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ABSTRACT This paper investigates the cooperative output regulation for heterogeneous linear multi-agent
systems with an uncertain leader under the event-triggered control. Firstly, a local adaptive observer is
designed to estimate the system matrices of the leader. Then, utilizing the estimated matrices, an adaptive
estimator is proposed to observe the leader’s dynamic behavior and an adaptive regulation law is presented
to solve the output regulator equations online. Furthermore, by using the estimated state of the leader and
the adaptive solutions of the output regulator equations, a distributed event-triggered controller and a novel
self-triggered controller are designed such that the output of each follower can converge the leader’s output,
and Zeno behavior can be excluded for each agent. Finally, two numerical simulation examples are provided
to verify the effectiveness of the proposed control approaches.

INDEX TERMS Event-triggered control, self-triggered control, cooperative output regulation, heteroge-
neous multi-agent systems.

I. INTRODUCTION
Over the past decade, cooperative control for multi-agent
systems (MASs) has been a hot topic due to its signif-
icant applications in consensus [1]–[3], flocking [4], [5],
formulation [6], [7] and so on. However, the nodes in the
most of the previous literatures are assumed to be homo-
geneous. In fact, the agents have distinct system matrices
and even different state dimensions, that is heterogeneous,
such as in [8]. Therefore, it is more worthy of studying
the heterogeneous MASs. A fundamental problem of the
heterogeneous MASs is cooperative output regulation prob-
lem whose aim is to make the output of each follower
track the reference input or the disturbance generated by
the so-called leader. In [9], the cooperative output regula-
tion problem for heterogeneous linear multi-agent systems
is investigated in the presence of communication constraints
which include intermittent and asynchronous discrete-time
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information exchange and unknown time-varying delays and
possible information losses. Nevertheless, the leader’s system
matrices R and S are usually unknown to the followers, that
is, the followers cannot directly utilize the leader’s system
matrices R and S. It becomes the first important issue to
estimate the leader’s system matrices.

To overcome the issue, the authors in [10], [11] study the
cooperative output regulation problem for uncertain multi-
agent systems subject to an uncertain leader system by com-
bining the adaptive control and robust control techniques.
Similarly, a distributed adaptive observer is designed in [12]
to estimate the leader’s system matrices and the leader’s
states. Based on the estimated system matrices, the output
regulator equations could be solved adaptively. As the exten-
sion of [12], the authors in [13] investigate the adaptive output
containment control of heterogeneous multi-agent systems
with multiple unknown leaders. Local adaptive observers
are proposed to estimate the leaders’ unknown dynamics
and the corresponding output regulator equations are solved
adaptively. Although the adaptive observers could estimate
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the leaders’ unknown dynamics, information communica-
tions and actuation updates are continuous which inevitably
increase the computation and cause power wasting.

In order to save power, it is critical to reduce the number
of information communications and actuation updates. It has
been demonstrated that event-triggered strategy is more bene-
ficial for energy saving than the continuous strategy. Tabuada
designed an event-triggered strategy to handle the stabiliza-
tion problem of a single system in [14], and the strategy
could be also applied in the consensus problem of MASs
with first order agents [15], [16]. In [17]–[19], the event-
triggered strategy is further generalized to the general linear
MASs. Recently, the event-triggered strategy is introduced
to settle the cooperative output consensus problem for het-
erogeneous multi-agent systems. In [20], a novel distributed
event-triggered control scheme and a novel self-triggered
control scheme are developed to solve the cooperative output
regulation problem of heterogeneous MASs. Furthermore,
a distributed event-triggered control scheme is proposed to
solve the cooperative output regulation problem of hetero-
geneous multi-agent systems with switching communication
topologies in [21]. The authors in [22] study the cooperative
output regulation problem for discrete-time linear time-delay
multi-agent systems subject to jointly connected switching
networks. There are many other related results about event-
triggered or self-triggered strategies in [23]–[26].

However, to our best knowledge, there are few results on
event-triggered cooperative output regulation for heteroge-
neous multi-agent systems with an unknown leader. In many
practical cases, the followers cannot directly achieve the
leader’s information, that is, the leader is unknown or uncer-
tain to the followers. Owing to the unknown leader, it is
necessary to resort to an adaptive observer to estimate the
leader’s system matrices and the leader’s unknown dynamics
which makes the event-triggered strategy more complicated
and challenging. In addition, there is another difficulty of the
event-triggered scheme that is to exclude the Zeno behavior.
It has to be proved that there is a strictly positive constant
to limit the lower bound of the event interval time. These
challenges motivate our research.

In this paper, we propose a distributed event-triggered
controller and a novel self-triggered controller for the cooper-
ative output regulation of heterogeneousmulti-agent systems.
Comparing with the existing literatures, there are three major
contributions. Firstly, a local adaptive observer is designed
to estimate the leader’s unknown system matrices. Then,
utilizing the estimated matrices of the leader, an adaptive
estimator is proposed to observe the leader’s dynamic behav-
ior and an adaptive regulation law is presented to solve
the output regulator equations online. Besides, by using the
estimated state of the leader and the adaptive solutions of
the output regulator equations, a distributed event-triggered
controller and a novel self-triggered controller are designed
such that the output of each follower can converge the leader’s
output, and the Zeno behavior can be excluded for each
agent.

The rest organization of this paper is outlined as follows.
Some preliminaries about Graph Theory and problem formu-
lation are introduced in Section 2. In Section 3, four lemmas
are achieved by using of the local adaptive observer. Based
upon the lemmas, a distributed event-triggered controller and
a novel self-triggered controller are proposed in Section 4.
Moreover, it is proved to exclude the Zeno behavior. Finally,
an illustrative example is given in Section 5.

II. PRELIMINARIES AND PROBLEM FORMULATION
A. NOTATION AND GRAPH THEORY
Let R and Rn be the real numbers and the n-dimensional
Euclidean space, respectively. ‖ · ‖2 represents the Euclidean
norm for the vectors or the induced 2-norm for matrices.
1n ∈ Rn denotes the n-dimensional column vector with all
elements being 1. In ∈ Rn×n represents the n × n identity
matrix. AT represents the transpose of A. σmin(A), σmax(A)
and σ (A) are the minimum and maximum singular values,
and the spectum of the matrix A, respectively. rank(A) is the
rank of matrix A. A⊗ B denotes the Kronecker product of A
and B. diag(·) represents the diagonal matrix. vec(X ) is the
column vector generated by all the lolumns of the matrix X .

The connection network of multi-agent systems can be
represented by a graph Ḡ (V̄, Ē, Ā), where V̄ = {0, 1, . . . ,N }
denotes the vertex indexes of the agents, and Ē ⊆ V̄ × V̄ =
{(i, j)|i, j ∈ V̄, i 6= j} represents the connections among the
agents, and Ā = [aij] ∈ R(N+1)×(N+1) is the adjacency
matrix with aij = 1 if (j, i) ∈ Ē , aij = 0 otherwise. In this
paper, node 0 is the leader and all the others are the followers
which are in F = {1, 2, . . . ,N }. The digraph Ḡ contains
a spanning tree rooted node 0 if any follower is reachable
from node 0. Let 1 = diag(a10, . . . , aN0) where ai0 = 1 for
i = 1, . . . ,N denote node i can directly obtain information
from the leader, and ai0 = 0 otherwise. DefineG = (V, E,A)
is the subgraph of Ḡ , where V = {1, 2, . . . ,N } and E is con-
sisted of the edges between the followers. The neighborhood
set of node i in G is represented by Ni = {j ∈ V|(i, j) ∈ E}
and |Ni| is the cardinality of Ni. Let LG = [lij] ∈ RN×N

denote the Laplacian matrix of the subgraph spanned by the
N followers. Then, further define H = LG +1.

B. PROBLEM FORMULATION
As in [28], we will consider the heterogeneous linear multi-
agent systems consisting of one leader and N followers. The
dynamics of the ith follower can be described as follows:{

ẋi = Aixi + Biui,
yi = Cixi, i ∈ F = {1, 2, . . . ,N }

(1)

where xi(t) ∈ Rni , ui(t) ∈ Rmi , and yi(t) ∈ Rp are the system
state, the control input and the output of the ith follower,
respectively. The dynamics of the leader can be shown as
follows: {

ẋ0 = Sx0,
y0 = Rx0

(2)

VOLUME 7, 2019 174271



J. Gao et al.: Event-Triggered Cooperative Output Regulation for Heterogeneous Multi-Agent Systems

where x0(t) ∈ Rq and y0(t) ∈ Rp are the system state and the
output of the leader, respectively. S ∈ Rq×q and R ∈ Rp×q

are unknown to the followers.
Remark 1: The system matrices of the followers and the

leader are various, and even they have different dimensions.
Then, (1) and (2) are deemed to be heterogeneous. But,
the dimensions of the followers and the leader are identical.
In [20], the authors studied the cooperative output regula-
tion of heterogeneous linear multi-agent systems by event-
triggered control, but requiring knowledge of the matrix S. In
this paper, we consider the case without knowing S ∈ Rq×q

and R ∈ Rp×q.
Problem 1: The event-triggered cooperative output con-

trol problem is to design an event-triggered controller ui(t)
such that the followers’ outputs yi(t) can converge to the
leader’s output y0(t). That is, the output error ei(t) = yi(t)−
y0(t) converges to 0 (i.e. limt→∞ ei(t) = 0).
The following assumptions and lemmas are needed to solve
the Problem.
Assumption 1: There exists a spanning tree with the leader

as the root in the digraph.
Assumption 2: The real parts of the eigenvalues of S are

nonnegative.
Assumption 3: For all i = 1, 2, . . . ,N, (Ai,Bi) are stabi-

lizable and (Ai,Ci) are detectable.
Assumption 4: For all i = 1, 2, . . . ,N,

rank
[
Ai − λIni Bi

Ci 0

]
= ni + p, ∀ λ ∈ σ (S).

Lemma 1: [27]Under the Assumption 1, all the eigenval-
ues of the matrix H have positive real parts.
Lemma 2: [29] Under Assumption 4, the following output

regulator equations have unique solutions (Xi,Ui),{
AiXi + BiUi = XiS,
CiXi = R, i = 1, 2, . . . ,N .

(3)

Lemma 3: [30] For any vectors d1, . . . , dn, the following
inequality holds: ‖

∑n
i=1 di‖

2
≤ n

∑n
i=1 ‖di‖

2.
Lemma 4: [12] Consider the system: ẋ = εFx+F1(t)x+

F2(t), where x ∈ Rn, F ∈ Rn×n is Hurwitz, ε > 0, F1(t) ∈
Rn×n and F2(t) ∈ Rn are bounded and continuous for all t ≥
t0. We have, if F1(t),F2(t) → 0 as t → ∞ (exponentially),
then, for any x(t0) and any ε > 0, x(t) → 0 as t → ∞
(exponentially).

III. ADAPTIVE DISTRIBUTED OBSERVER FOR OUTPUT
REGULATOR EQUATIONS
In Lemma 2, the output regulator equations (3) have unique
solutions (Xi,Ui) if Assumption 2 holds. Moreover, the
unique solutions (Xi,Ui) of (3) are essential for the output
consensus of heterogeneous multi-agent systems. However, it
is required to know S and R beforehand to solve the regulator
equations (3). At present, there are few research results about
the unknown S and R. In this paper, it is investigated the case
that S and R are unknown to the followers. Let Ŝi and R̂i as the
observed values of S and R for the ith follower, respectively.

Design the distributed observers for S and R as follows:
˙̂Si = −ι(

N∑
j=0

aij(Ŝi − Ŝj)),

˙̂Ri = −ι(
N∑
j=0

aij(R̂i − R̂j)), i = 1, 2, . . . ,N ,

(4)

where ι > 0 are the gains to be determined later, S0 =
S,R0 = R, Si ∈ Rq×q and Ri ∈ Rp×q (i = 1, . . . ,N ).
Lemma 5: Under Assumption 1, ∀ ι > 0, one has

S̃i = Ŝi − S → 0, R̃i = R̂i − R→ 0, i = 1, 2, . . . ,N .

(5)
Proof: Define S̃ = (S̃T1 , S̃

T
2 , . . . , S̃

T
N )

T , R̃ =

(R̃T1 , R̃
T
2 , . . . , R̃

T
N )

T . Then, the matrix form of (4) is written
as follows:

˙̃S = −ι(H ⊗ Iq)S̃,
˙̃R = −ι(H ⊗ Iq)R̃. (6)

Under Assumption 1,H is positive-definite. Therefore, ∀ ι >
0, S̃ → 0 and R̃→ 0, that is, Ŝi→ S and R̂i→ R. �
By using of the observers (4), we can estimate the unknown

matrix R and S of the leader. Then, the followers can use Ŝi
and R̂i to solve the output regulator equations (3) adaptively.
Let (X̂i, Ûi) denote the estimator of the unique solutions
(Xi,Ui).
Firstly, the output regulator equations (3) can be rewritten

as the following form:[
Ai Bi
Ci 0

] [
Xi
Ui

]
−

[
Ini 0
0 0

] [
Xi
Ui

]
S =

[
0
R

]
. (7)

Then, by using of Theorem 1.9 of [29], (7) can be transformed
into the following form

QiXi = R, (8)

whereQi = Iq⊗
[
Ai Bi
Ci 0

]
−ST ⊗

[
Ini 0
0 0

]
,Xi = vec(

[
Xi
Ui

]
),

andR = vec(
[
0
R

]
).

Then, by using Lemma 3 of [12], one gets the following
lemma.
Lemma 6: Under Assumption 2 and 3, using the dis-

tributed observers (4), the following adaptive system

˙̂Xi(t) = −µQ̂T
i (Q̂iX̂i(t)− R̂i) (9)

has a unique bounded solution X̂i(t) = vec(
[
X̂i
Ûi

]
) for t ≥ t0

and µ > 0 such that, limt→∞(X̂i(t)−Xi) = 0 exponentially.
That is, X̃i(t) = X̂i(t) − Xi(t) → 0 and Ũi(t) = Ûi(t) −
Ui(t)→ 0, i = 1, 2, . . . ,N.
Define As = IN ⊗ S − (c − 1)H ⊗ Iq, Hs = (INq ⊗ S) −

ι(H ⊗ Iq)⊗ Iq. Then, one has the following lemma.
Lemma 7: Under Assumption 1, As is stable if c is suffi-

ciently large, and Hs is stable if ι is sufficiently large.
Proof: Under Assumption 1, all the eigenvalues

of H are positive. The eigenvalues of As are
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λi(S)− (c− 1)λi(H ), i = 1, . . . , q, j = 1, . . . ,N . Therefore,
λi(S)− (c−1)λi(H ) have positive real parts when c is chosen
sufficiently large, that is, As is stable. Similarly, Hs can also
be stable.
Lemma 8: Under Assumption 3, for sufficiently large ι >

0, one gets

S̃ix0→ 0, R̃ix0→ 0. (10)
Proof: The sufficient conditions for (10) are S̃⊗x0→ 0

and R̃⊗x0→ 0. The derivative dynamics of S̃⊗x0 and R̃⊗x0
are listed as follows:

d(S̃ ⊗ x0)
dt

=
˙̃S ⊗ x0 + S̃ ⊗ ẋ0

= −ι[(H ⊗ Iq)S̃]⊗ (Iqx0)

+ (INqS̃)⊗ (Sx0)

= [(INq ⊗ S)− ι(H ⊗ Iq)⊗ Iq](S̃ ⊗ x0)

= Hs(S̃ ⊗ x0). (11)

By using of Lemma 7, Hs is stable if ι > 0 is chosen
sufficiently large. Then, one has S̃ ⊗ x0 → 0. Similarly, one
gets R̃⊗ x0→ 0. �
Lemma 9: Under Assumption 3, for sufficiently large ι >

0, one gets

X̃ix0→ 0, Ũix0→ 0. (12)
Proof:Let X̃i = X̂i(t)−Xi and R̃i = R̂i(t)−R represent

the estimation error of Xi andR. Then, one has

˙̃Xi =
˙̂Xi − Ẋi = −µQ̂T

i (Q̂iX̂i − R̂i)

= −µQT
i (QiX̂i −R)− µ(S̃Ti

⊗

[
Ini 0
0 0

]
)T (Q̂iX̂i −R)

−µQT
i S̃

T
i ⊗

[
Ini 0
0 0

]
)X̂i + µQ̂T

i R̃i

= −µQT
i QiX̃i − µ(S̃Ti ⊗

[
Ini 0
0 0

]
)T R̃i

− ιQT
i S̃

T
i ⊗

[
Ini 0
0 0

]
X̂i + µQ̂T

i R̃i

= −µQT
i QiX̃i − µQT

i (S̃
T
i ⊗

[
Ini 0
0 0

]
)X̃i

−µQT
i S̃

T
i ⊗

[
Ini 0
0 0

]
Xi + ιQT

i R̃i

= µF1iX̃i + F2i(t)X̃i + F3i(t) (13)

where F1i = −QT
i Qi is Hurwitz, F2i(t) = −µQT

i (S̃
T
i ⊗[

Ini 0
0 0

]
), F3i(t) = −µQT

i S̃
T
i ⊗

[
Ini 0
0 0

]
Xi+µQT

i R̃i. More-

over, for any ι > 0, there are f2i > 0 and f3i > 0 such that

‖F2i‖ ≤ f2ie−ιλ1t , ‖F3i‖ ≤ f3ie−ιλ1t , (14)

where λ1 is the minimum eigenvalue of H .
Let X̃i = [X̃Ti ŨT

i ]
T
∈ R(ni+mi)×q of rank r . Then, there

exists γi > 0 such that

‖X̃i(t)‖2 ≤ ‖X̃i(t)‖F ≤
√
r‖X̃i(t)‖2 ≤

√
rγie−ιλ1t . (15)

In addition, owing to ẋ0 = Sx0, one gets ‖x0(t)‖2 ≤
eσmax(S)t‖x0(0)‖2 with σmax(S) is the maximum singular val-
ues of S. Hence,

‖X̃ix0‖2 ≤
√
r

N∑
i

γi‖x0(0)‖2e−(ιλ1−σmax(S))t ,

‖Ũix0‖2 ≤
√
r

N∑
i

γi‖x0(0)‖2e−(ιλ1−σmax(S))t . (16)

Therefore, for sufficiently large ι > 0, when t →∞, X̃ix0→
0, Ũix0→ 0. �

IV. MAIN RESULTS
In this section, we investigate the cooperative output regula-
tion problem of heterogeneous linear multi-agent systems by
designing event-triggered control scheme and self-triggered
control scheme, and analyze the feasibility, that is, it is proved
there is no Zeno behavior under the two triggering scheme.
By using of Ŝi and R̂i, each follower can estimate the unknown
state of the leader. Let x̂i(t) ∈ Rq represent the observer of
the ith follower for the unknown leader x0(t) and x̌i(t) ∈
Rni denote the estimator of xi(t). We design the triggering
scheme depending on the measurement output feedback for
the followers are designed as follows:

˙̂xi(t) = Ŝix̂i(t)+ c(
∑

j∈Ni
(x̂j(tki )− x̂i(t

k
i ))

+ ai0(x̂i(tki )− x0(t
k
i ))),

˙̌xi(t) = Aix̌i(t)+ Biui + Li(y̌i(t)− ŷi(t)),
ui = K1ix̌i(t)+ K2ix̂i(t), t ∈ [tki , t

k+1
i )

(17)

where y̌i(t) = Cix̌i(t) and ŷi(t) = R̂ix̂i(t), Li,K1i,K2i are
compatible matrices to be determined later, c > 0 and tki is
the kth triggering time of the ith follower to be designed later.
Remark 2: In [12], [13], each observer estimates the

leader’s state continuously and the controller can use the fol-
lowers’ states directly. However, it is generally impossible to
access the leader’s and followers’ states. Therefore, the pro-
posed triggering scheme (17) can reduce the transfer times
andmeanwhile themeasurement output feedback control with
the distributed observer and estimator is more feasible.
Let ei(t) = x̂i(t) − x0(t) and εi(t) =

∑
j∈Ni

(x̂i(t) − x̂j(t))
denote the local and global observation error, respectively.
Define ēi(t) = ei(tki )− ei(t) and ε̄i(t) = εi(t

k
i )− εi(t). Then,

one has ei(tki ) = ēi(t) + ei(t) and εi(tki ) = ε̄i(t) + εi(t) =
ε̄i(t) +

∑
j∈Ni

(x̂i(t) − x̂j(t)) = ε̄i(t) +
∑

j∈Ni
(ei(t) − ej(t)).

The observation error system is shown as follows:

ėi(t) = ˙̂xi(t)− ẋ0(t)

= Sei(t)+ S̃ix0(t)+ S̃iei(t)

− c(
∑
j∈Ni

(ei(t)− ej(t))+ ai0ei(t))

− c(ε̄i(t)+ ai0ēi(t)). (18)

Let e(t) = (eT1 , . . . , e
T
N )

T , ε(t) = (εT1 , . . . , ε
T
N )

T , ē(t) =
(ēT1 , . . . , ē

T
N )

T , ε̄(t) = (ε̄T1 , . . . , ε̄
T
N )

T , ξi(t) = S̃ix0(t) and
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ξ (t) = (ξT1 , . . . , ξ
T
N )

T . Then, (18) can be rewritten in the
matrix form as follows:

ė(t) = (IN ⊗ S)e(t)+ ξ (t)+ diag(S̃i)e(t)
− c(H ⊗ Iq)e(t)− c(ε̄(t)+ (1⊗ Iq)ē(t))

= (IN ⊗ S − cH ⊗ Iq)e(t)+ diag(S̃i)e(t)
+ ξ (t)− c(ε̄(t)+ (1⊗ Iq)ē(t)). (19)

A. EVENT-TRIGGERED CONTROL
We first consider the event-triggered control scheme. The
triggering time instants of agent i with t0i = 0 is generated
by the following event-triggered mechanism:

tk+1i = max
t
{t ≥ tki |h(pi(t), qi(t)) = pi(t)− βiqi(t) ≤ 0},

(20)

where pi(t) =
√
‖ε̄i(t)‖2 + a2i0‖ēi(t)‖

2, qi(t) = ‖εi(t)‖ +

ai0‖ei(t)‖, β2i = β2/(2|Ni|), λ1 = mini{λi(H )}, |N | =
maxi{|Ni|}, β = λ1/

√
4c(2c+ 1)(4|N | + 1).

Theorem 1: Under Assumption 1-4, if ι, µ, c > 0 are
chosen sufficiently large, Problem 1 can be solved under
the measurement output feedback controller (17) with the
triggering mechanism (20) if K1i and Li are chosen suitably
such that Ai + BiK1i and Ai + LiCi (i = 1, . . . ,N) are stable
and K2i is designed as K2i = Ûi − K1iX̂i.

Proof: We first prove the observation error could con-
verge to zero. Consider the following Lyapunov function:

V (t) =
1
2
eT (t)e(t). (21)

The derivative of V (t) along (19) is

V̇ (t) = eT (t)((IN ⊗ S − cH ⊗ Iq)e(t)+ diag(S̃i)e(t)
+ ξ (t)− c(ε̄(t)+ (1⊗ Iq)ē(t)))

= eT (t)(IN ⊗ S − cH ⊗ Iq)e(t)
+ eT (t)diag(S̃i)e(t)+ eT (t)ξ (t)− ceT (t)(ε̄(t)
+ (1⊗ Iq)ē(t)). (22)

Then by the inequality 2aT b ≤ κ‖a‖2 + 1
κ
‖b‖2 for any

κ > 0, a, b ∈ Rn, one gets

V̇ (t) ≤ eT (t)(IN ⊗ S − cH ⊗ Iq +
2c+ 1
κ

INq)e(t)

+ eT (t)diag(S̃i)e(t)+ κξT (t)ξ (t) (23)

By using Lemma 3, one has

‖εi(t)‖2 = ‖
∑

j∈Ni
(ei(t)− ej(t))‖2

≤ |Ni|‖
∑
j∈Ni

(‖ei‖ + ‖ej(t)‖)2

≤ 2|Ni|‖
∑
j∈Ni

(‖ei‖2 + ‖ej(t)‖2). (24)

According to the triggering mechanism, one achieves

pi(t)2 ≤ β2i (‖εi(t)‖ + ai0‖ei(t)‖)
2

≤ β2(2
∑
j∈Ni

(‖ei‖2 + ‖ej(t)‖2)+ a2i0‖ei(t)‖
2). (25)

Then, substituting (25) in (23), we have

V̇ (t) ≤ eT (t)(IN ⊗ S − cH ⊗ Iq +
2c+ 1
κ

INq)e(t)

+ eT (t)diag(S̃i)e(t)+ κξT (t)ξ (t)

+ κcβ2
N∑
i=1

(4‖Ni‖ + a2i0)‖ēi(t)‖
2

≤ eT (t)(IN ⊗ S − cH ⊗ Iq +
2c+ 1
κ

INq)e(t)

+ eT (t)diag(S̃i)e(t)+ κξT (t)ξ (t)

+ κcβ2(4‖N‖ + 1)
N∑
i=1

‖ei(t)‖2. (26)

Since κ could be chosen arbitrarily, let κ = 2(2c+1)
λ1

. More-
over, owing to β = λ1/

√
4c(2c+ 1)(4|N | + 1), one has

V̇ (t) ≤ eT (t)(IN ⊗ S − (c− 1)H ⊗ Iq)e(t)
+ eT (t)diag(S̃i)e(t)+ κξT (t)ξ (t)

= eT (t)Ase(t)+ eT (t)diag(S̃i)e(t)
+ κξT (t)ξ (t). (27)

According to Lemma 5 and Lemma 8, one has diag(S̃i)→ 0
and ξT (t)ξ (t) → 0. In addition, As is Hurwitz if c is chosen
sufficiently. Then, by using Lemma 4, one can conclude that
V (t) → 0 (exponentially) as t → 0. Therefore, one can
have e(t) → 0 as t → 0, that is, x̂i(t) → x0(t). One can
further obtain that: limt→∞ εi(t) → 0, limt→∞ ε̄i(t) → 0
and limt→∞ ēi(t)→ 0.
Define the state tracking error and estimation error of the

followers as δi(t) = x̌i(t) − X̂ix̂i(t) and ϑi(t) = x̌i(t) − xi(t),
and the output error ζi(t) = yi(t) − y0(t). Then, under the
controller (17), for i = 1, . . . ,N , one gets

δ̇i(t) = ˙̌xi(t)− X̂i ˙̂xi(t)
= (Ai + BiK1i)x̌i(t)+ Bi(Ûi − K1iX̂i)x̂i(t)
+LiCi(x̌i(t)− X̂ix̂i(t))
−LiR̃ix̂i − X̂iŜix̂i(t)+ cX̂i(

∑
j∈Ni

(ei(t)

− ej(t))+ ai0ei(t)+ ε̄i(t)+ ai0ēi(t)) (28)

where ψi(t) = (LiR̃i + X̂iS̃i − AiX̃i − BiŨi)(x0(t) + ei(t)) +
cX̂i(

∑
j∈Ni

(ei(t)−ej(t))+ai0ei(t)+ ε̄i(t)+ai0ēi(t)). Combining

with Lemma 8 and 9, one can further obtain ψi(t) → 0 as
t →∞. Then, one can get δi(t)→ 0 as t →∞.

ϑ̇i(t) = ˙̌xi − ẋi
= Aix̌i + Biui + Li(Cix̌i − Řix̂i)
−Aixi − Biui

= Aiϑi + Li(Cix̌i − Řix̂i)
= (Ai + LiCi)ϑi + LiCi(x̌i − X̂ix̂i)
−LiR̃i(x0(t)+ ei(t)). (29)

Since Ai+LiCi is table and x̌i− X̂ix̂i→ 0, one has ϑi(t)→ 0.

ζi(t) = yi(t)− y0(t) = Cixi(t)− Rx0(t)
= Ci((xi(t)− x̌i)+ (x̌i − X̂ix̂i)
+ X̂i(x̂i − x0(t)))

= Ci(−ϑi(t)+ δi(t)+ X̂iei(t)). (30)
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Owing to ϑi(t) → 0, δi(t) → 0 and ei(t) → 0, one gets
ζi(t)→ 0. That is, Problem 1 has been solved. �

B. SELF-TRIGGERED CONTROL
Under the triggering mechanism (20), it is required to contin-
uously determine whether trigger conditions are established.
To avoid the continuous operation, we design a novel self-
triggered control in which the next triggering time tk+1i only
depends on the local information at the time tki . The triggering
condition is shown as follows:

pi(t) ≤ β̄iqi(tki ) = %i(k), (31)

where the right side of inequality only depends on the local
information at the time tki .

Lemma 10: If β̄i =
βi√

2+ 4β2i

, (31) can guarantee

h(pi(t), qi(t)) ≤ 0.
Proof: From (31), after simple calculation, one has

p2i (t) ≤ β̄
2
i q

2
i (t

k
i ) = β̄

2
i (‖εi(t

k
i )‖ + ai0‖ei(t

k
i )‖)

2

= β̄2i (‖ε̄i(t)+ εi(t)‖ + ai0‖ēi(t)+ ei(t)‖)
2

≤ β̄2i (‖ε̄i(t)‖ + ‖εi(t)‖ + ai0‖ēi(t)‖
+ ai0‖ei(t)‖)2

= β̄2i (qi(t)+ (‖ε̄i(t)‖ + ai0‖ēi(t)‖))2

≤ 2β̄2i (q
2
i (t)+ (‖ε̄i(t)‖ + ai0‖ēi(t)‖)2)

≤ 2β̄2i (q
2
i (t)+ 2(‖ε̄i(t)‖2 + a2i0‖ēi(t)‖

2))
= 2β̄2i (q

2
i (t)+ 2p2i (t)), (32)

which yields p2i (t) ≤
2β̄2i

1− 4β̄2i
q2i (t) = β

2
i q

2
i (t), that is, β̄i =

βi√
2+ 4β2i

. �

Next, we will calculate the derivatives of ‖ε̄i(t)‖ and
‖ēi(t)‖.

d
dt
‖ε̄i(t)‖ ≤ ‖ε̇i(t)‖ = ‖

∑
j∈Ni

( ˙̂xi(t)− ˙̂xj(t))‖

≤ ‖S‖‖ε̄i(t)‖ + ‖
∑
j∈Ni

(S̃ix̂i − S̃jx̂j)‖

+‖Sεi(tki )− c(εi(t
k
i )− εi(t

k ′j
j )

+ ai0(ei(tki )− ej(t
k ′j
j )))]‖

= ‖S‖‖ε̄i(t)‖ + ωi(t)+ θki (t). (33)

where k ′j = argmaxk∈Z{tkj |t
k
j ≤ t}, ωi(t) = ‖

∑
j∈Ni

(S̃ix̂i −

S̃jx̂j)‖ → 0 as t →∞, θki (t) = ‖Sεi(t
k
i )− c(εi(t

k
i )− εi(t

k ′j
j )+

ai0(ei(tki )−ej(t
k ′j
j )))]‖ is a constant as t ∈ [tki , t

k+1
i ). Similarly,

d
dt
‖ēi(t)‖ ≤ ‖ėi(t)‖ = ‖Ŝix̂i(t)− Sx0(t)

− c(εi(tki )+ ai0ei(t
k
i ))‖

≤ ‖S‖‖ēi(t)‖ + ‖S̃ix0(t)+ S̃iei(t)‖

+‖Sei(tki )− c(εi(t
k
i )+ ai0ei(t

k
i ))‖

= ‖S‖‖ēi(t)‖ + φi(t)+ ϕki (t). (34)

where φi(t) = ‖S̃ix0(t) + S̃iei(t)‖ → 0 as t → ∞, ϕki (t) =
‖Sei(tki )−c(εi(t

k
i )+ai0ei(t

k
i ))‖ is a constant as t ∈ [tki , t

k+1
i ).

Then, one can calculate the derivative of p2i (t) as t →∞:

d
dt
p2i (t) =

d
dt
(‖ε̄i(t)‖2 + a2i0‖ēi(t)‖

2)

= 2‖ε̄i(t)‖
d
dt
‖ε̄i(t)‖ + 2a2i0‖ēi(t)‖

d
dt
‖ēi(t)‖

≤ 2‖ε̄i(t)‖(‖S‖‖ε̄i(t)‖ + θki (t))

+ 2a2i0‖ēi(t)‖(‖S‖‖ēi(t)‖ + ϕ
k
i (t))

= 2‖S‖(‖ε̄i(t)‖2 + a2i0‖ēi(t)‖
2)

+ 2θki (t)‖ε̄i(t)‖ + 2a2i0ϕ
k
i (t)‖ēi(t)‖

≤ 2‖S‖p2i (t)+ 2
√
2αki pi(t)

≤ 2‖S‖%2i (k)+ 2
√
2αki (t)%i(k), (35)

where αki (t) = max{θki (t), ai0ϕ
k
i (t)} only depends on the time

tki as t ∈ [tki , t
k+1
i ). Let 2‖S‖%2i (k)+2

√
2αki %i(k) = 9

k
i (t) as

t ∈ [tki , t
k+1
i ) and the right side of (35) only depends on the

time tki as t ∈ [tki , t
k+1
i ).

Then, one can has the following result.
Theorem 2: Suppose the conditions of Theorem 4.1 are

satisfied. The triggering condition is pi(t) ≤ β̄iqi(tki ) = %i(k)

where β̄i = βi/
√
2+ 4β2i , and the triggering time series {t

k
i }

are generated by the following self-triggering scheme:
Step 1: Initialization: t0i = 0 for all i = 1, . . . ,N;
Step 2: For node i, set t ′0 = tki and calculate t

′
= t ′0 +

%2i (k)/9
k
i (t
′

0), if there is no neighbor triggered before t
′, then

set tk+1i = t ′, otherwise, turn to Step 3;
Step 3: Let t ′1 be the first triggered time before t

′, then
recalculate t ′ = t ′1+(%

2
i (k)−9

k
i (t
′

0)(t
′

1−t
′

0))/9
k
i (t
′

1); if there
is another neighbor triggered at t ′2 before t

′, then recalculate
t ′ = t ′2+(%

2
i (k)−9

k
i (t
′

0)(t
′

1−t
′

0)−9
k
i (t
′

1)(t
′

2−t
′

1))/9
k
i (t
′

2); this
iterative updating process lasts until there is no triggering
before the latest t ′, then set tk+1i = t ′.
Then, the cooperative output regulation problem could be

solved.
Proof: According to Lemma 10, when β̄i =

βi/

√
2+ 4β2i , the self-triggering condition pi(t) ≤

β̄iqi(tki ) = %i(k) can guarantee the event-triggering condi-
tion h(pi(t), qi(t)) ≤ 0. The triggering time series {tki } are
generated based on the self-triggering condition. Therefore,
the output of node i can track the output of the leader if the
information of its neighbors and the leader is sampled at the
triggering time tki . The proof is similar to Theorem 1, thus it
is omitted. �
Remark 3: For node i, suppose t ′1, . . . , t

′
l with t

′

1 < t ′2 <
... < t ′l are the triggering times between tki and tk+1i of
the neighbors, and it is assumed there is only one node
triggered at each triggering time. By means of the above
scheme, one can have the triggering time series {tki } which
are only depending on the latest triggering times of their
neighbors. The right side of the self-triggering condition is
only dependent on the self-triggering time tki , which can avoid
the continuous verification about the triggering condition.
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For the event-triggered control and the self-triggered control,
the main difficulty is to prove Zeno behavior can be excluded.
From the self-triggering scheme, tk+1i − tki is shorter under
the self-triggering control than under the event-triggering
control. Therefore, it is only proved there is no Zeno behavior
under the self-triggered control, that is, the interevent interval
of every node is strictly positive and is lower bounded by a
common constant under the self-triggered control.

C. FEASIBILITY ANALYSIS
From Lemma 10, the self-triggering condition pi(t) ≤
β̄iqi(tki ) = %i(k) can guarantee the event-triggering condition

h(pi(t), qi(t)) ≤ 0 if β̄i = βi/

√
2+ 4β2i . Moreover, accord-

ing to the self-triggering scheme, each node is triggered more
frequently, that is, tk+1i − tki is shorter than under the event-
triggering control. Therefore, it is just proved Zeno behavior
can be excluded under the self-triggering scheme.
Theorem 3: Under the self-triggering condition pi(t) ≤

β̄iqi(tki ) = %i(k) with β̄i = βi/
√
2+ 4β2i , Zeno behavior can

be excluded under the self-triggering scheme.
Proof: Suppose tki is the kth triggering time of node i.

To prove there is no Zeno behavior, we consider two cases
qi(tki ) > 0 and qi(tki ) = 0.
Case (1): qi(tki ) > 0, tk+1i < ∞. Then, one has %i(k) =

β̄iqi(tki ) > 0. It can be proven qi(t) > 0 for t ∈ [tki , t
k+1
i ]

from the following equations:

|qi(tki )− qi(t)|
2
= |‖εi(tki )‖ + ai0‖ei(t

k
i )‖

− (‖εi(t)‖ + ai0‖ei(t)‖)|2

≤ |‖εi(tki )− εi(t)‖

+ ai0‖ei(tki )− ei(t)‖|
2

= |‖ε̄i(t)‖ + ai0‖ēi(t)‖|2

≤ 2(‖ε̄i(t)‖2 + a2i0‖ēi(t)‖
2)

= 2p2i (t) ≤ 2β̄2i q
2
i (t

k
i ), (36)

which results in

(1−
√
2β̄i)qi(tki ) ≤ qi(t) ≤ (1+

√
2β̄i)qi(tki ). (37)

where 1 −
√
2β̄i > 0 since β̄i = βi/

√
2+ 4β2i < 1/2 <

1/
√
2. Then, qi(t) ≥ (1−

√
2βi)qi(tki ) > 0 for t ∈ [tki , t

k+1
i ].

Thus, qi(tki ) > 0 could deduce that %i(k) is strictly positive.
By using of (37), one has

d
dt
p2i (t) ≤ 2‖S‖%2i (k)+ 2

√
2αki (t)%i(k), (38)

where αki (t) = max{θki (t), ai0ϕ
k
i (t)} only depends on the time

tki as t ∈ [tki , t
k+1
i ).

It can be calculated by using of (35) that

tk+1i − tki ≥
%2i (k)

2‖S‖%2i (k)+ 2
√
2αki (t)%i(k)

> 0. (39)

Case (2): limk→∞ qi(tki ) = 0. According to (37), one
can obtain limt→∞ qi(t) = 0 and 0 < 1 −

√
2β̄i ≤

qi(t)

qi(tki )
≤ 1 +

√
2β̄i. Furthermore, one has limt→∞ εi(t) =

0 and limt→∞ ei(t) = 0 if ai0 6= 0 which can lead to
limt→∞ ε̇i(t) = 0 and limt→∞ ėi(t) = 0. Then, one can
get (40), as shown at the bottom of this page.

And

tk+1i − tki ≥
β̄2i q

2
i (t

k
i )

2β̄2i ‖S‖q
2
i (t

k
i )+ 2

√
2β̄iαki qi(t

k
i )

≥
β̄i

2β̄i‖S‖ + 2
√
2(2+

√
2β̄i)‖S‖

=
β̄i

2‖S‖(4β̄i + 2
√
2)
> 0. (41)

It can be concluded that the interevent internal is strictly
positive and is lower bounded by a common constant. �

V. AN ILLUSTRATIVE EXAMPLE
In this section, some numerical simulation examples are pro-
vided to verify the effectiveness of the proposed triggering
approaches.

Consider a directed network concluding a class of four
followers and a leader. The communication network topology
is depicted in Figure 1, where the node 0 is regarded as the
leader and the others are the followers. It is obvious that
Assumption 1 is satisfied. The minimum eigenvalue λ1 of H
is 0.3820.

The followers’ systems are listed as follows:{
ẋi = Aixi + Biui,
yi = Cixi,

(42)

lim
t→∞

αki (t)

qi(tki )
≤ lim

t→∞

θki (t)+ ai0ϕ
k
i (t)

qi(tki )

≤ lim
t→∞

‖Sεi(tki )− Sεi(t)‖ + ai0‖Sei(t
k
i )− Sei(t)‖

qi(tki )

≤ lim
t→∞

‖S‖(‖εi(tki )‖ + ‖εi(t)‖ + ai0(‖ei(t
k
i )‖ + ‖ei(t)‖))

qi(tki )

= lim
t→∞

‖S‖(qi(tki )+ qi(t))

qi(tki )
≤ lim

t→∞
‖S‖(1+

qi(t)

qi(tki )
) ≤ (2+

√
2β̄i)‖S‖ (40)
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FIGURE 1. Communication network topology.

FIGURE 2. Estimated elements of leader’s unknown R.

FIGURE 3. Estimated elements of leader’s unknown S.

where

A1 = A3 =
[
0.3 −2
0.1 −0.2

]
, A2 = A4 =

 0 1 0
0 0 1
0 0 −2

 ,
B1 = B3 =

[
1.8 −0.8
0.9 1.6

]
, B2 = B4 =

 6 0
0 1
1 0

 ,
C1 = C3 =

[
−0.1 1.2
0.4 1.4

]
, C2 = C4 =

[
1 −1 1
−1 −1 1

]
.

The leader’s system is written as follows:{
ẋ0 = Sx0,
y0 = Rx0

(43)

FIGURE 4. The leader’s estimated errors for the followers.

FIGURE 5. The trajectories of x1(t) and x1(t i
k ).

FIGURE 6. The trajectories of x2(t) and x2(t i
k ).

FIGURE 7. The trajectories of x3(t) and x3(t i
k ).

where

R =
[
1 0
0 1

]
, S =

[
1 −3
1 −1

]
.
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FIGURE 8. The trajectories of x4(t) and x4(t i
k ).

FIGURE 9. The first components of the output errors.

FIGURE 10. The second components of the output errors.

Let

K11 = K13 =

[
−0.6 0.27
0.28 −1.9

]
,

K12 = K14 =

[
−0.21 −0.05 0
0.70 −2.72 −0.97

]
,

L1 = L3 =
[
−0.16 −6.017
0.08 −0.9

]
,

L2 = L4 =

−0.78 1.69
0.14 1.16
−0.02 −0.21

 .
Then, it is easily verified that Ai + BiK1i and Ai + LiCi
(i = 1, . . . ,N ) are stable. Figure 2 and Figure 3 show the
estimated elements of the leader’s unknown matrices R and
S which could construct the estimated matrices R̃i and S̃i.

Figure 4 shows the leader’s estimated errors under the esti-
mated matrices R̃i and S̃i. Figure 5-8 illustrate the trajectories
of the followers xi(t), i = 1, . . . , 4 and their sampled states
xi(t ik ) under the event-triggered controller (17) with K1 =

K3 =

[
−0.6 0.27
0.28 −1.9

]
, K2 = K4 =

[
−0.21 −0.05 0
0.70 −2.72 −0.97

]
.

The output error ei(t) = yi(t) − y0(t) = [ei1(t)ei2(t)]′

under the sampled feedback-state controller (17) is shown in
Figure 9-10.

VI. CONCLUSION
In this paper, we have studied the cooperative output regu-
lation for heterogeneous linear multi-agent systems with an
unknown leader. A local adaptive observer and an adaptive
estimator are proposed to estimate the unknown matrices and
dynamic behavior of the leader. Two event-triggered con-
trollers which can reduce the number of information trans-
mission are designed to assure the output error can converge
to zero. Some numerical simulation examples can verify the
effectiveness of the obtained theoretical results. For future
work, we will focus on the cooperative output regulation for
heterogeneous nonlinear multi-agent systems under event-
triggered control.
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