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A B S T R A C T   

Vertical ground acceleration is a component in an earthquake loading, and in some cases, the vertical to hori-
zontal acceleration ratio (V/H ratio) may be very large. However, the influences of the vertical seismic loading 
on the responses of reinforced soil retaining walls are still not clear. In this study, a Finite Element procedure was 
further validated by a large-scale shaking table test subjected to both horizontal and vertical seismic loadings. It 
was then employed to investigate the seismic responses of two models considering a large range of earthquake 
loading scenarios. The results showed that the vertical ground acceleration might alter the shear wave propa-
gation in the reinforced soil, but the Arias intensity at the top of the reinforced soil correlated well with the 
maximum reinforcement load. The vertical seismic loading mostly increased the reinforcement load, but reduced 
the residual facing displacement. The reduction of lateral facing displacement may have come from the increase 
of the confining pressure and the change in the far-field lateral displacement due to the vertical seismic loading. 
Some limitations of the present study are also discussed.   

1. Introduction 

A large number of geosynthetic-reinforced soil (GRS) retaining walls 
have been constructed in recent years [1]. The excellent seismic per-
formances in strong earthquakes around the world have demonstrated 
their suitability for critical infrastructure applications in earthquake 
active areas [2–13]. In some of these earthquakes, especially the 
Northridge Earthquake and Chi-Chi Earthquake, there was a significant 
vertical component in the strong ground motion. However, although the 
static behavior of GRS retaining walls have been investigated exten-
sively [14–28], which has helped to considerably improve the engi-
neering practice, relatively limited studies can be found that target the 
dynamic behavior. Among the previous studies, reduced-scale, large--
scale or centrifuge model tests on GRS structures provided the first-hand 
understanding on the seismic or dynamic behavior [29–37], while 
calibrated numerical analyses could result in in-depth knowledge of the 
dynamic mechanisms [38–55]. Limit equilibrium approaches have also 
been proposed to analyze the seismic stability of reinforced soil struc-
tures [56–60]. From these studies, it have been found that GRS retaining 
walls generally demonstrated good performance under strong earth-
quake loading, but proper seismic design is still necessary. 

Most design practices at present treat the seismic loading as certain 
inertia forces, while some design guidelines take into account the in-
fluence of wall height [61,62]. However, some studies showed that the 
frequency characteristics of the input ground motion and the funda-
mental frequency of the GRS structure are important variables that may 
determine the seismic responses [43,50–53,63–65]. The frequency 
characteristics couple with the natural resonant frequency of the GRS 
structure, and the structure may behave very much differently with the 
same input of horizontal peak acceleration. Liu et al. [53] further found 
that the Arias intensity of the input ground motion is another critical 
parameter that determined the seismic behavior, and considering both 
the frequency characteristics and Arias intensity of the input motion 
yielded the best correlation with the seismic responses. The use of Arias 
intensity to link wall displacements to earthquake intensity has been 
used for conventional structures [66]. Another essentially identical 
property to the Arias intensity, the RMS value, which has been used to 
equate earthquake intensity to GRS wall face displacements [29], is not 
discussed in this study. 

The influence of vertical ground motion is a subject that deserves 
much attention, particularly for a GRS structure located close to an 
active fault [67]. Through limit equilibrium analyses, Ling and Lesh-
chinsky [56] showed that upward and downward vertical accelerations 
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imposed different requirements on the reinforcements: upward accel-
eration would increase reinforcement loads, while downward acceler-
ation required larger reinforcement length for stability. Similar findings 
were also reported by Ling and Leshchinsky [68], Nimbalkar et al. [57], 
Choudhury et al. [58], Shekarian et al. [69], Basha and Babu [70], and 
Vahedifard et al. [71] using different limit-equilibrium approaches. 
Some of these analyses also found that keeping the same vertical to 
horizontal (V/H) ratio of the seismic coefficients, the influence of the 
vertical seismic coefficient was only significant when the horizontal one 
was adequately large [56,71]. However, some studies pointed out that 
using only a vertical seismic coefficient might not be adequate, as the 
phase difference between the horizontal and vertical motions affected 
the seismic responses considerably [72,73]. 

While many simplistic analyses on the influences of vertical seismic 
motions can be found in the literature, large-scale experimental in-
vestigations or reliable numerical simulations are quite limited [74]. 
Ling et al. [30] carried out a series of large-scale shaking table tests to 
investigate the seismic responses of GRS retaining walls. Vertical ground 
motion was considered in one of the tests. Using actual records of hor-
izontal and vertical ground motions from the 1995 Kobe earthquake, it 
was found that the vertical ground motion did not affect the facing 
displacement considerably, but it resulted in higher reinforcement 
loads. Ling et al. [44] and Lee et al. [75] later simulated the shaking 
table tests using Finite Element method. It should be noted that the 
model walls in the shaking table tests were only 2.8 m high, and had a 
limited length beyond the reinforced soil zone [65]. Therefore the in-
fluence of the wall flexibility, which may couple with the vertical 
ground motion, cannot be clearly identified. Flexibility of the facing is 
not considered in closed-form static working stress methods with the 
exception of the Simplified Stiffness Method and its antecedents [76,77]. 

In this study, the Finite Element procedure in Liu et al. [47] was 
further validated against the large-scale shaking test with vertical 
excitation in Ling et al. [30]. Dynamic Finite Element analyses were then 
carried out on two model walls, the heights of which were 6 m and 9 m, 
respectively. The model walls were subjected to both horizontal and 
vertical seismic loadings. Altogether 23 sets of strong ground motion 
records from the 1999 Chi-Chi Earthquake and the 1979 Imperial Valley 
Earthquake were employed as the seismic excitations. The dynamic re-
sponses were compared to the ones with horizontal seismic loadings 
only, which were reported in Liu et al. [53]. 

2. Finite element procedure and its validation 

The dynamic Finite Element procedure was updated from the version 
in Ling et al. [41,42]. In this procedure, the nonlinear dynamic Finite 

Element code Swandyne-II was used [43,78,79]. The backfill soil was 
assumed to be cohesionless and modeled by a generalized plasticity 
model [80], a brief introduction of which is given in the Appendix. The 
reinforcement-soil interfaces were modeled by thin-layer elements, the 
constitutive responses of which were also captured by the generalized 
plasticity model but with reduced shear strength and stiffness [47]. The 
geosynthetic reinforcements were modeled by three-node bar elements 
and assumed to be linear elastic. Previous experimental studies have 
shown that geosynthetic reinforcements are rate-sensitive and exhibit 
hysteretic stress-strain behavior under cyclic loading [81]. However, 
dynamic Finite Element analyses showed that the hysteretic behavior 
did not considerably affect the seismic response [79], and a secant value 
could properly capture the effect of reinforcement stiffness [76,77]. 
Concrete modular block facing was assumed in the numerical models. 
The concrete blocks were assumed to be linear elastic with 
E ¼ 2.0 � 106 kPa and ν ¼ 0.2, the same as those in Ling et al. [44]. The 
blocks were 20 cm high and 30 cm deep and their unit weight is assumed 
to be 18 kN/m3 since the hollow portion of the blocks was filled with 
gravel and compacted. The interfaces between the blocks, those between 
the soil and the blocks and those between geogrids and the blocks were 
modeled by thin-layer elements that follow the Mohr-Coulomb failure 
criterion [82]. The soil–block interfaces (δ ¼ 27�), block–block in-
terfaces (δ ¼ 35�) and block–geogrid interfaces (δ ¼ 35�) were modeled 
in the same way as those in Ling et al. [44], the frictional angles of which 
were determined from direct shear tests [83]. The numerical analysis is 
completed in two steps: the static responses are firstly obtained by 
construction simulation [41,79], followed by a dynamic analysis to 
capture the seismic behavior. Construction simulation was carried out 
by continuously activating the block, soil, reinforcement, and interface 
elements layer by layer, while the compaction effect was not simulated. 
Neglecting the compaction effect in the dynamic analyses has led to 
smaller facing displacement in the first shaking, which will be discussed 
in the subsequent paragraph. The acceleration time-history of the 
ground motion is input at the base of the model. Time-domain dynamic 
analysis is carried out using the generalized Newmark method, and a 
viscous damping of 5% is considered in the dynamic analysis. Further 
details can be found in Ling et al. [41,42] and Liu et al. [47]. 

Wall 3 in Ling et al. [30] was employed to further validate the Finite 
Element procedure for the dynamic analysis considering vertical seismic 
excitation. Fig. 1 shows the Finite Element mesh. The model parameters 
of the backfill soils are presented in Table 1, which were calibrated from 
cyclic triaxial compression tests on Tokachi sand (Dr ¼ 55%) as re-
ported in Liu et al. [47], The 0.2 m thick foundation used the same soil 
but at a relative density of 90%. In the shaking table test, the top rein-
forcement layer was one type of PVA geogrid, which was different from 

Nomenclature 

Ia Arias intensity 
Td Duration of the horizontal earthquake motion 
aðtÞ Time history of the horizontal acceleration 
g Gravity constant 
Tmax Maximum reinforcement load 
δmax Maximum lateral facing displacement 
p’ Effective mean stress of soil 
q Deviator stress 
patm Atmosphere pressure 
De Elastic rigidity matrix 
ngL=U Plastic flow direction 
n Loading direction 
HL=U Plastic modulus in loading or unloading 
φ0 Reference friction angle of soil at p’ ¼ 100 kPa 
Δφ Change of friction angle with pressure 

Mg Critical state stress ratio in triaxial compression 
Mf Model parameter for loading direction vector of sand 
Gmax Shear modulus 
Kmax Bulk modulus 
G0 Shear modulus parameter 
K0 Bulk modulus parameter 
α Stress-dilatancy parameter 
H0 ks, β10, β0 Generalized plasticity model parameters 

defining loading plastic modulus 
Hu0 and ru Generalized plasticity model parameters defining 

unloading plastic modulus 
rd Generalized plasticity model parameter controlling cyclic 

hardening of soil 
r Generalized plasticity model parameter controlling the 

influence of stress history 
ξ Accumulative plastic shear strain  
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the other layers. The reinforcement stiffness of the top layer was 
500 kN/m, while that of the other layers were 400 kN/m. These values 
were interpreted from the tensile test results reported in Ling et al. [44], 
which represented the secant stiffness at a strain of 2%. The model wall 
was subjected to two consecutive shakings, and the actual input accel-
erations in the shaking table test were used. In the second shaking, the 
peak horizontal acceleration was 0.83 g, while the peak vertical accel-
eration was 0.38 g. The input accelerations in the first shaking were 
approximately half of those in the second one. According to Ling [84], 
the fundamental frequency of a 3-m wall was about 7.25 Hz. The pre-
dominant frequency of the North–South (NS) and Up-Down (UD) com-
ponents of the Kobe earthquake records were 0.98 Hz and 1.08 Hz, 
respectively, which were far away from the fundamental frequency of 
the structure. The details of the input motions can be found in Ling et al. 
[33,40]. 

Fig. 2 shows the comparisons between the results from the test and 
the Finite Element method (FEM). It can be seen that the Finite Element 
procedure satisfactorily reproduced the overall responses of the GRS 
retaining wall in the shaking table test. The facing displacement after the 
first shaking was very small in the test, which might be due to the 
compaction effect in the backfill soil [85] but was not captured by the 
model parameters since they were calibrated from triaxial tests. In 
addition, the Finite Element procedure could not reproduce the large 
connection loads in two reinforcement layers, as shown in Fig. 2c. Ac-
cording to Ling et al. [30], relative settlement between the backfill soil 
and blocks due to backfill compression led to geogrid overhanging at the 
connection, and void spaces were observed beneath the geogrid at the 
back of facing [86]. Overhanging of some reinforcement layers at 
connection might have resulted in the large connection load, but such 
behavior cannot be captured by a Finite Element procedure that is based 
on continuum mechanics. The connection loads were also under-
estimated in the Finite Element analyses by Ling et al. [44] and Lee et al. 
[75]. 

It should be pointed out that in the Finite Element simulation, the 
shear keys of the blocks were not directly modeled, which could result in 
larger facing displacements and reinforcement loads to some extent. 

3. Finite Element models 

The seismic responses of two model GRS retaining walls were 
investigated. The heights were 6 m and 9 m, respectively. In order to 

minimize influence of the side boundaries, the backfill soil extended 
55 m beyond the back of the reinforced soil. Finite Element meshes of 
the model walls were the same as those in Liu et al. [53]. The foundation 
soil is assumed to be underlain by stiff rock, hence the Finite Element 
model is fixed at the base, and roller boundaries are used on the sides. 
Vertical modular block facings were assumed, the unit weight of which 
was 24 kN/m3. Dense Toyoura sand was used as the backfill soil, and the 
parameters are shown in Table 1 [53]. The stiff geogrid reinforcements 
were assumed to be elastic with a stiffness of 1300 kN/m, which were 
placed between facing blocks to provide the connection strength. The 
reinforcement spacing was 60 cm for the 6 m wall, and 40 cm for the 9 m 
wall. The reinforcement length was 70% of the wall height beyond the 
back of facing. 

The interfaces between backfill soil and geogrid reinforcements were 
simulated by the thin-layer elements together with the same generalized 
plasticity model for sand. The shear modulus, bulk modulus, plastic 
modulus, peak stress ratio, and critical-state stress ratio were all 
assumed to be 2/3 of the adjacent backfill soil, while the other param-
eters were assumed to be the same. 

After obtaining the static response through construction simulation 
[79], the model walls were subjected to the base excitations. Altogether 
23 strong ground motions were employed in the analyses, which were 
taken from the records of the 1999 Chi-Chi Earthquake or those of the 
1979 Imperial Valley Earthquake. All the input horizontal motions were 
scaled to have a peak acceleration of 0.4 g, and the corresponding ver-
tical motions were scaled proportionally according to the actual V/H 
ratio. 

Table 2 shows the characteristics of the input motions. Here “C” 
represents the Chi-Chi Earthquake, and “I” represents the Imperial 
Valley Earthquake. The number is the station number used in the PEER 
Ground Motion Database. The Arias intensity Ia is defined as: 

Ia¼
π
2g

Z Td

0
aðtÞ2dt (1) 

Here Td is the duration of the horizontal earthquake motion, aðtÞ is 
the time history of the horizontal acceleration, and g is the gravitational 
constant. It should be noted that only fourteen (14) analyses were car-
ried out on the high wall. The predominant period is around 0.22–0.25s 
for the 6 m wall and around 0.35–0.4s for the 9 m wall. Since the 14 
input motions selected for the high wall covered a wide range of pre-
dominant frequency and Arias intensity, the results obtained are 
believed to be representative for the structure. 

The other parameters of the Finite Element models can be found in 
Liu et al. [53]. 

4. Results 

The maximum horizontal accelerations at the top of the reinforced 
soil zone are summarized in Table 3. It can be seen that although the 
peak values of the input horizontal accelerations were the same, the 
acceleration amplifications in the reinforced soil zone were very 
different. In particular, the response of the model wall subjected to the 
excitation of C1491 was much larger than those of the others. 

As shown in Fig. 3, typical results of lateral facing displacements are 
selected to demonstrate their characteristics. It can be seen that when 
the seismic responses were small, the maximum facing displacement was 
found around the mid height of the wall, as it was mainly the 
displacement under static loading. However, the lateral facing 

Fig. 1. Finite Element mesh for the test wall.  

Table 1 
Model parameters for the backfill soil and the soil-geogrid interface.   

φ0½
�� Δφ½�� Mg  Mf  G0½patm� K0½patm� ks  β10  β0  α  H0½patm� Hu0½patm� r  ru  rd  

Backfill soil 43.7 4.9 1.25 0.688 861 886 0.015 1.1 15 0.5 5000 4000 3 1 3000 
Soil-geogrid interface 32.5 3.3 0.83 0.459 1513 1513 0.015 1.1 15 0.5 3333 2667 3 1 3000  
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displacement close to the top of the wall became the largest when the 
seismic responses were much larger, similar to the findings in the large- 
scale shaking table tests by Ling et al. [30]. As discussed in Liu et al. 
[53], the lateral facing displacement included the contribution from the 
far field displacement of the retained soil. In some cases, the residual 
far-field displacement was actually in the opposite direction, and overall 
the lateral facing displacement was not large. 

The typical results of the maximum reinforcement load distributions 
are presented in Fig. 4. The distributions of the reinforcement loads were 

similar to the ones under vertical loading only [53], although the 
magnitudes were different. 

Fig. 5 shows the relationships between the maximum reinforcement 
load and the horizontal Arias intensity at the top of the reinforced soil 
zone. For comparison purposes, the responses under horizontal loading 
only reported in Liu et al. [53] are also shown in these figures. It can be 
seen that for both of the model walls, the correlations between the 
maximum reinforcement load and the horizontal Arias intensity are very 
good, further confirming the finding in Liu et al. [53]. It should be noted 

Fig. 2. Comparisons between test and Finite Element Method (FEM) results: (a) Lateral facing displacement; (b) Acceleration amplification; (c) Maximum rein-
forcement load; (d) Backfill surface settlement. 

Table 2 
Characteristics of the input motions.  

Input motion C1182 C1193 C1244 C1402 C1476 C1477 C1480 C1481 C1482 C1483 C1487 

Predominant period/s 0.45 0.4 0.15 0.2 0.45 0.65 0.3 0.75 0.55 0.4 0.95 
Arias intensity (m/s) 1.846 3.671 3.203 1.158 3.689 5.080 6.256 3.952 3.880 3.947 2.579 
Vertical acceleration (g) 0.240 0.204 0.195 0.114 0.161 0.232 0.182 0.185 0.252 0.199 0.357  

Input motion C1489 C1491 C1492 I159 I161 I170 I171 I173 I179 I180 I184 I185 

Predominant period/s 0.2 0.3 1.1 0.55 0.25 0.5 0.65 0.5 0.2 0.35 0.15 0.35 
Arias intensity (m/s) 2.758 7.622 3.575 1.762 1.842 2.666 1.370 3.091 0.917 1.217 2.234 2.108 
Vertical acceleration (g) 0.261 0.280 0.220 0.658 0.375 0.462 0.314 0.254 0.241 0.449 0.873 0.398  
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that the retaining wall is assumed to be underlain by stiff rock, and the 
correlations could be different if the retaining wall is on a soil site. 

The influences of the vertical excitations are discussed by making use 
of the results in this study and those in Liu et al. [53], as shown in Fig. 6 
and Fig. 7. It can be seen from Fig. 6 that the vertical excitations in this 
study mostly increased the horizontal seismic accelerations at the top of 
the reinforced soil zones, indicating that the characteristics of shear 
wave propagations in the walls were modified by the vertical excita-
tions. The larger horizontal seismic accelerations led to larger maximum 

reinforcement loads, as shown in Fig. 7a. However the maximum lateral 
facing displacements with vertical excitations were mostly smaller, 
while the settlements at the reinforced soil surface were slightly larger, 
as shown in Fig. 7b and c, respectively. 

5. Discussions 

The results in this study further show that in order to accurately 
capture the response of a reinforced soil retaining wall subjected to 
earthquake loading, it is necessary to take into account the vibration 
property of the earth structure, the frequency characteristics of the input 
motion, and the duration of the input motion, in addition to the peak 
ground acceleration. The acceleration intensity response, represented by 
the Arias intensity, at the top of the reinforced soil, very well captures 
the seismic loading characteristics on the reinforced soil retaining wall. 
Vertical seismic excitation could alter the confining pressure on the 
backfill soil, influence the soil stiffness, and modify the shear wave 
propagation in the reinforced soil. Its effect on the reinforcement load 
can be mostly captured by the change in the Arias intensity due to the 
change in the shear wave propagation. 

As previously pointed out, vertical ground acceleration generally 
increased the confining pressure and the soil stiffness, which partly led 
to the smaller lateral facing displacements, as shown in Fig. 7b, but the 
reinforced soil compression was slightly higher. This finding is consis-
tent with the test result in Ling et al. [30]. The change in the soil stiffness 
also modified the vibration of the free field, and the far-field displace-
ments might be different with two types of earthquake excitations. Fig. 8 
shows the comparisons of the far-field displacements of two earthquake 
scenarios. It can be seen that for these scenarios, the far-field 

Table 3 
Maximum horizontal accelerations at the top of the reinforced soil zone.  

Input motion C1182 C1193 C1244 C1402 C1476 C1477 C1480 C1481 C1482 C1483 C1487 C1489 

Height (m) 6 6 6 6 6 6 6 6 6 6 6 6 
Maximum horizontal accelerations (g) 0.527 0.774 0.629 0.774 0.804 0.588 0.685 0.620 0.525 0.591 0.623 0.789 

Input motion C1491 C1492 I159 I161 I170 I171 I173 I179 I180 I184 I185 – 

Height (m) 6 6 9 9 9 9 9 9 9 9 9 – 
Maximum horizontal accelerations (g) 1.051 0.527 0.536 0.718 0.785 0.677 0.701 0.558 0.769 0.753 0.839 –  

Fig. 3. Typical residual lateral facing displacements: (a) 6 m wall; (b) 9 m wall.  

Fig. 4. Typical maximum reinforcement load distributions: (a) 6 m wall; (b) 
9 m wall. 
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displacements with the vertical excitation actually reduced the lateral 
facing displacements considerably. 

The study also highlighted the importance of boundary condition in 
the seismic analysis and design of reinforced soil structures. In this 
study, the retained soil was assumed to be adequately deep so that the 
free field response can be assumed at the side boundary. Clearly the 
seismic displacements of the retained soil and the back boundary 
influenced the residual displacement of the earth retaining structures. 
The residual facing displacements might be different with different back 
boundaries, which was also reported in Bathurst and Hatami [65]. A 
reasonable approach to take into account the side boundary is called for 
in the residual displacement analysis of reinforced soil retaining struc-
tures subjected to seismic loading. 

The Finite Element procedure of this study could not capture the 
possible large connection load due to vertical ground excitation. In this 
study, the soil-block interfaces were simulated by thin-layer elements, 
and the continuum characteristics of the Finite Element models make it 
difficult to reproduce the possible large relative movement between the 
backfill soil and the facing blocks under large vertical excitation. More 
advanced numerical approach, which may capture the large relative 

movements among backfill soil, facing blocks, and reinforcement layers, 
is necessary to fully understand the increase of reinforcement load as 
well as its mechanism. The foundation soil was assumed to be thin in this 
study, and under similar earthquake loading the overall wall de-
formations may increase to some extent with an increase in the depth of 
the foundation soil. The depth of foundation soil also affects the wave 
propagation into the retaining wall. However, this study is focused on 
the dynamic responses in the wall body, and the predominant frequency 
of the seismic loading considered had a large range. Therefore, it is 
believed that the correlation obtained would apply to more general 
ground conditions. 

6. Conclusions 

In this study, a Finite Element procedure for the seismic behavior of 
reinforced soil retaining walls was further validated against a large-scale 
shaking table test. It was demonstrated that the procedure were able to 
capture the dynamic responses of GRS retaining walls subjected to both 
horizontal and vertical earthquake shakings with an acceptable accu-
racy. The responses of two reinforced soil model walls were then 

Fig. 5. Relationship between maximum reinforcement load and Arias intensity at the top of reinforced soil: (a) 6 m wall; (b) 9 m wall.  

Fig. 6. Influence of vertical acceleration on the horizontal acceleration at the top: (a) peak acceleration; (b) Arias intensity.  

C. Fan et al.                                                                                                                                                                                                                                      



Soil Dynamics and Earthquake Engineering 129 (2020) 105969

7

analyzed considering a wide range of earthquake loadings. The results 

showed that vertical earthquake loading could increase the reinforce-
ment load, but the lateral facing displacement might be larger if the 
structure was subjected to horizontal earthquake loading only. The 
vertical excitation altered the shear wave propagation in the reinforced 
soil wall, and changed the amplification of the seismic acceleration, 
which might result in higher acceleration intensity in the earth struc-
ture. The correlation between the maximum reinforcement load and the 
Arias intensity at the top of the reinforced soil was very good for the 
cases of one-way or two-way earthquake loading. 

The study shows that using a peak acceleration to analyze the 
maximum reinforcement load without considering the excitation in-
tensity and frequency content may not be adequate in the design of GRS 
retaining walls. The records from recent strong earthquakes have shown 
that the duration, intensity and frequency content may vary significantly 
in the ground motions, even if the peak accelerations are similar. The 
intensity and frequency content are also considerably affected by the 
ground condition and the associated wave propagation. 
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Fig. 7. Influence of vertical acceleration on the wall responses: (a) maximum reinforcement load; (b) residual lateral facing displacement; (c) settlement at the top of 
reinforced soil. 

Fig. 8. Comparisons of the far-field displacements with or without vertical 
excitations. 
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Supplementary data to this article can be found online at https://doi.org/10.1016/j.soildyn.2019.105969. 

Appendix A 

In this constitutive model for sand, the elasto-plastic rigidity matrix is written as: 

Dep¼De �
De : ngL=U : nT : De

HL=U þ nT : De : ngL=U
(A-1)  

in which De is the elastic rigidity matrix, ngL=U is the plastic flow direction, n is the loading direction, and HL=U is the plastic modulus in loading or 
unloading. The shear and bulk elastic moduli are given as: 

Gmax ¼ G0ðp’=patmÞ
0:5
; Kmax ¼ K0ðp’=patmÞ

0:5 (A-2)  

in which p’ is the mean effective stress, patm is the atmosphere pressure, and G0 and K0 are model parameters. The plastic-flow direction vectors are 
defined in triaxial space as: 

ngL ¼

0

B
@

dg
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ d2

g

q ;
1
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ d2

g

q

1

C
A

T

(A-3a)  

ngU ¼

2

6
4 � abs

0

B
@

dg
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ d2

g

q

1

C
A;

1
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ d2

g

q

3

7
5

T

(A-3b)  

where: 

dg¼ð1þ aÞ
�

M’g �
q
p’

�

(A-4) 

Here q is the deviatoric stress, M’g is the critical state shear stress ratio and function of the residual angle of internal friction φcv, and α is a model 
parameter. The plastic flow of granular soil is assumed to be non-associative and the loading-direction vector is expressed in the triaxial space as: 

n ¼

0

B
@

df
ffiffiffiffiffiffiffiffiffiffiffiffiffi
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q ;
1
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(A-5)  

with 

df ¼ð1þαÞ
�
Mf � η

�
(A-6) 

The plastic moduli under loading and unloading are respectively defined as: 

HL ¼ H0ðp’=patmÞ
0:5
�

1 �
η
ηf

�4�

1 �
η

Mg
þHs

�

expð � rdεp
ν0ÞHDM (A-7a)  

HU ¼ Hu0ðp’=patmÞ
0:5
�

Mg

η

�ru

expð � rdεp
ν0Þ (A-7b)  

in which 

Hs¼ β1ðp’; ηÞexpð � β0ξÞexpfksðp’ = patm � 1Þg (A-8) 

Here ξ is the accumulative plastic shear strain. The detailed calibration procedure can be found in Ling and Liu [64]. 
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