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We propose a class of single-field, slow-roll inflation models in which a typical number of e-folds can be 
extremely large. The key point is to introduce a very shallow local minimum near the top of the potential 
in a hilltop inflation model. In particular, a typical number of e-folds is enhanced if classical behavior 
dominates around the local minimum such that the inflaton probability distribution is drifted to the local 
minimum as a whole. After the inflaton escapes from the local minimum due to the stochastic dynamics, 
the ordinary slow-roll inflation follows and it can generate the primordial density perturbation consistent 
with observation. Interestingly, our scenario inherits the advantages of the old and new inflation: the 
typical e-folds can be extremely large as in the old inflation, and slow-roll inflation naturally follows 
after the stochastic regime as in the new inflation. In our numerical example, the typical number of 
e-folds can be as large as 101010

, which is large enough for various light scalars such the QCD axion to 
reach the Bunch-Davies distribution.

© 2019 Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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1. Introduction

How long can inflation last? From the observational point of 
view, the total number of e-folds, N , must be larger than ∼ 50–60, 
which weakly depends on the inflation scale and thermal history 
after inflation. On the other hand, an extremely long duration 
of inflation is often required in certain scenarios. For instance, 
the relaxation model [1], the stochastic axion scenario [2–5], 
a quintessence model [6,7] demand the e-folding number of 
log10 N ∼ O(10), depending on model parameters.1 The purpose 
of this Letter is to provide a simple single-field, slow-roll inflation 
model whose typical number of e-folds is extremely large.

There is a variety of inflation models which last very long. 
In the string/axion landscape [10–17], there are many local min-
ima where the old inflation takes place and continues until the 
inflaton tunnels toward one of the adjacent local minima with 

E-mail addresses: kitajima@tuhep.phys.tohoku.ac.jp (N. Kitajima), 
tada.yuichiro@e.mbox.nagoya-u.ac.jp (Y. Tada), fumi@tohoku.ac.jp (F. Takahashi).

1 If the e-folding number is extremely large, those scenarios that involve scalars 
with fine-tuned initial conditions might be significantly modified. For example, such 
a problem in the curvaton paradigm is reported in Ref. [8]. Also, rare events such as 
the Higgs tunneling to large-field values could take place somewhere in the entire 
universe (see e.g. Ref. [9]).
https://doi.org/10.1016/j.physletb.2019.135097
0370-2693/© 2019 Published by Elsevier B.V. This is an open access article under the CC
a lower energy through bubble formation. In this case, the typ-
ical e-folding number can be exponentially large. However, one 
needs slow-roll inflation after the bubble formation to explain the 
observed cosmic microwave background (CMB) temperature/polar-
ization anisotropies. For this, one may need another light scalar, in 
which case the two inflation scales are not related to each other, 
in general.

It is also well known that a large class of inflation models can 
be eternal [18–23] (see also [24–26]). The stochastic dynamics of 
the inflaton plays a crucial role in eternal inflation: quantum fluc-
tuations of the inflaton drive it upward or downward compared 
to the classical motion. In particular, upward quantum fluctuations 
keep the inflaton from rolling down the potential, leading to eter-
nal inflation.2 In eternal chaotic inflation [21,22], quantum fluc-
tuations overcome the classical motion at sufficiently large fields 
values, typically much larger than the Planck scale. Eternal infla-
tion also occurs in the new or hilltop inflation [18–20]. This is 
because the inflaton dynamics becomes stochastic in the vicinity of 
the potential maximum where the classical motion is suppressed. 
In both cases, once the universe enters the stochastic regime, the 

2 We note that the downward fluctuations help the inflaton to escape from the 
eternal inflation regime.
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inflation continues and never ends in some regions. The volume 
of the universe is dominated by such regions where the inflation 
continues. In this sense the inflation is eternal.

It is worth noting that the eternal inflation is based on the 
idea that the inflating region expands and dominates the vol-
ume at later times. In fact, if one randomly picks up a point in 
space where the inflaton dynamics is in the stochastic regime, 
the expected e-folds there is not infinite but finite [27] (see also 
Ref. [28]). In other words, one needs to choose a specific point in 
space to have a sufficiently long inflation. Such a special choice or 
fine-tuning can be compensated by large physical volume due to 
the prolonged inflation. Thus, the eternity of the eternal inflation 
relies on the volume measure.

The purpose of this Letter is to show that one can make the 
typical number of e-folds extremely large in a context of a simple 
single-field, slow-roll inflation. In particular, it does not rely on the 
volume measure. In Sec. 2 we address our scenario after a brief re-
view on the stochastic formalism. In Sec. 3 we provide an example 
model which exhibits an extremely long inflation. The last section 
is devoted for discussion and conclusions.

2. Stochastic inflation with large N

In the simplest setup, the inflationary phase in the early uni-
verse can be realized by the potential energy of some scalar field 
inflaton, φ, homogeneously filling the universe. For a sufficiently 
long inflationary phase, however, the inflaton field must be ex-
tremely light, in which case its homogeneity beyond the horizon 
scale is no longer guaranteed. Specifically, superhorizon inhomo-
geneities are sourced by subhorizon fluctuations which continu-
ously exit the horizon during inflation. Even though the subhori-
zon fluctuations originate from the quantum zero-point oscillation, 
they are well approximated to be classical ones after the horizon 
exit due to the gravitational decoherence. Accordingly the evolu-
tion of the local inflaton field value can be described by a dif-
fusion process. This is known as the stochastic approach [29,30], 
in which the probability distribution function P (φ) follows the 
Fokker-Planck (FP) equation,

∂ P

∂N
= LFP(φ) · P , LFP = − ∂

∂φ
h(φ) + 1

2

∂2

∂φ2
D(φ). (1)

Here N is the e-folding number used as a time variable, and it is 
related to the Hubble parameter H and the cosmic time t by dN =
Hdt . For single-field and slow-roll inflation, the drift and diffu-
sion coefficients are given by h = −M2

Pl V
′/V and D = V /12π2M2

Pl
in terms of the inflaton potential V (φ), respectively. Due to such 
a random walk behavior, the e-folds N (φ) elapsed for the first 
passage from an initial field value φ to φf at the end of infla-
tion also becomes a random parameter. It’s generating function 
χN (φ; J ) = 〈ei JN (φ)〉 is known to follow the adjoint FP equa-
tion [31,32],

L†
FP · χN = −i JχN , L†

FP = h(φ)
∂

∂φ
+ 1

2
D(φ)

∂2

∂φ2
, (2)

with the boundary condition χN = 1 at the end of inflation. The 
bracket represents an average over realizations. An arbitrary mo-
ment of N is obtained from this generating function by 〈N n〉 =(

1
i

∂
∂ J

)n
χN

∣∣∣
J=0

. Thus, one can estimate the typical e-folding num-

ber of inflation by calculating the average of the elapsed e-folds, 
〈N 〉.

For the single-field slow-roll inflation, these FP equations are 
reduced to the ordinary differential equations, for which the mo-
ments of N have recursive analytic solutions. For example, the 
expectation value of N is given by

〈N 〉 (φ) =
φ∫

φf

dx

MPl

φ̄∫
x

dy

MPl

1

v(y)
exp

[
1

v(y)
− 1

v(x)

]
, (3)

where v = V
24π2 M4

Pl
is the normalized potential in the Planck 

unit, and φ̄ represents a constant of integration at which the 
first derivative vanishes ∂φ 〈N 〉 |φ̄ = 0. For a Z2-symmetric hilltop 
model we consider later, φ̄ = 0 is obviously suitable for this bound-
ary condition. As shown in Ref. [31], when the following conditions 
are satisfied,

v � 1 and ηcl =
∣∣∣∣ v ′′v2

v ′2

∣∣∣∣ � 1, (4)

one can use the saddle-point approximation to simplify this ana-
lytic solution (3) to the well-known formula for the classical drift-
dominated case,

〈N 〉 (φ) � Ncl(φ) =
φ∫

φf

dx

M2
Pl

v(x)

v ′(x)
. (5)

Note that this formula is valid as long as the conditions (4) are 
satisfied everywhere between φ and φf . Since the first condition 
in Eq. (4) is trivially satisfied in our context, it is the classicality 
parameter ηcl that controls the stochastic effect on the averaged 
e-folding number.

For a better understanding of the second condition in Eq. (4), 
let us consider the change of the inflaton potential value due to 
the inflaton dynamics in one Hubble time: δv � v ′δφ + 1

2 v ′′δφ2, 
where δφ is the sum of the classical motion δφcl ∼ h = −M2

Pl v
′/v

and the quantum jump δφsto ∼ √
D = √

2vMPl. Note that the en-
semble average and the variance of δφ are respectively given 
by 〈δφ〉 = δφcl and 〈δφ2〉 = δφ2

cl + δφ2
sto, and hence one obtains 

〈δv〉 ≈ v ′δφcl + 1
2 v ′′(δφ2

cl + δφ2
sto). Thus, the second condition in 

Eq. (4) requires that the averaged-change of the inflaton poten-
tial value is dominated by the linear term of the classical motion, 
i.e. |v ′δφcl| 
 |v ′′δφ2

sto|. Note that v ′δφcl 
 v ′′δφ2
cl is satisfied under 

the second slow-roll condition: ηV � 1 with the second slow-roll 
parameter ηV = M2

Pl v
′′/v .

Let us emphasize here that the above classical formula (5) can 
be valid even if there is a highly stochastic region between φ and 
φf , as long as the curvature of the potential is sufficiently small. To 
see this, let us first define the stochasticity of the inflaton dynam-
ics by ξsto ≡ δφ2

sto/δφ
2
cl (≡ h2/D) = 2v3/v ′2M2

Pl, which is nothing 
but the amplitude of the curvature perturbations in the classical 
limit. For ξsto � 1, the size of the quantum jump is greater than 
the classical field excursion over one Hubble time, i.e. the inflaton 
dynamics is in the stochastic regime (and this is nothing but the 
necessary condition for eternal inflation). The stochasticity param-
eter is related to ηcl by ηcl = 1

2 |ηV |ξsto. Therefore, the conditions 
(4) can be satisfied in a highly stochastic region ξsto � 1 if ηV � 1, 
in which case the expected e-folds can be well approximated by 
the classical formula (5).

As an extreme example, let us consider a slightly tilted linear 
potential for which ξsto � 1 and ηcl vanishes by definition. Suppose 
that the inflaton is initially located at some point. Then, the infla-
ton distribution spreads out due to the quantum diffusion because 
of ξsto � 1. However, the quantum diffusion does not change the 
inflaton potential value on average because up and downhills occur 
with the same probability. It is the classical motion that changes 
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the potential value on average, as it uniformly drifts the whole in-
flaton distribution.

If ηcl � 1, the diffusion dynamics overcomes the uniform drift 
due to the classical motion. In other words, the evolution of the 
universe relies upon the stochastic process, and the classical dy-
namics is irrelevant. In the usual hilltop model (without a local 
minimum), ηcl is large around the potential maximum, and the 
stochastic diffusion sweeps out the inflaton from the hilltop. This 
is the reason why the averaged e-folds are saturated and does not 
grow as the initial value φ approaches the hilltop (see Fig. 2).

In fact, one can slightly modify the hilltop potential to realize 
an extremely large e-folds. To this end, we introduce a shallow 
local minimum surrounded by a region with ηcl � 1 around the 
hilltop. There, the inflaton distribution tends to be pushed back 
to the local minimum as a whole even in the stochastic regime, 
and then the expected e-folds can be significantly enhanced. In 
such a case, the escape rate can be analytically estimated by the 
expansion around the local maximum and minimum for x and y
integrals respectively in Eq. (3), as given by [33]

〈N 〉esc � π v(φ+)

2M2
Pl

√
v ′′(0)|v ′′(φ+)|e

1
v(0)

− 1
v(φ+) , (6)

for a symmetric potential. Here φ+ denotes the local maximum 
and we take the local minimum at the origin φ = 0. As suggested 
by the Hawking-Moss factor e1/v(0)−1/v(φ+) [34], this escape time 
can be extremely large for a sufficient low scale potential v � 1. 
In the next section, we concretely provide such a model which 
generates the primordial density perturbations consistent with the 
CMB observations after exiting the local minimum.

3. Example model

Let us explicitly show a concrete model of the extreme long 
inflation. We consider a Z2-symmetric hilltop model given by

V (φ) = 1

2
m2φ2 − 1

4
λφ4 +

(

2 − g

φ6

M4
Pl

)2

, (7)

where 
 determines the inflation scale, λ and g are positive cou-
pling constants, and m is the mass at the origin. For a positive 
mass-squared in the range of 0 < m2 < H2, this potential has a 
shallow local minimum around the origin φ = 0, where the in-
flaton spends a large number of e-folds. After diffusing out from 
the shallow local minimum, the inflaton dynamics is driven by the 
tilt of the quartic and hexic terms as an ordinary hilltop inflation, 
toward the true minimum at φmin � (
2M4

Pl/g)1/6. Some of the 
parameters are fixed by the CMB data. For example, the following 
parameters⎛
⎝ 


MPl
, λ,

(

2M4

Pl

g

)1/6
⎞
⎠

=
(

0.998 × 10−4, 3.39 × 10−14, 0.1MPl

)
, (8)

result in the curvature perturbations with the amplitude As =
2.1 × 10−9 and spectral index nS = 0.958 consistent with the re-
cent Planck observation [35].3 We illustrate the potential form in 
Fig. 1 with these parameters and the typical mass value m2/H2 =
10−7. Here H = 
2/

√
3MPl is the Hubble parameter around the 

3 By adding a linear term [36] or the Coleman-Weinberg correction [37], one can 
increase ns to give a better fit to observation.
Fig. 1. The potential (7) with the parameter values (8) and the typical mass 
m2/H2 = 10−7. The potential has a shallow local minimum surrounded by the lo-
cal maximum as shown in the magnification. The shaded region corresponds with 
ηcl > 1. The classical region with ηcl < 1 appears between the local minimum and 
maximum that will increase the expected e-folds for m2/H2 � 10−7, because the 
inflaton is pushed back to the local minimum by the classical dynamics.

Fig. 2. The averaged e-folds 〈N 〉 (φ) given by Eq. (3) for different masses, m2/H2 =
(2 ×10−7, 10−7, 0, −10−4), where H = 
2/

√
3MPl is the Hubble parameter around 

the origin. The other parameters are fixed by the CMB data as Eq. (8). The shaded 
region and the orange line represent ηcl > 1 and Ncl(φ) given by Eq. (5), respec-
tively, for m2/H2 = 10−7. For φ � 10−5 MPl , the inflaton is to the right of the local 
maximum, and 〈N 〉 is reduced to the classical formula Ncl without the diffusion. 
Then, a sufficiently long standard slow-roll inflation follows. For m2/H2 � 10−7 the 
expected e-folds are enhanced due to the classical region with ηcl < 1 between the 
local minimum and maximum.

origin. For this or larger mass, the local minimum becomes deep 
enough so that the classical region with ηcl < 1 appears be-
tween the local minimum and maximum. The classical region ef-
ficiently pushes the inflaton back to the local minimum and the 
expected e-folds will be enhanced significantly as shown below. 
The stochasticity itself is high enough as ξsto > 1 for φ � 10−4MPl
enclosing the whole local minimum and maximum.

Fig. 2 shows the results of the numerical integration of 〈N 〉 (φ)

in Eq. (3) for different masses. One can see that, at sufficiently 
small φ, the expected e-folds is saturated due to the stochastic ef-
fects, which sweep out the inflaton from the hilltop, φ � 10−5 MPl. 
For φ � 10−5MPl, the inflaton already passes to the right of the lo-
cal maximum (in the case of m2 > 0), and 〈N 〉 is reduced to the 
classical formula Ncl in Eq. (5) even though the stochasticity ξsto
itself is large until around φ � 10−4 MPl. The usual standard slow-
roll inflation will take place afterwards, generating the primordial 
density perturbations consistent with the CMB observation. There 
is a slight wiggling around φ ∼ 10−2 MPl, which, however, is caused 
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Fig. 3. The dependence of 〈N 〉 (φ = 0) on m2. Again the other parameters are given 
by Eq. (8). For sufficiently large and positive mass squared (solid line) (but still 
smaller than H2), extremely long inflation is realized. Typical e-folds can be as large 
as 〈N 〉 ∼ 101010

. The numerical result is consistent with the analytic estimate (6). 
The case of the negative mass squared (dashed line) is also shown for comparison.

by the numerical error, and not due to any physical effect. The ex-
pected e-folds become enhanced for m2/H2 � 10−7 as mentioned.

We show in Fig. 3 the m2-dependence of the e-folds from the 
origin φ = 0. We have confirmed that the analytic estimate of the 
escape time (6) agrees well with our numerical result. One can 
see that an extremely large number of e-folds as 〈N 〉 ∼ 101010

can be realized with a deep enough local minimum. Even in 
such a case, the inflaton mass-squared itself is still smaller than 
the Hubble scale, so that the slow-roll stochastic approach re-
mains valid. The typical e-folds in this model is large enough 
for various light scalars such the QCD axion to reach the Bunch-
Davies distribution [38]. For instance, the required e-folds for the 
axion to reach the so-called Bunch-Davies distribution is N �
1026(H inf/100 MeV)2/(ma/10−5 eV)2 [2,3].4 For comparison, we 
also show the result for the usual case with the negative mass-
squared, where the averaged e-folding number decreases as ex-
pected.

4. Discussion and conclusions

So far we have studied a simple hilltop inflation with a shallow 
local minimum at the origin. One can realize a hilltop inflation in 
terms of an axion field which enjoys discrete symmetry [39,40]. In 
this case a small modulation(s) can be introduced, which may in-
duce multiple local minima around the hilltop. See Refs. [41–43]
for cosmological implications of such small modulations on the in-
flaton potential. More comprehensive study for wider classes of the 
inflaton potential is left for future work.

If m2 is taken to be larger than H2 in the inflation model (7), 
the local minimum becomes deeper, and the stochastic formalism 
breaks down. The inflaton trapped in the local minimum may tun-
nel to the right of the potential barrier by the bubble formation, 
followed by slow-roll inflation as in the case of the original new 
inflation [44,45]. For even larger m2, the situation will be similar 
to the old inflation [46–48]. In this sense, our scenario corresponds 
to a limit of the shallow local minimum for which the stochastic 
formalism can be applied. Interestingly, our scenario inherits the 

4 The typical e-folds can be even larger if one considers a lower inflation scale.
advantages of the old and new inflation: the typical e-folds can 
be extremely large as in the old inflation, and slow-roll inflation 
naturally follows afterward as in the new inflation.

In this Letter, we have studied a possibility to realize extremely 
long inflation in the simple single-field slow-roll framework. In 
particular we work on a small-field inflation, which can be well 
described by an effective field theory. In the usual eternal infla-
tion picture, the quantum diffusion dominates over the classical 
dynamics, and it keeps the inflaton from rolling down the po-
tential in some spatial regions. The inflation continues in such 
regions, which subsequently dominate the volume of the universe 
even if the probability to continue inflation is small. On the other 
hand, we have explored a possibility to realize an extremely large 
number of typical e-folds 〈N 〉, i.e. the expected e-folding number 
without resort to the volume measure. We have shown that this 
is indeed possible by introducing a shallow local minimum around 
the hilltop, which was numerically confirmed using a simple toy 
model: see Fig. 3 showing the dependence of 〈N 〉 on the curvature 
of the local minimum, which can be understood as the Hawking-
Moss decay rate (6) [33,34]. It is the classical region with ηcl < 1
to the left of the local maximum that pushes back the inflaton to 
the local minimum, and forces the inflaton to stay there for an ex-
tremely long time. Although extremely unlikely, it is possible for 
the inflaton to move to the right of the local maximum due to the 
accumulated quantum diffusion. Then, after moving to the right of 
the local maximum, standard slow-roll inflation follows as shown 
in Fig. 2 and generates the primordial density perturbation consis-
tent with observation.

We emphasize that our scenario does not rely on the volume 
measure and thus does not need any fine-tuning of the spatial 
position to realize extremely long inflation. Moreover, the eternal 
inflation and the slow-roll inflation phases are smoothly connected 
in a single-field regime, without any processes of tunneling and 
bubble nucleation. Therefore, it provides an alternative possibility 
to naturally realize extremely large number of e-folds, which is of-
ten necessary in some cosmological scenarios.
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