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A B S T R A C T

This study employs system identification using the Extended Kalman Filter to investigate variations in the
stiffness and damping of shallow foundations during earthquakes. System identification results showed that the
elastic stiffness of different foundations was significantly smaller than specifications proposed by FEMA 356 for
the SE site class. As the earthquake load increased, a partial uplift of the foundation occurred. Following this
uplift, the time domain inelastic stiffness decreased due to variations in contact area between the foundation and
sub-soil. The inelastic stiffness at the maximum response was less than the elastic stiffness, according to the
effective peak ground acceleration (EPGA) and the contact area ratio. After uplift in the foundation, the EPGA
increased, the contact area ratio decreased, and the damping ratio increased by up to 20%. On the basis of these
system identification results, we determined relationships between elastic stiffness and the ratio of bearing stress
demand to the soil-foundation system capacity.

1. Introduction

The interaction between the soil foundational structure and the
rocking effect commonly observed within shallow foundations (which
can affect the structural dynamic response) have been investigated
since Housner's critical study [1]. To investigate the dynamic behavior
of shallow foundations, Antonellis et al. [2] and Madaschi et al. [3]
performed full-scale dynamic tests, where Wittich et al. [4], Drosos
et al. [5], and Anastasopoulos et al. [6] used small-scale shake table
tests.

Recently, experimental studies have used centrifuge tests to in-
vestigate rocking effects observed within shallow foundations. For ex-
ample, these tests were used to study a rocking foundation used as the
base isolation for a bridge pier [7], the seismic behavior of a frame-
wall-rocking foundation system [8], the structure-soil-structure inter-
action [9], and rotational damping effects on the structural earthquake
response [10].

Numerical studies have been used to predict the dynamic behavior
of shallow foundations. For example, Antonellis and Panagiotou [11]
compared the seismic response of bridges with unattached rocking
foundations to that of fixed-base bridges using numerical analysis.

Anastasopoulos and Kontoroupi [12], Chen and Shi [13], and Lu et al.
[14] all proposed simplified models to evaluate the seismic response of
shallow foundations. Gajan and Kutter [15] used results of centrifuge
tests to propose a contact interface model for shallow foundations.
These experimental and numerical studies have led to new design
concepts that consider shallow foundation rocking effects. This includes
studies by Allmond and Kutter [16], who proposed design considera-
tions for rocking foundations that are not connected through piles,
Deng et al. [17], who used a displacement-based methodology, and
Gazetas et al. [18], who proposed a geotechnical design concept for
structures with safety factors that are less than 1.0.

To analyze both test results and the actual rocking shallow foun-
dation, the stiffness of the foundation and sub-soil must be accurately
defined. Gazetas [19] proposed impedance functions for the frequency-
dependent stiffness and damping of foundation-soil interactions. Deng
et al. [20] derived rotational foundation stiffness using centrifuge tests.
Most present studies on shallow foundations focus on rotational stiff-
ness, while excluding the effects of translational stiffness. To extract
exact properties of soil-foundation structure system, system identifica-
tion methods have been employed.

System identification is a methodology to analyze parameters of
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earthquake records and experimental data, based on system model
[21]. In the frequency domain, Tilevlioglu et al. [22] proposed dynamic
stiffness and shallow foundation damping using the forced vibration of
a field test structure. Safak [23] introduced a simple method to convert
frequency-dependent impedance functions into time-domain filters and
wave propagation method was proposed from actual building data
[24]. Also, to supplement the laborious forced vibration test, Ghahari
et al. [25] proposed an identification method using free or ambient
vibration tests. However, the experimental data of soil and structure by
the strong earthquake motion was not enough. Thus, in this study, the
centrifuge test [10], which can simulate the soil stress condition and the
strong earthquake motion, were used for the system identification. In
the time domain, nonlinear system identification using the Extended
Kalman Filter could simulate the nonlinear behavior of rocking foun-
dation in Fig. 1.

FEMA 274 [26] shows variations of stress-bearing distribution of the
shallow foundation. As the overturning moment increases, uplift occurs
at Fig. 1(c). Based on the uplift, decrease of contract area from the
elastic state (Fig. 1(b)) to the state after uplift (Fig. 1(d)) affects dy-
namic responses of the soil-foundation system and the super-structure.
Especially, when the uplift occurs, variations of the stiffness and
damping should be evaluated in the time domain.

From the nonlinear system identification results, initial elastic
stiffness before the uplift (Fig. 1(b)) was evaluated and it was related
with the vertical load stress q in Fig. 1(a), which was not accounted in
FEMA 356 [27]. After the uplift (Fig. 1(d)), stiffness degradation was
quantified according to effective peak ground acceleration (EPGA) and
contact area ratio. Also, the increase in damping in Fig. 1(d) due to the
mobilization of contact area was evaluated.

2. Existing studies

2.1. FEMA 356

FEMA 356 [24] proposed a flexible base model procedure to address
the effects of soil-structure interactions, where an uncoupled spring or

Winkler model can also be used. In our study, the uncoupled spring
model (as shown in Fig. 1(a), and represented in Eq. (1)) was used to
consider the stiffness and damping of shallow foundations.
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In Eq. (1), uNet is the net lateral displacement of the structure, urf is
the relative displacement between the foundation and sub-soil, uθ is the
foundation rocking angle, h is the vertical distance from the foundation
to the lumped structure mass centroid, ms is the effective structure
mass, mf is the foundation mass, If is the foundation's mass moment of
inertia, ks is the structural effective lateral stiffness, and kx and kθ are
the translational and rotational foundation stiffness. cs is the structural
damping coefficient, and cx and cθ are the translational and rotational
damping coefficient of foundation.

To use the uncoupled spring model and Eq. (1), FEMA 356 proposed
that the translational stiffness kx surf, and rotational stiffness k surf, of the
foundation surface be calculated as:

= +k GB
v

L
B2

3.4 1.2x surf,
0.65

(2)

= +k GB L
B1

0.47 0.034surf,
2.4

(3)

where G is the effective shear modulus, ν is Poisson's ratio, and B is the
foundation width.

The shear modulus of soil decreases as the shear strain increases.
Thus, FEMA 356 defined the effective shear modulus ratio according to
the effective peak ground acceleration (EPGA). By using the effective
shear modulus ratio r, the effective shear modulus G can be defined as:

Fig. 1. Variation of stress-bearing distributions according to reaction eccentricity (q/qc < 0.5) [adapted from FEMA 274 [22]]: (a) initial state; (b) elastic state prior
to uplift; (c) elastic state at uplift; (d) elastic after uplift; (e) inelastic limit.

Fig. 2. FEMA 356 considerations [adapted from FEMA 356 (FEMA 2000)]: (a) Uncoupled spring model; (b) Idealized elasto-plastic load deformation behavior; (c)
Foundation stiffness properties.
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=G G r0 (4)

In Eq. (4), =G Vs0
2 , which is the initial shear modulus, Vs is the

shear wave velocity of soil, ρ is the soil mass density, and r is the ef-
fective shear modulus ratio (shown in Table 1). In this study, the shear
modulus reduction was considered when stiffness was calculated, but
the variations in stress between the foundation and sub-soil (shown in
Fig. 1(b–d)) were not.

In these equations, d is the height of the effective side-wall contact
and h is the depth from the ground surface to the centroid of effective
side wall contact. Foundation geometry details are presented in
Fig. 2(c).

The elastic stiffness of foundation can be redefined by multiplying
correction factors related to embedment as:

=k kx x sur x, (7)

=k k suff, (8)

When a shallow foundation is subjected to overturning force, var-
iations in the bearing stress distribution (according to eccentricities
with in the foundation's reaction) can be represented as in Fig. 1.
Fig. 1(a) shows the uniform bearing stress value q without the over-
turning moment Mo. When a large overturning moment is applied, the
ultimate bearing capacity of the foundation can be estimated using the
uniform stress block, as shown in Fig. 1(e). The ultimate moment ca-
pacity Mult of a rectangular foundation (Fig. 1(e)) can be calculated
according to FEMA 356:

=M
V L q

q2
1ult

f

c (9)

where V is the axial load acting on the foundation, Lf is the foundation
length, and qc is the ultimate bearing capacity of the soil. In Eq. (9), the
q/qc ratio of bearing stress demand to capacity affects the ultimate
moment capacity Mult. Thus, the ultimate moment capacity Mult varies
from lower to upper bounds (according to the bearing stress ratio), as
shown in Fig. 2(b). Also, the q/qc ratio can be an index to indicate the
vertical bearing stress level of the structure-foundation system.

When the overturning moment reaches one-sixth of the V L f , a
partial uplift occurs between the foundation and sub-soil. Thus, the
bearing stress distribution in Fig. 1(c) can be considered the linear limit
state. When the q/qc ratio is smaller than 0.5, the bearing stress linearly
distributes with the reduced contact area Li and the stress qi shown in
Fig. 1(d) (FEMA 274). Thus, the overturning moment levels varied from
the elastic state (Fig. 1(b)) to the inelastic limit state (Fig. 1(e)). When
the soil stress distribution was in the inelastic limit state (Fig. 1(e)), the
extreme contact area moved from one side to the other under cyclic
loading, and the stiffness was significantly degraded. Therefore, the
stiffness and damping of the foundation were not accurately estimated.
Because of this, test results shown in Fig. 1(d) were used to estimate the
foundation's stiffness and damping. The state of Fig. 1(d) indicates that
the contact area is reduced and the material is in elastic state.

2.2. Centrifuge test on the soil-foundation-structure system

Centrifuge tests were performed to investigate how the rocking ef-
fect changes the way structures respond to earthquakes [10]. Centrifuge
tests were performed using 20 g of centrifugal acceleration. Two
structures with periods of 0.26 s and 0.36 s, which were measured with
the fixed base condition, were used. The dimensions of test structures
used are presented in Fig. 3(b–c) (see Fig. 4).

For centrifuge tests, the external dimensions of the foundation were
70 × 70 × 30 mm in the small-scale model, which was tested under
20 g of centrifugal acceleration. Thus, the prototype model's external
foundation dimensions were 1.4 × 1.4 × 0.6 m. Table 2 summarizes
soil and foundation properties applicable for centrifuge tests [10]. SE

was used as a site class for the centrifuge tests, where the soil bearing
stress to strength ratio q/qc was 0.016 for SDOF-3 and 0.021 for SDOF-
4. These parameters indicate that the soil was not stiff, and the axial
compression at the foundation was thus small (see Table 3).

The nyquist frequency of measurements was 100 Hz. The measured
horizontal accelerations of the structure and the foundation (üt and, üf
in Fig. 3) and the two vertical accelerations at the edges of the foun-
dation (üv1 and, üv2 in Fig. 3) were converted to displacements using the

Table 1
Effective shear modulus ratio of FEMA 356. To consider the embedment depth
effect of the foundation, FEMA 356 proposed correction factors (see Fig. 2(c)).

= + + +D
B

hd B L
BL

1 0.21 1 1.6 ( )
x 2

0.4

(5)

= + +d
L

d
L

d
D

1 1.4 1.5 3.7
0.6 1.9 0.6

(6)

Site Class Effective Shear Modulus Ratio ( =r G G/ 0)
Effective peak ground acceleration, SXS/2.5

SXS/2.5= 0 SXS/2.5= 0.1 SXS/2.5= 0.4 SXS/2.5= 0.8

A 1.00 1.00 1.00 1.00
B 1.00 1.00 0.95 0.90
C 1.00 0.95 0.75 0.60
D 1.00 0.90 0.50 0.10
E 1.00 0.60 0.05 -

Fig. 3. Centrifuge tests for system identification (Kim et al., 2015).
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double integration method. A high-pass filter was used to prevent the
divergence of the integration of the measured acceleration. The cut-off
frequencies were determined as follows.

=u
c u u h u k u u h u

m
¨

( ) ( )
t

s t f s t f

s (10)

where = +u u uf g rf , = + +u u u h ut f Net , and
=u u u L( )/v v f1 2
In Eq. (10), üt indicates the measured total acceleration of the

structure, and the right side of Eq. (10) is the acceleration calculated
from the velocities and displacements that are integrated from the fil-
tered accelerations. Using Eq. (10), the cut-off frequency, which pro-
duced the same value for the left side and right side, was determined.
The cut-off frequency was found by trial and error [10].

From the test result, the vertical displacement u v of the soil-foun-
dation system was calculated as = +u u u( )/2v v v1 2 . Because the
vertical displacement was very small, it was not considered in this
study.

3. Nonlinear system identification using an Extended Kalman
filter

3.1. Extended Kalman Filter

To estimate stiffness (kx and k ) and damping (cx and cθ) for the soil-
foundation system from test results (as shown in Eq. (1)), we used the
Extended Kalman Filter. The Extended Kalman Filter estimates

unknown values on the basis of both measured values and the system
function. We used an Extended Kalman Filter algorithm as per Terejanu
[28] and Kim [29].

3.2. State space expressions of the SSI model

To use the Extended Kalman Filter, the process function f ( ) should
be a forward process. Thus, Eq. (1) was expressed in a state-space ac-
cording to Mikami and Sawada [30], and was modified for the cen-
trifuge test results. To obtain a state-space expression, Eq. (1) can be
expressed in a simple form as:

+ + =M U t C U t K U t F t[ ]{ ¨ ( )} [ ]{ ( )} [ ]{ ( )} { ( )} (11)

By solving Eq. (11) using a linear acceleration method, the fol-
lowing equations can be obtained:

+ = +Z k A F k C a k K b k{ ( 1)} [ ] [{ ( 1)} [ ]{ ( )} [ ]{ ( )}]1
1 (12)

+ = + +Z k a k t Z k{ ( 1)} { ( )} 1
2

{ ( 1)}2 1 (13)

+ = + +Z k b k t Z k{ ( 1)} { ( )} 1
6

{ ( 1)}3
2

1 (14)

where:

= + +A M t C t K[ ] [ ] 1
2

[ ] 1
6

[ ]2
(15)

= +a k u k t u k{ ( )} { ( )} 1
2

{ ¨ ( )} (16)

= + +b k u k t u k t u k{ ( )} { ( )} { ( )} 1
3

{ ¨ ( )}2
(17)

+ = + +F k
m

m m
m H

u k( 1) ¨ ( 1)
s

s f

s
g

(18)

In the above equations, k is the time step, Δt is the time increment,
and the time at time step k is expressed as =t k tk . U k{ ¨ ( )}, U k{ ( )},
U k{ ( )} are expressed via the state vectors Z k{ ( )}1 , Z k{ ( )}2 , Z k{ ( )}3 .

These equations express the forward process from time step k to k
+1, except for the input term F(k+1). The input term F(k+1) includes
the ground acceleration factor u k¨ ( )g , where the ground acceleration
difference w(k) can be expressed as:

= +w k u k u k( ) ¨ ( 1) ¨ ( ).g g (19)

Using the ground acceleration difference, the transition of the input
acceleration, velocity, and displacement can be expressed as:

+ = +Z k B Z k D w k{ ( 1)} [ ]{ ( )} [ ] ( )6 6 (20)

Fig. 4. Extended Kalman Filter algorithm.

Table 2
Soil and foundation properties (Kim et al., 2015).

Soil Foundation

Centrifugal acceleration Average shear wave velocity Initial shear
Modulus (G0)

Length (L) Width (B) D d h

20 g 162 m/s 39.9 MPa 1.4 m 1.4 m 0.6 m 0.6 m 0.3 m

Table 3
FEMA 356 foundation stiffness.

Initial stiffness of foundation at
the surface

Embedment
correction factor

Initial stiffness of embedded
foundation

kx surf, (kN/m) k surf, (kN·m/
rad)

x kx0(kN/
m)

k 0(kN·m/
rad)

151,116 78,812 2.06 2.89 311,525 227,446
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where:

=Z k
u k
u k
u k

{ ( )}
¨ ( )

( )
( )

g

g

g

6

(21)

=B t
t t

[ ]
1 0 0

1 0
/2 12 (22)

=D t
t

[ ]
1
/2
/6

.
2 (23)

From Eq. (18), the input term F(k+1) is expressed as:

+ = +F k E Z k{ ( 1)} [ ]{ ( 1)}6 (24)

where:

= +E
m

m m
m H

[ ]
0 0

( ) 0 0
0 0

.
s

s f

s (25)

By substituting Eq. (20) into Eq. (24), Eq. (26) can be obtained as:

+ = +F k E B Z k E D w k{ ( 1)} [ ][ ]{ ( )} [ ]{ } ( ).6 (26)

with this manipulation, equations (12)–(14) become a purely for-
warding process from time step k to k+1.

Both the structure mass and the foundation's mass moment of inertia
are known from the centrifuge tests. Thus, by inserting values for
stiffness kx, kf, and kθ into the state vector Z{ }4 , and values for damping
coefficients cx, cf, and cθ into the state vector Z{ }5 , vector transitions can
be expressed as:

+ =Z k Z k{ ( 1)} { ( )}4 4 (27)

+ =Z k Z k{ ( 1)} { ( )}.5 5 (28)

By taking into account the accelerations, velocities, and displace-
ments at each degree of freedom at the base, the following state-space
expression is obtained:

+ = +Z k G Z k k w k{ ( 1)} { ( )} { ( )} ( ) (29)

where Z{ } and G Z{ } are composed of multiple vectors, which can be
expressed as:

=Z Z Z Z Z Z Z{ } [{ } , { } , { } , { } , { } , { } ]T T T T T T
1 2 3 4 5 6 (30)

=G Z t G G G G G G{ ( )} [{ } , { } , { } , { } , { } , { } ]T T T T T T
1 2 3 4 5 6 (31)

where:

=G A E B Z C a K b[ ] {[ ][ ]{ } [ ]{ } [ ]{ }}1
1

6 (32)

= +G a t G{ } 1
22 1 (33)

= +G b t G{ } 1
63

2
1 (34)

=G Z{ }4 4 (35)

=G Z{ }5 5 (36)

=G B Z{ }6 6 (37)

=k

A E D
t A E D
t A E D

D

{ ( )}

[ ] [ ]{ }
[ ] [ ]{ }/2
[ ] [ ]{ }/6

0
0

{ }

.

1

1

2 1

(38)

3.3. Linearization of state equation

The Kalman Filter was originally developed to identify linear sys-
tems. As mentioned previously, the Extended Kalman Filter can be used
to identify nonlinear systems by assuming that nonlinear behavior can
be approximated as a linear system with small perturbations [30].

By assuming that G Z k{ ( )} is a smooth function, the Taylor expan-
sion of G Z k{ ( )} can be used to estimate the optimal time step k, where
the truncated form of G Z k{ ( )} can be obtained by ignoring terms of the
Taylor expansion higher than the second order. Thus, Eq. (29) can be
expressed as:

+ = + + +Z k G Z k k k k Z k Z k k k w k{ ( 1)} { ˆ ( | )} ( 1| ){ ( ) ˆ ( | )} { ( )} ( )
(39)

where +k k( 1| ) is a transition matrix, which is expressed as:

+ = =
=

k k G Z k
Z

j( 1| ) { ( )} ( 1, ..., 18)
j Z k Z k k( ) ( | ) (40)

where the components are computed as:

= +G
Z

A A
Z

G E B Z
Z

C
Z

a C a
Z

[ ] [ ] [ ][ ] { } [ ] { } [ ] { }
j j j j j

1 1
1

6

+ A K
Z

b K b
Z

[ ] [ ] { } [ ] { }
j j

1

(41)

= +G
Z

a
Z

t G
Z

{ }
{ }

1
2j j j

2 1

(42)

= +G
Z

b
Z

t G
Z

{ }
{ }

1
6j j j

3 2 1

(43)

=
×

G
Z

0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0j

4

3 18 (44)

=
×

G
Z

0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0j

5

3 18 (45)

=
×

G
Z

t
t t

0 0 1 0 0
0 0 1 0
0 0 /2 1

.
j

6

2
3 18 (46)

3.4. Observation equation

The accelerations of the structure, foundation, and soil were mea-
sured using centrifuge tests. Velocities and displacements of the struc-
ture, foundation, and soil were calculated from measured acceleration
using the high-pass filter and double integration method [10]. Struc-
tural stiffness and damping were also estimated from the properties of
the test specimen, where the observation equation was:

= +Y k H U k v k{ ( )} [ ]{ ( )} { ( )} (47)

where H[ ] is the observation matrix, and is expressed as:
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=

×

H[ ]

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 14 18 (48)

In this equation, v k{ ( )} is the observation noise vector, which is
assumed to have the following characteristics:

=E Y k[{ ( )}] {0} (49)

=E v k v k R t[{ ( )} { ( )} ] [ ( )]T (50)

where R t[ ( )] is the observation noise covariance matrix.

4. Comparing test and system identification results

4.1. Estimated stiffness and damping coefficients

Fig. 5 and Fig. 7 show nonlinear stiffness and damping coefficients,
which were estimated via system identification using the Extended
Kalman Filter. We used the Northridge earthquake for input earthquake
acceleration (Fig. 5), and an effective peak ground acceleration (EPGA)
at surface of 0.257 g. The EPGA of the ground motions were calculated
by dividing the average spectral acceleration of the period range of
0.1–0.5 s by a factor of 2.5, according to ATC 3-06 [31]. The corre-
sponding FEMA 356 effective shear modulus ratio was 0.31 derived
from Table 1, and the q/qc ratio was 0.016.

Fig. 5(a) shows variations in both the translational stiffness(kx SI, )
and the damping coefficient(cx SI, ) in the time domain. After partial
uplift of the foundation (shown in Fig. 1(c)), the translational stiffness
rapidly decreased, due to the decrease in contact area between the
foundation and the sub-soil. During this time, the translational damping
also increased, as shown in Figs. 5(a-2). The stiffness at the onset of
uplift is considered to be elastic, where the initial stiffness(kx SI,
= 36981 kN/m) estimated by system identification was significantly

smaller than the translational stiffness calculated using FEMA 356
(kx FEMA, = k0.31 x0 = 97213 kN/m), which also decreased upon a re-
duction in shear modulus r. After the initial uplift, the contact area
distribution changed to the elastic after uplift state (as shown in
Fig. 1(d)), in which the stiffness was reduced from 36,981 to
19,610 kN/m. Furthermore, mobilization of the contact area between
the foundation and the sub-soil increased the damping coefficient from
19.4 to 76.1 kN s/m. The corresponding damping ratios increased from
0.035 to 0.188, which was calculated as:

=t c t k t m( ) ( )/2 ( ) .x x x f (51)

Fig. 5(b) shows variations in the rotational stiffness (k SI, ) and
damping coefficient (c SI, ) in the time domain. For the Extended
Kalman Filter, 30,000 kN m/rad was used as the assumed initial rota-
tional stiffness. As the earthquake started, the Extended Kalman Filter
increased the elastic stiffness to 41,466 kN m/rad to find the correct
stiffness from the assumed stiffness. After this uplift, the estimated ro-
tational stiffness decreased from 41,466 to 24,070 kN m/rad, which was
significantly smaller than that derived from FEMA 356 (k FEMA, =

k0.31 0 = 70,975 kN m/rad). The rotational damping coefficient in-
creased from 89.8 kN·m·s/rad to 300.5 kN m·s/rad; the corresponding
damping ratios increased from 0.036 to 0.163, and were calculated as:

= +t c t k t m h I( ) ( )/2 ( ) ( ) .s f
2 (52)

It is notable that the stiffness after the maximum displacement and
rotation did not change significantly, even though the ground excita-
tion gradually disappeared (as shown in Fig. 6). Additionally, damping
coefficients after the maximum displacement and rotation gradually
increased. This indicates that the system identification used in this
study simulated the decrease of foundation response by controlling the
damping increase, rather than restoring the stiffness. Thus, the stiffness
at the maximum response was considered as the maximum inelastic
stiffness.

Fig. 7 shows the results of SDOF-4. The input earthquake accel-
eration was that of the Northridge earthquake and the effective peak
ground acceleration (EPGA) at surface was 0.274 g. The corresponding
effective shear modulus ratio derived from Table 1 was 0.28. As the
EPGA of Fig. 7 (0.274 g) was greater than the EPGA of Fig. 5 (0.257 g),
the effective shear modulus ratio(0.28) and corresponding stiffness of
FEMA 356 in Fig. 7 (kx FEMA, = k0.28 x0 = 87,167 kN/m, k FEMA, =

k0.28 0 = 63,641 kN m/rad) were smaller than the effective shear

Fig. 5. Estimated stiffness and damping coefficients: SDOF-3 (q/qc = 0.016); EPGA at input base = 0.092 g; EPGA at surface = 0.257 g.
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modulus ratio (0.31) and corresponding stiffness of FEMA 356 in Fig. 5
(kx FEMA, = k0.31 x0 = 97,213 kN/m, k FEMA, = k0.31 0
= 70,975 kN m/rad). However, the estimated initial elastic transla-
tional and rotational stiffness in Fig. 7 (kx SI, = 47,041 kN/m, k SI,

= 53,723 kN m/rad) were greater than those shown in Fig. 5(kx SI,
= 36,981 kN/m, k SI, = 41,466 kN m/rad). This is because the q/qc of
SDOF-4 in Fig. 7 was 30% greater than the q/qc of SDOF-3 shown in
Fig. 5.

Fig. 6. Time history response for both the foundation and the structure: SDOF-3 (Tn = 0.26 s); EPGA at input base = 0.092 g; EPGA at surface = 0.257 g.

Fig. 7. Estimated stiffness and damping coefficients: SDOF-4 (q/qc = 0.021); EPGA at input base = 0.108 g; EPGA at surface = 0.274 g.
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4.2. Foundation and structure time history responses

The time history response of the foundation and structure was cal-
culated by applying the estimated stiffness and damping coefficients to
Eq. (1), where Figs. 6 and Fig. 8 show the relative translational dis-
placement of the foundation urf, the rotation angle of the foundation uθ,
and the net displacement of the structure unet. In comparison, time
history responses of the foundation and the structure were calculated
using the FEMA 356 stiffness and 5% damping ratios.

As the FEMA 356 stiffness was 1.71 and 2.63 times the estimated
stiffness shown in Figs. 5(a-1) and Fig. 5(b-1), both the FEMA 356
translational relative displacement and the rotational angle were
smaller than the test results shown in Figs. 6(b-1) and Fig. 6(b-2).On the
other hand, the translational relative displacement and the rotational
angle calculated using stiffness and damping estimated from system
identification correlated well with the test results, in terms of both
peaks and shape of the time history response, as shown in Figs. 6(a-1)
and Fig. 6(a-2).

Figs. 6(a-3) and Fig. 6(b-3) show the net displacement of the
structure. The maximum net displacement of the test was 0.80 cm
(Figs. 6(b-3)). FEMA 356 underestimated the translational and rota-
tional response of the foundation, where the net displacement of the
structure was greater than within our test results. On the other hand,
the net displacement of the structure using stiffness and damping esti-
mated using system identification coincided well with the test results
(shown in Figs. 6(a-3)).

For SDOF-4 (with a period of 0.36s), the shapes and peaks of the
foundation response (calculated using the FEMA 356 stiffness and a 5%
damping ratio) did not agree with our test results (Figs. 7(b-1)-7(b-3)).
The net displacement of structure from the centrifuge test were affected

by the energy dissipation and the increase in damping due to the mo-
bilization of contact area. However, FEMA 356 estimated the response
of structure with the fixed stiffness and damping of foundation. Thus,
the net displacement of the structure was overestimated by FEMA 356
in Figs. 8(b-3). Alternatively, time history responses (calculated using
the stiffness and damping coefficients estimated from system identifi-
cation) were very close to the test results (Figs. 7(a-1)-7(a-3)). This
indicates that the estimated stiffness and damping coefficients are
reasonable.

4.3. Relationship between elastic stiffness and bearing stress

FEMA 356 stiffness, and elastic stiffness estimated by SI are pre-
sented in Fig. 8(a), (b) and Fig. 9(a), (b). EPGA at surface varied from
0.1 to 0.3 g, where the FEMA 356 translational and rotational stiffness
were reduced from k0.60 x0 and k0.60 0 to k0.23 x0 and k0.23 0 , re-
spectively, due to the reduction in sub-soil shear modulus.

However, the black-circle makers in Fig. 8(a), (b) and Fig. 9(a), (b),
which were considered as the elastic stiffness of foundation before the
partial uplift in Fig. 1(b), was significantly smaller than that from FEMA
356. Also, when EPGA varies from 0.1 to 0.3 g, variations of the elastic
stiffness according to the EPGA was small.

When the q/qc ratio, which was the normalized vertical bearing
stress q by the ultimate bearing capacity qc, was 0.016 (as for SDOF-3),
the mean elastic translational stiffness was k0.12 x0 and the mean elastic
rotational stiffness was k0.19 0, as shown in Figs. 8(a-2) and 8(b-2).
When the q/qc ratio was 0.021 (as for SDOF-4), the mean elastic
translational stiffness was k0.15 x0 and the mean elastic rotational
stiffness was k0.25 0, as shown in Figs. 8(a-2) and 9(a-2). As the q/qc
ratios increased from 0.016 to 0.021, the translational and rotational

Fig. 8. Time history responses for both the foundation and the structure: SDOF-4 (Tn = 0.36 s); EPGA at input base = 0.108 g; EPGA at surface = 0.274 g.
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stiffness in the elastic state were increased. This indicates that the
vertical bearing stress affects the stiffness of shallow foundation.

By using both the stiffness of FEMA 356 and the system

identification results, relationships between the elastic stiffness and the
bearing stress demand to capacity ratios q/qc of the soil-foundation
system were proposed as:

Fig. 9. System identification results for SDOF-3.
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Fig. 10. System identification results for SDOF-4.
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=k k q q k7.5 /x x c x0 0 (53)

=k k q q k12 / .c0 0 (54)

4.4. Stiffness degradation after uplift

As the EPGA increased, the stiffness after uplift decreased linearly
from the elastic stiffness, as shown in Figs. 9(a-2), Fig. 9(b-2), Fig. 10(a-
2), and Figs. 10(b-2) (blue-square markers). This indicates that the re-
duction of contact area and the increase of earthquake intensity re-
duced the stiffness of shallow foundation. In this study, linear functions
for the stiffness after uplift derived from regression analyses are sum-
marized in Table 4. Also, Figs. 9(a-3), Fig. 9(b-3), Figs. 10(a-3), and
Figs. 10(b-3) show linear relationships between the stiffness and the
contact area Li, which was calculated from the measured accelerations
using Eq. (1) and the vertical equilibrium.

4.5. Damping increase after uplift

In Figs. 9(c-1), Fig. 9(c-2), Figs. 10(c-1), and Figs. 10(c-2), damping
ratios according to the EPGA scenario are presented. As the EPGA in-
creased, damping ratios also increased up to 20%, due to mobilization
of the contact area between the foundation and sub-soil.

4.6. Maximum responses of foundation and structure

The maximum responses for both foundations and structures (cal-
culated using estimated dynamic properties and FEMA 356) were then
compared to centrifuge test results shown in Figs. 9(d) and Fig. 10(d).
Ratios in the figure legends indicate the average ratios of the calculated
responses to the test results. As FEMA 356 overestimated stiffness, the
maximum relative displacements and rotations of the foundation were
22–83% those of the test results. Alternatively, the maximum relative
displacement and rotation of the foundation estimated by the SI were
close to the test results, with accuracy values that varied between 88%
and 99%. As per the stiffness and damping ratios, pseudo-accelerations
(calculated by Eq. (55) using the net displacements of the structures),
were close to the test results, with accuracies that varied from 102% to
113%, as shown in Figs. 9(d-3) and Fig. 10(d-3).

=S k u
ma

s Net

s (55)

Pseudo-accelerations calculated from fixed base models were 38%
and 185% greater than the test results. The pseudo-accelerations of the
structures calculated by FEMA 356 were also 32% and 213% greater
than the test results, and were close to those of fixed base models.

4.7. Limitations of this study

In this study, the uncoupled model was used to identify the rocking
foundation. However, the translational and rotational responses of

foundation were coupled by the medium of contact area from the
centrifuge tests by Kim et al. [10]; Thus, the contact area should be
considered in the system identification model as a future study. Even
though the uncoupled model was used in this study, the system iden-
tification results show the coupled nonlinear behavior between trans-
lation and rotation of foundation.

The proposed relationships improved the stiffness of FEMA 356 by
considering the q/qc ratio. However, these relationships were based on
the previous centrifuge test [10]; in this study, the soil was not as stiff as
in the SE site class, and thus the q/qc was very small (0.016 and 0.021).
Therefore, our relationship is probably particular to our test soil con-
ditions, specifically small q/qc values and SE site class. To generalize
this proposed relationship, system identification should be performed
using many test variables, including various soil and foundation con-
ditions.

5. Conclusions

In this study, we applied system identification using the Extended
Kalman Filter to a soil-foundation-structure system. We used centrifuge
tests to determine simultaneously nonlinear translational, rotational
stiffness, and damping coefficients in the time domain, and compared
these values to those obtained using FEMA 356.We used an SE site class,
and a bearing stress demand to capacity ratio (q q/ c) that ranged from
0.016 and 0.021. The structure periods were 0.26 s for SDOF-3 and
0.36 s for SDOF-4, and the results are summarized as follows.

1) When the q/qc was 0.016, the elastic translational stiffness was 12%
of the translational stiffness, and the mean elastic rotational stiffness
was19% of the rotational stiffness (according to FEMA 356). As the
q/qc increased to 0.021, the mean elastic translational stiffness was
15% of the translational stiffness, and the mean elastic rotational
stiffness was 25% of the rotational stiffness (according to FEMA
356).

2) After partial uplift occurred in the foundation, the translational and
rotational stiffness rapidly decreased in the time domain due to a
decrease in contact area between the foundation and sub-soil. The
stiffness at the maximum response reduced linearly, according to the
effective peak ground acceleration (EPGA).

3) After partial uplift, damping coefficients rapidly increased in the
time domain, due to mobilization of the contact area between the
foundation and sub-soil. As the EPGA increased, the damping ratios
increased up to 20%.

4) FEMA 356 overestimated the foundation stiffness for the SE site
class. Thus, the dynamic response of the foundation (calculated
using the FEMA 356 stiffness) was smaller than that found using
centrifuge tests.

5) On the basis of the system identification results, a relationship be-
tween the elastic stiffness and the q/qc ratio was proposed for small
q/qc and SE site classes.
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