plate strips of different aspect ratio (b/a) and subjected to 25 incoherent forces across the
plate (SSSS, r/a = 10, h = 125 mm): (a) maximum value of Dh rð Þ; (b) standard deviation of maximum values of Dh r; nð Þ with respect to n direction.
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is usually around 63 Hz [25] (below fc). This means the bridge noise
is close to omnidirectional in this frequency range.

Fig. 14(b) and Fig. 15(b) indicate that the standard deviation of
the angular directivity over the longitudinal direction is less than
1 dB, which can be ignored for engineering use. The fact that the
sound pressure produced by incoherent forces does not depend
significantly on the longitudinal location within the plate length
is very useful in practice. As a result, the microphones can be
installed at one or a small number of arbitrarily chosen positions
along the length direction to obtain an estimate of the averaged
sound pressure. In other words, the 3D sound directivity pattern
for the strip can be approximately represented by a 2D diagram
of Dh rð Þin this situation.

Fig. 16 gives the variation of the maximum value of Dh rð Þ plot-
ted against the number of modes in each one-third octave band for
concrete plates G � P subjected to 25 incoherent forces. It can be
seen from Fig. 16 that the maximum value of Dh rð Þ again generally
increases with the number of modes and the fitted formula shown
in Eq. (15) can again be applied to these plates for N > 2.
4.3. Effect of boundary conditions

The boundary conditions in practice can be quite complex and
will differ from simple supports. To investigate the effect of the
boundary conditions, three different combinations are compared
Fig. 16. Maximum value of Dhf rð Þ against number of modes in each one-third
octave band for concrete plate of different sizes and subjected to 25 incoherent
forces.
in this section in terms of the directivity of sound under incoherent
forces (the same 5 by 5 array of positions). These are: four simply-
supported edges (SSSS) as above, four clamped edges (CCCC), one
clamped edge along the length and three free edges (CFFF) and four
free edges (FFFF). Fig. 17(a) presents the maximum values of the
averaged sound directivity indices Dh rð Þ for Plate F with these var-
ious boundary conditions, and Fig. 17(b) shows the associated
dominant radiation angles. Fig. 17(c) and (d) illustrate the corre-
sponding results for Plate G. It can be observed from Fig. 17 that
the boundary conditions of the plates have a small influence on
the directivity at high frequencies. Compared with Plate G, the
boundary conditions of Plate F have less effect on the directivity
at high frequencies but a larger influence at low frequencies. This
is because the modal density and wavelength of standing waves
in the x direction of Plate F are less affected by the boundary con-
ditions at high frequencies but more influenced at low frequencies,
as can be seen from Fig. 18. At the lower frequencies, although the
maximum directivity indices and dominant angles of the strips are
clearly different for various boundary conditions, the sound radia-
tion is close to omnidirectional regardless of the boundary condi-
tions. Fig. 18(b) shows that the modal density of Plate G is very
low. There is not more than one mode in the width direction in
each one-third octave band below 400 Hz (fe/fc � 6).

Fig. 19 gives the standard deviation of the maximum values of
Dh r; nð Þ and of the associated dominant radiation angles with
respect to the n direction of Plate F under various boundary condi-
tions. The standard deviations are very small apart from that for
the dominant radiation angles at low frequencies where the direc-
tivity is in any case quite close to omnidirectional. This again
shows that the boundary conditions of the strip have negligible
effect on the sound directivity. This is also a very useful finding,
indicating that the conclusions from Section 4.2 apply to strips
with various different boundary conditions.

4.4. Comparison between 3D and quasi 2D strips

In predicting sound radiation, 2D acoustical models have some-
times been used [26] instead of 3D models to reduce the computa-
tional effort. The justification for using the 2D models will be
illustrated in this section. The sound directivity for strips vibrating
in a 3D situation subjected to 20 incoherent forces along a single
line is compared with those vibrating with a velocity that is inde-
pendent of the position along the length direction. A quasi-2D
acoustic field can be generated in the latter situation. This can be
realized in the above model by adopting free edges at the ends
and only including the contribution of vibration from the first



(a) (b)

(c) (d)

Fig. 17. Variation of averaged angular directivity with frequency for plate strips subjected to 25 incoherent forces across the plate and with various boundary conditions (r/
a = 10): (a) Plate F, maximum value of Dh rð Þ; (b) Plate F, dominant radiation angle; (c) Plate G, maximum value of Dh rð Þ; (d) Plate G, dominant radiation angle.

(a) (b)

Fig. 18. Number of modes in each 1/3 octave band for plate strips with various boundary conditions: (a) Plate F; (b) Plate G.
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mode type (n = 1) in the length direction. Fig. 20 compares the
averaged angular directivity indices Dh rð Þ for the 3D situation of
the concrete strips with SSFF and FFFF boundary conditions with
those for the corresponding quasi-2D situation. One frequency
below and one above the critical frequency are considered in the
figure. It can be observed from Fig. 20 that the directivity indices
show insignificant differences between the 3D and quasi-2D
results for the dominant radiation directions. If the directivity of
a strip with quasi-2D vibration is similar to that of the 3D result,
a 2D vibro-acoustic model can be used in the approximate predic-
tion of noise radiated from the strips instead of a 3D model pro-
vided that the radiation powers of the two models are also
equivalent. The above findings support the assumption adopted
by Li et al. [26].

4.5. Comparison with numerical results

A finite element/boundary element model of Plate G has been
used to verify the analytical model. For this the indirect boundary
element method coded in the software SYSNOISE was used to



(a) (b)

Fig. 19. Variation of averaged angular directivity with frequency for the plate F with various boundary conditions and subjected to 25 incoherent forces across the plate (r/
a = 10): (a) standard deviation of maximum values of Dh r; nð Þ with respect to n direction; (b) standard deviation of the dominant sound radiation angles.

(a)     (b)

(c) (d)

Fig. 20. Averaged angular intensity indices Dh rð Þ for the strips vibrating in 3D and 2D modes (xf/a = -0.37, r/a = 10): (a) Plate F, fe = 1000 Hz, fe/fc = 0.82, ka = 9.16; (b) Plate F,
fe = 2000 Hz, fe/fc = 1.64, ka = 18.3; (c) Plate G, fe = 50 Hz, fe/fc = 0.72, ka = 1.34; (d) Plate G, fe = 315 Hz, fe/fc = 4.52, ka = 8.66.
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establish the model. This contains 1936 nodes and 1800 four-node
quadrilateral elements. The element size was set to 0.2 m. The
finite element method coded in the software ANSYS was adopted
to obtain the harmonic vibration of the plate with SSSS edges.
The same frequencies were used as in the analytical model. The
vibration results of the plate were mapped to the vibrational
boundary conditions of the boundary element model. Fig. 21 gives
the angular directivity index Dh r; nð Þ at four selected positions
along the length direction of the plate for baffled concrete strips
subjected to 5 incoherent forces along a line at xf = -0.37a.
Dh r; nð Þ is also shown for the same baffled plate obtained from
the analytical method presented in this study. Similar tendencies
can be observed from the numerical and analytical results when
these two different methods are used for the baffled case. The dif-
ferences between the results from the two methods are caused by
the different approximate discretization used in both methods.
4.6. Comparison between baffled and unbaffled results

The condition that the plate is located in an infinite baffle is not
necessarily representative of sound radiation from the plates in a
complex structure. Another extreme case is a fully unbaffled situ-
ation. The results for these two idealised situations are also com-
pared here. Fig. 21 also gives the angular directivity index Dh r; nð Þ
for an unbaffled concrete strip subjected to incoherent forces at
the same positions along the length direction of the plate. The
unbaffled results shown in Fig. 21 were again obtained from the
indirect boundary element method coded in the software SYS-
NOISE. It can be seen from Fig. 21 that the baffle has little influence
on the dominant radiation angle of the plate and mainly influences
the sound radiation close to the grazing direction. There is still only
limited variation of the directivity pattern along the length regard-
less of the presence of the baffle.



(a) (b)

(c) (d)

Fig. 21. Angular directivity indices Dh r; nð Þ for baffled and unbaffled Plate G subjected to 5 incoherent forces along the length direction (SSSS, r/a = 10, xf/a = -0.37, fe = 315 Hz,
fe/fc = 4.52, ka = 8.66): (a) n

b ¼ �7
8 ; (b)

n
b ¼ �5

8 ; (c)
n
b ¼ �3

8 ; (d)
n
b ¼ �1

8 .
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5. Conclusions

The directivity of the sound radiation from rectangular plates
has been studied in terms of longitudinal and angular directivity
indices defined in this study. Analytical solutions have been
applied to obtain the vibration of plates and plate strips and their
sound radiation. New definitions of directivity have been proposed
that may be more appropriate for plate strips of large aspect ratio.
Diagrams of these angular and longitudinal directivity indices have
then been presented and discussed for typical steel and concrete
plates of different aspect ratios and thicknesses with various
boundary conditions, and excited by a single force and a set of
incoherent forces. The following conclusions can be drawn from
the results.

(1) The angular directivity indices of sound from a rectangular
plate of small aspect ratio subjected to a single force have lit-
tle dependence on the longitudinal coordinate n provided
that the location is within the plate length (�1� n/b�1)
and in the far field (r/a�10). However, the directivity pattern
becomes irregular and unsymmetrical for a plate strip (long
plate) subjected to a single force.

(2) The longitudinal directivity pattern of sound from strips
shows weak reliance (variation within about ± 2 dB) on the
longitudinal coordinate n (�1< n/b<1) if a set of incoherent
forces is applied on the strips, regardless of the vibrating fre-
quencies considered.

(3) The maximum values of the averaged angular directivity
indices of concrete plates excited by incoherent forces are
less than 2 dB below the critical frequency of the plate and
are less than 5 dB at frequencies up to 3 times the critical
frequency. In addition, the standard deviations of the maxi-
mum angular directivity with the longitudinal direction are
less than 1 dB. As a result, both the angular and longitudinal
directivity of noise from concrete plates can be ignored for
engineering use and the noise from concrete bridges can
be considered as a line source that is approximately
omnidirectional.
(4) Plates and plate strips are much less directional at high fre-
quencies than the corresponding rigid piston. Nevertheless,
the maximum value of directivity increases at high fre-
quency as the number of modes in a one-third octave band
increases.

(5) The structural boundary conditions of the strips influence
the angular directivity pattern at high frequency but not
for the dominant range of sound radiation directions, which
are associated with the coincidence angle for frequencies
above the critical frequency. Moreover, the baffle mainly
has a large influence on the sound radiation in directions
close to the baffle but not in the dominant sound radiation
directions.

(6) The angular directivity pattern of sound from a strip with
quasi-2D vibration is similar to that of the 3D result under
incoherent excitations in the far field with respect to the
width direction. A 2D vibro-acoustic model can therefore
be used in the prediction of sound directivity of long strips
instead of a 3D model.

All data published in this paper are openly available from the
University of Southampton repository at https://doi.org/10.5258/
SOTON/D0931.
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