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1. Introduction

One of the key strategic decisions in firms concerns the tim-
ing and financing of an investment. According to corporate finance
theory, firms have to consider two trade-offs. First, the optimal in-
vestment timing decision is determined by the trade-off between
early commitment to cash flows and late commitment to maintain-
ing managerial flexibility. Second, the optimal leverage decision is
determined by the trade-off between interest tax shield benefits
and bankruptcy costs of debt in the event of default.

Option-based valuation of investments has been proposed as an
efficacious analytical tool for addressing these trade-offs and the
literature provides guidance on how to determine the optimal in-
vestment timing of an unlevered firm under uncertainty (see, e.g.,
Dixit & Pindyck, 1994; Mauer & Triantis, 1994; McDonald & Siegel,
1986; Trigeorgis, 1999; Trigeorgis & Tsekrekos, 2018). These ap-
proaches have been extended to take the financing decision into
account, especially debt financing by means of corporate bonds
(see, e.g., Mauer & Sarkar, 2005; Shibata & Nishihara, 2012).
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However, bonds are not the only source of financing key strate-
gic investments. Different kinds of public support are also impor-
tant sources of financing. According to a recent report by the Eu-
ropean Commission, EU Member States granted a total amount of
roughly EUR 10.9 billion to promote corporate R&D investments in
2010, which corresponds to circa 18 percent of total aid for in-
dustry and services.! Besides tax credits, the most common types
of governmental support are cash grants and infrastructure assis-
tance (e.g., site procurement and preparation). One program that
offers such cash grants is the Texas Enterprise Fund (TEF). Since its
creation in 2004, it has awarded over 140 cash grants to levered
multinationals such as Apple Inc., eBay, Lockheed Martin, Samsung
and T-Mobile totaling nearly $600 million for investment projects
(see Table 1).

Even though such grants have become increasingly important to
stimulate investment in R&D, infrastructure and other strategic in-
vestments, their impact on firms’ investment options and optimal
investment policies in particular has not yet generated much atten-
tion. This paper contributes to the corporate finance literature by

T See European Commission Competition DG Staff Working Paper on Revision of
the state aid rules for research and development and innovation, December 2012.
Available online at: http://ec.europa.eu/competition/state_aid/legislation/rdi_issues_
paper.pdf.


https://doi.org/10.1016/j.ejor.2018.12.036
http://www.ScienceDirect.com
http://www.elsevier.com/locate/ejor
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ejor.2018.12.036&domain=pdf
mailto:elmar.lukas@ovgu.de
mailto:thiergart@embever.com
http://ec.europa.eu/competition/state_aid/legislation/rdi_issues_paper.pdf
https://doi.org/10.1016/j.ejor.2018.12.036

E. Lukas and S. Thiergart/European Journal of Operational Research 276 (2019) 284-299 285

Table 1
Examples of cash grants awarded to private companies by the Texas Enterprise Fund
(TEF).?
Company Capital investment  TEF award Return  Date of announcement
Sematech ~ $190 million $40 million 194% 03/2004
eBay $5.18 million $1.4 million  612% 04/2011
Apple $304 million $21 million 281% 03/2012

identifying the optimal investment policy (scale and timing) when
partially financed by internal equity and external debt, and pro-
moted by a government investment grant. We derive the optimal
mix of external debt and equity provided by the firm, the opti-
mal investment intensity, and the optimal investment timing for a
firm that can profit from such a subsidy support scheme. The latter
is the outcome of a non-cooperative game in continuous time be-
tween the firm and government. To the best of our knowledge, this
problem has not been solved in the literature to date. We find that
regardless of the way the firm finances its investment, the jointly
held real option between the firm and government generates un-
derinvestment. Our model yields optimal investment, financing and
stimulus policies for levered and unlevered firms, which are clearly
different from those found in the previous literature. In particular,
we find that levered firms do not always invest (in expectancy)
earlier, their investment level does not always equate with the one
of the unlevered firm, and high uncertainty does not always justify
higher investment grants.

The rest of the paper is organized as follows. Section 2 gives
a brief overview of related literature, while Section 3 presents
the model and characterizes the optimal investment threshold and
scale for the unlevered and levered firm. Section 4 numerically il-
lustrates the impact of uncertainty and subsidy on timing, invest-
ment level, financing and the size of the first-mover advantage.
Section 5 concludes and suggests several directions for future re-
search.

2. Literature review

This paper’s chief contribution is the integration of two seminal
streams of literature, which have been considered in isolation up
to now: investment (stimulus) under uncertainty and joint real op-
tions contracting. Historically, the real option framework has been
applied to study the investment timing of firms financed with eq-
uity. The findings reveal that uncertainty does not always deter
investment and may even accelerate it. The positive effect of un-
certainty is especially pronounced when discounting the project’s
cash flows with an adequate risk premium and/or the project life
becomes finite (Gryglewicz, Huisman, & Kort, 2008; Mauer & Ott,
1995; Metcalf & Hassett, 1995; Sarkar, 2000; Wong, 2007; among
others).

However, recent literature has shown that external financing
possibilities can have a positive impact on investment timing.’
First, allowing the firm to partially finance its investment by debt
leads to a trade-off between profiting from tax shield benefits and
incurring sunk cost in the case of bankruptcy. Thus, how financing
decisions affect investment policy, and investment timing in partic-
ular, has been of great interest in recent years (see, e.g., Mauer &
Sarkar, 2005; Shibata & Nishihara, 2012; Shibata & Nishihara, 2015;
Sundaresan & Wang, 2007). These papers have already shown that

2 For more information, see https://businessintexas.com/texas-enterprise-fund.
The figures are taken from the TEF award listing, https://businessintexas.com/sites/
default/files/tef_listing_2-28-18.pdf, accessed April 10, 2018.

3 Besides bank loans and corporate bonds, the firm might negotiate with other
financial intermediaries, e.g., venture capitalists (see Lukas, Molls, & Welling, 2016;
Luo et al., 2016; Wang, Yang, & Zhang, 2015).

the investment threshold for levered (debt-equity financing) firms
is smaller than that of unlevered firms (all-equity financing). How-
ever, they have largely neglected the scaling decision with respect
to investment size.

Second, instead of relying on external debt, the firm can make
use of a government support scheme (e.g., reduced taxes, subsi-
dies or concessions) in the context of public-private partnerships
(PPPs).* Within this domain of literature, it is acknowledged that
an optimal combination of taxation and subsidy can promote early
investment. As revealed in the findings, higher taxes promote
investment if the subsidies are optimally set so as to reduce the
total cost of a subsidy support scheme to zero or reducing taxes
becomes a more efficient means of promoting investment than
subsidies if the government’s discount rate is greater than that of
the firm’s (see, e.g., Pennings, 2000; Sarkar, 2012). Just recently,
Armada, Pereira, and Rodrigues (2012) investigated the effect of
a broader set of incentive policy instruments in the context of
PPPs (i.e., an investment subsidy, a revenue subsidy, a minimum
demand guarantee, and a rescue option) on a firm’'s optimal in-
vestment policy. In contrast to the previous literature, the authors
analyze the effectiveness of a certain incentive scheme in promot-
ing immediate investment, i.e., the way it compensates the firm for
losing the option to defer. According to their findings, a revenue
subsidy is the most effective instrument and a demand guarantee
is the least. Similarly, Scandizzo and Ventura (2010) model an
optimal concession design in a PPP arrangement between a public
and private party under two types of uncertainty, i.e., cash flow
uncertainty and uncertainty arising from the strategic behavior
of the parties involved. An equilibrium concession price exists for
reasonable concession periods, and the results indicate that the
higher the cash flow volatility, the less attractive the contract be-
comes for both parties, i.e., the concession price increases, which
decreases the propensity to engage in the PPP. Moreover, if the
concession design allows one party (i.e.,, the firm) to renegotiate
the price periodically, the concession price is also increasing for
the duration of the contract.

Interestingly, a few papers have established a link between the
two types of external financing. Sarkar (2008) investigates how
a convex tax structure that taxes profits higher than losses af-
fects the financing decision. His findings reveal that tax convex-
ity increases the likelihood of default and also reduces the optimal
leverage ratio compared to linear taxation. Similarly, Danielova and
Sarkar (2011) investigate how tax cuts and investment subsidies af-
fect the timing and financing decision of the firm. Their results in-
dicate that higher taxation leads to increased use of debt, thereby
increasing the likelihood of bankruptcy. Furthermore, higher un-
certainty leads to a higher subsidy in order to induce earlier
investment.

4 In general, PPP arrangements are contractual agreements between the govern-
ment and firm for a finite period of time. They are designed to motivate invest-
ment in areas private firms would not usually invest in and are implemented im-
mediately, thereby resulting in the firm losing the option to defer. Usually, a set
of flexibility options is embedded in PPPs, which makes the application of real
option modeling appealing (see, e.g., Alonso-Conde, Brown, & Rojo-Suarez, 2007,
Takashima, Yagi, & Takamori, 2010).
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What all of these analytical models have in common is that
they assume a fixed and verifiable investment cost. Consequently,
the optimal investment level at the time of investment cannot be
determined from these models. Although this research lacuna was
noted by Dixit (1993) and Hubbard (1994), it has received little at-
tention until now. Recent literature aiming at endogenizing the in-
vestment level highlights that once the investment level becomes
endogenous, the aforementioned timing trade-off becomes a time
scale trade-off.> The findings by Della Seta, Gryglewicz, and Kort
(2012) reveal that the optimal investment policy of an unlevered
firm depends on the speed of learning: early (late) entry on a
smaller (larger) scale is appropriate if the learning process is fast
(slow). However, two recent papers have explicitly linked the time
scale trade-off with the debt financing trade-off. In particular, Wong
(2010) investigates how debt financing affects both the investment
timing and investment scaling decision. Similar to previous results,
his findings reveal that debt is not neutral to investment timing
and the levered firm invests earlier than the unlevered firm. At
the same time, however, debt financing is neutral to the scaling
decision, i.e., the optimal investment level for the levered firm is
the same as for the unlevered firm. Similarly, Sarkar (2011) inves-
tigates the link between investment timing and investment scale
when debt financing is possible. His findings contradict those from
previous research. In particular, he finds that the optimally levered
firm will invest later and at a larger amount than the unlevered
firm.

In this context, there is another research gap that we want to
address with respect to the second stream of literature dealt with
in this paper, i.e., joint real options contracting. Within this litera-
ture domain, the firm’s optimal investment policy is viewed as the
optimal outcome of a bargaining process (e.g., Hackbarth & Morel-
lec, 2008; Lambrecht, 2004; Morellec & Zhdanov, 2005). Lukas
and Welling (2014) examine the effect of uncertainty on invest-
ment timing in a game-theoretic real option model. They extend
the timing literature by adding the assumption that the invest-
ment is also influenced by the actions of a second player. In con-
trast to the findings of Gryglewicz et al. (2008), Lukas and Welling
(2014) show that a U-shaped investment-uncertainty relationship
generally holds. Consequently, the bargaining effect promotes early
investment in situations where a game against nature suggests de-
ferring investment. However, due to the non-cooperative game, the
investment occurs inefficiently late. Moreover, the authors show
that uncertainty has an ambiguous influence on the first-mover
advantage. In a more general setting, Banerjee, Giichilmez, and
Pawlina (2014) study how the sequence of timing and bargain-
ing affects the optimal exercise policy. In particular, they develop
a two-stage decision model in which the parties bargain over the
surplus either before or after the timing decision, which can only
be made by one firm. Their findings reveal that if the timing deci-
sion is made first, the outcome is socially efficient. However, if the
parties negotiate over how to share the surplus first, timing ineffi-
ciencies arise.

While these game-theoretic models neglect the investment siz-
ing decision, Pennings (2017) analyzes the timing and sizing deci-
sion of an unlevered firm when a real option right is shared. The
results indicate that when only the firm responsible for the invest-
ment timing incurs the investment-specific cost, it does not lead
to underinvestment (measured as the difference between the first

5 See also, e.g., Hagspiel, Huisman, Kort, and Nunes (2016), Lukas, Spengler,
Kupfer, and Kieckhdfer (2017), Huberts, Huisman, Kort, and Lavrutich (2015), and
Welling (2016).

6 For a general overview of a game-theoretic real option application, see, e.g.,
Azevedo and Paxson (2014) and Chevalier-Roignant, Flath, Huchzermeier, and Tri-
georgis (2011).

best outcome and the bargaining outcome), but to inefficiently late
investment.

This paper bridges both literature streams, i.e., investment
(stimulus) under uncertainty and joint real options contracting.
In particular, we assume that the firm can make three choices.
It decides on (1) the optimal timing, (2) the optimal investment
scale, and (3) the financing of the investment, thereby taking a
possible subsidization by the government in the form of a cash
grant into account. Hence, our model becomes an extension of
Wong (2010) and Shibata and Nishihara (2012) by applying a non-
cooperative real options game between the government and lev-
ered/unlevered firm in continuous time. Hence, the subsidy is no
longer exogenous to the model as in the previous models.

We find that bargaining over the investment stimulus generally
generates underinvestment, regardless of how the firm finances its
investment. In equilibrium, however, subsidies reduce the level of
underinvestment and the strength of this stimulus is strongly af-
fected by the availability of the firm’s financing choices. We find
that although levered firms receive less subsidies than unlevered
firms, they invest more. This result contradicts recent findings in
the literature that a firm’s investment level is neutral to its financ-
ing decision (see, e.g., Wong, 2010). Moreover, situations may oc-
cur in which the levered firm’s tax shield benefits do not serve as
a general incentive to invest earlier as indicated in the literature
(see, e.g., Leland, 1994; Mauer & Sarkar, 2005; Shibata & Nishi-
hara, 2012; Sundaresan & Wang, 2007). Rather, we find that for
some reasonable parameter constellations, the levered firm’s opti-
mal investment threshold is higher than that of its unlevered coun-
terpart. Therefore, the possibility to issue debt does not have an
unambiguous impact on investment timing as commonly believed
in the literature. A second important result is that the effect of
cash flow uncertainty on optimal subsidies is no longer monotonic
as postulated by Danielova and Sarkar (2011). On the contrary, it
can become ambiguous, indicating that highly uncertain projects
do not necessarily receive high subsidies. In addition, we show un-
der which circumstances a complete switch from a subsidy to non-
subsidy regime occurs. The results indicate that high-risk projects
of levered firms, in particular, are exposed to such a threat.

3. The model

We consider a firm that has the opportunity to invest in a scal-
able project. The firm’s cost is investment specific and the cor-
responding investment level I € R, cannot be verified by a third
party.” We explicitly allow the firm to finance the project using
a mix of equity, debt and a cash grant subsidy S € R;, which the
government has provided to stimulate investment. Neither the firm
nor the government has private information. Both observe the un-
certain cash flow x;, which is modeled as a geometric Brownian
motion (GBM):

dx; = puxidt + ox dW;, xo > 0, (1)

where dW; is an increment of a Wiener process, i € R is the drift
rate and o € R, is the level of uncertainty.

If the firm invests I, it receives a cash flow (1—1)xcm ()8,
where t €[0,1] is the corporate tax rate and 0 <mw(I) <1 can
be interpreted as a scaling factor and accounts for the decreas-
ing returns to scale that exist in different industries (see, e.g.,

7 We restrict our analysis to a single investment decision. For more comprehen-
sive modeling as it might apply to product development, see Koussis, Martzoukos,
and Trigeorgis (2013).

8 For the sake of simplicity, we restrict our analysis by considering taxation on
cash flow only and assuming similar riskless debt and equity rates. Thus, the stan-
dard real option valuation framework as found in Dixit and Pindyck (1994) can be
applied. For a more rigorous study on how different tax schemes affect the valua-
tion of real assets, see Gamba et al. (2008).
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Basu & Fernald, 1997). Moreover, we assume that the investment
option has an infinite lifetime. Let r € R4, r > @ denote the risk-
less rate of return. The value of the unlevered firm at time t is
given by

W (xe,I) =E* / (1 =1)x 7w (I)exp (-r(z—t))dz
t

Xt

= (-Dmh) =

(2)

where E*[...] denotes the expectation operator conditional on the
state of the cash flow x;.

We follow Pennings (2017) and assume that m (I) is given by
()= Hi].9 The intuition behind this scaling factor m (I) is as fol-
lows. A higher investment level leads to a higher cash flow with
decreasing returns to scale. Thus, if I is chosen infinitely high, the
scaling factor goes to 1, while for zero investment the firm receives
nothing. In contrast to other literature, however, we assume that
the subsidization of investment in the project is the outcome of
a non-cooperative game between two participants, i.e., the firm F
and the government G. We assume that time is continuous, i.e.,
t € [0, 00), and that the players (i.e., the firm and the government)
move sequentially and individually maximize their payoff func-
tions, i.e., F(-), G(-), thereby taking the best response of the other
player into account.

Specifically, the government moves first and decides in t = 0 on
the amount of subsidy S > 0 offered to the firm. The government’s
strategy only depends on the current state of x at t =0, i.e,, on
Xo. The government’s strategy space G is given by the set of func-
tions {g(-) : Ry — Ry, Xo — S}.

Conditional on the offered subsidy S, the firm will choose an
investment time tj =0, investment level [0 and a financing
strategy ¢ > 0, with j e {U,L}. Here j=U indicates that the firm
is unlevered, while j =L indicates that the firm is levered. We
explicitly allow the firm to postpone this decision to any point in
time. We assume that each player will rely on a non-cooperative
Markovian Perfect Nash Equilibrium (MPNE) to determine the
equilibrium strategy for both parties, i.e., if one player uses a
Markovian strategy then the other has a best response that is
Markovian as well. Given that the firm can either invest or wait
subject to the current state x; alone, the exercise strategy for the
firm will also be a stationary Markovian strategy. The firm’s set
of strategies is represented by the set of (vector-valued) functions
F={f(): Ry xRy = [0,00] xRy x Ry; (X0.,5) = (. 1j, O}

Since the strategies are Markovian and the order by which the
players move is fixed and further rounds of negotiation are not
possible, the optimization problem for each player is reduced to a
nonlinear maximization problem with the strategies of the remain-
ing player fixed at the equilibrium levels (Dockner et al., 2000;
Dutta & Rustichini, 1993).

In the following, we present the objective functions of both
players in detail and determine their equilibrium strategies. We
will first assume that the firm is all-equity financed. Subsequently,
we will allow the firm to issue debt and analyze its impact on the
players’ equilibrium strategies.

9 The functional form of the scaling factor implies decreasing returns to scale. In-
stead of multiplying the present value of cash flows by 7 (I) € (0, 1) and subtracting
from this the amount I invested, i.e., 7w (I) rf‘ﬂ — I (with 7/(I) > 0 and ©”(I) < 0), we
could have alternatively followed the assumption in other literature and multiplied
the present value of cash flows by q and subtract from this a particular cost func-
tion I(q), i.e., q,_f‘u —1(q) (with I'(q) > 0 and I” (q) > 0) (see, e.g., Bar-ilan & Strange,
1999; Sarkar, 2011; Wong, 2010). Obviously, both are closely related since the func-
tional form of the latter also implies that the project exhibits decreasing returns
to scale (see, e.g., Wong, 2010, p. 339). To see this, define the inverse function of
(), ie, m1() = % =I(). Thus, our functional form becomes 7V —I(;r) for

a-m =
me(0,1).

3.1. The unlevered firm

3.1.1. The firm’s investment strategy

As the reacting party, the firm will maximize the investment’s
expected payoff by choosing the investment program, i.e., it will
choose to invest the optimal amount at the optimal time, condi-
tional on the subsidy granted by the government.

Let ty = inf{t > 0 : xy < x;} be the (random) first passage time
of the state variable to reach the investment threshold x; from
below. Since the option to invest is perpetual, the value of this
opportunity only depends on the current state x, of the process
{x¢,t > 0} and the cash grant offered by the government. The value
of the investment option in ¢t = 0 is given by
Fy(%0,S) = sup E®[e™ (Vy(xu. ) — Iy +95)]. (3)

Xy=>Xo,ly=0
where Vy (xy, Iy) is defined as in Eq. (2). Due to linearity, we can
rewrite Eq. (3) as:
Fy(%0,S) = sup E*[e™](Vy(xu.ly) — Iy +9). (4)
Xy=>Xo,ly=0

As shown in the Appendix, a solution exists for the expectation

value EX[e~"u]. It is given by:!0

pofern] = (2)" (5)

with By = 0.5 - % + /(% ~0.5)" + 25 > 1. Thus, Eq. (4) can be

rewritten as follows:!!
X0\ P
My (xu, Iy) — Iy +S)<E> . (6)

Hence, finding the optimal time to invest is tantamount to find-
ing an optimal threshold value x;; such that the investment option
is optimally exercised at the first instant when x; hits x;; from be-
low (see Wong, 2010).

Fy(x0,S) = sup

Xy=>Xo,ly=0

Proposition 1. Given a subsidy S, the investment level of the unlev-
ered firm is given by
1+4/1-4B1(Bi—1)S X < &y S)

2(B1-1) 7)

1- A
-1 % =%(S),

Ib(s) =

where the optimal investment threshold is given by:

1
max {xg, A}, S< BETD 8)
X0, else,

@®={

2
where A = %(251—”W) '

Proof. See the Appendix.

After using Eq. (2) as well as the optimal investment strategy
(Iy(S), Xy (S)) the value of the investment opportunity represented
by Eq. (6) becomes:

Fy (%0, 5)
) R . B
[:_;,EXU S)7 (v (S)) = u(S) +5] (qu?S)>
Lt xom (I (8)) — fu($) +5

,Xp < fu(s)
, X0 > Ry (S).

(9)

10 See also, e.g., Karatzas and Shreve (1998, p. 63) or Dixit and Pindyck (1994,
Chapter 9, Appendix).

11 Please note, that the way we solve the model we are considering first hitting
times only. The model could alternatively be solved by means of dynamic program-
ming (see e.g., Bar-llan and Strange (1999), Dixit (1993), Sarkar (2011), among oth-
ers). The results are identical to our approach.
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Two intermediate results are noteworthy. First, from
Egs. (7) and (8) it is obvious that both the investment threshold
and investment level decrease as the level of subsidy S increases.
Hence, the higher the subsidy, the lower the firm’s investment
threshold, which indicates an acceleration of investment. Second,
for m < S the firm will invest immediately, thereby eroding

the firm’s value of the option to delay the investment. We will
see later that even if our model takes immediate investment as
a possible viable solution into account, the government will not
choose such an extreme level of subsidy.

3.1.2. The government’s subsidization strategy

Up to this point, we have analyzed the firm’s investment strat-
egy. In the following, we analyze the government’s decision at ty.
Upon the firm’s investment, the government receives taxes from
the operating project’s cash flow. Naturally, the question arises as
to how much the government should offer ex-ante such that the
firm exercises its option right in the future. We assume that the
government will choose the level of subsidy S, so as to maxi-
mize its net tax income'? at the time of investment. Hence, the
discounted net tax income is given by:®

o B
Xu(s) ~ X0
Suf (rr_un(IU(S)) —s> (iu(S)) ) (10)

Gu (Xo) = sup

Eq. (10) needs a brief explanation. The first part of the RHS rep-
resents the present value of all future tax revenues the govern-
ment will receive from the moment the firm invests. However, this
present value is received in exchange for paying a lump sum sub-
sidy S at the investment instant. In order to assess the profitability
of an investment stimulus, this net income has to be discounted
because the firm controls the timing and will naturally delay the
investment decision. The second factor on the RHS discounts the
net income received upon investment back to ¢t = 0.

Obviously, the government will choose the income-maximizing
subsidy from its action set S € [0, oco). Since X (S) is provided by
Eqg. (8), an analytical solution can be obtained.

Proposition 2. The government will choose the subsidization strategy
Sy according to:

B \? o (-1)

~ 0 ’(5111) 25 (=TI 5
Sy = in [S S 2p1-1 (-0 11

u IE]IH{SU,LSU‘Z} ,(51_1 ) < 5% < (;;:311) an

Su2 ,else
with
2

- (2(51 —1) /O g, 4 1)
1 = 4p1(P1—1) (12)
and

“ 282228 (1-1) Bi+¥ /Y2 +4E (1-7) B
Suz = { 86 (Bi—)E2 T2l (13)

, else,

where £ =7+ p1~1, ¥y =(T1+p)-DRA{-1), w=gly
Here 1y denotes the minimum tax required to justify subsidies.

Proof. See the Appendix.

12 It is common in the literature to assume that the government maximizes its
tax income (see, e.g., Pennings, 2005). In addition, it would have been possible to
analyze a zero-cost investment stimulus system, where the government sets the
subsidy so as to reduce its total cost to zero (see, e.g., Pennings, 2000).

13 1t is certainly arguable that the government can set an optimal tax rate such
that it maximizes its income. However, since we focus on a particular firm, this
would imply that tax rates are different across industries, which is not the case in
reality.

As discussed above, the firm’s investment program is subject
to the chosen subsidy (see Eqs. (7) and (8)). Hence, the follow-
ing corollary summarizes the solutions for the optimal investment
threshold and investment level.

Corollary 1. In equilibrium, the unlevered firm will invest as soon as

Xt hits the threshold Xy from below, where
o ((2%6CB-D)-Y+/THEADB |

fy=1T0 , AEE

—p (B

(1-1) (/5111 )

The unlevered firm will choose an investment level at the time
of investment.

(2571/’“ WHS(I*I)’S’) T > 1y and xo < Xy

(14)

4(B1-1)¢
=135 ,T < Ty and xo < Xy (15)
[a-=1) o
(PM)Xo—l , X0 = Xy,

Proof. This follows directly from Propositions 1 and 2.

From this corollary, it becomes apparent that the optimal in-
vestment threshold and the optimal investment level are driven
by a critical tax rate ty which controls whether a subsidy is paid
by the government. Taking a closer look at the investment thresh-
old first, we see that for tax rates below 1y, i.e. T < 1y, the gov-
ernment is not willing to grant a subsidy to the firm. This is
simply driven by the fact that paying subsidies will negatively
affect the governments net income. Hence, the problem is re-
duced to a single firm’s investment decision problem under uncer-
tainty and the results replicate the findings of Pennings (2017), i.e.,

T
above the critical tax rate, the government is willing to grant subsi-
dies to the firm and this considerably affects %,. By referring to Eq.
(8), we can conclude that if 0 < S the optimal investment threshold
will be reduced.

Since the investment level depends on the investment instant
it is obvious, that the critical tax rate also controls for how much
is invested. From Eq. (15) it becomes apparent that three cases are
possible. First, for X, < xg the firm will immediately invest. Hence,
there is no need for the government to pay a subsidy to stimu-
late investment. However, if Xy < X then the critical tax rate de-
termines whether the government stimulates investment or not.
Hence, for xy <X, and T < 1y the government will not grant a
subsidy to the firm because this will reduce its net tax income
and as a consequence, the problem is again reduced to a single
firm’s investment decision problem under uncertainty. If, however,
the corporate tax rate is higher than the critical tax rate 7y the
government will stimulate investment by granting a subsidy to the
firm. Again, referring to Eq. (7) reveals that if 0 < S the firm will
invest less compared to a no-subsidy regime.

2
Ry=0-wy/a- r)(ﬁfl ) . If, however, the corporate tax rate is

3.2. The levered firm

3.2.1. The levered firm’s investment strategy

In this subsection we will analyze the investment decision
problem for the levered firm. At the investment instant, i.e.,, when
the state variable x; hits the investment threshold X; for the first
time from below, we allow the firm to additionally issue debt to
finance the investment expenditures. We denote this time by t; =
inf{t > 0:x >x;}. We follow Leland (1994) and assume that the
firm issues debt with infinite maturity at no extra cost. Debthold-
ers will receive a constant coupon payment 0 < (1 — 7¢)c per unit
time until the firm defaults. Here, ¢ denotes the coupon payment
which represents a choice variable of the firm and t. < t is the
tax rate, at which debtholders pay taxes on capital income (see
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e.g., Goldstein, Ju, & Leland, 2001). Thus, the net income to share-
holders will be (1 — t) (s (I)X; — ¢) per unit time.

We furthermore assume that shareholders have limited liabil-
ity. Consequently, the optimal policy for shareholders is to default
at the first instant when the equity value vanishes. Let x;, denote
the critical default threshold. Hence, at the default instant t, =
inf{t > t; : x < xp}, i.e, when x; = x;, for the first time, the firm
is immediately liquidated and absolute priority is enforced.”* As
a result, the shareholders get nothing and the debtholders become
the new owners of the firm. We follow Mello and Parsons (1992),
Morellec (2001) and Wong (2010) and assume that after default
the debtholders receive the liquidation value of the firm which is
a fraction (1 —«) with 0 <« <1 of the going-concern value Vj(-)
(see Eq. (2)), i.e., the unlevered firm value as debtholders will con-
tinue to operate the firm in its current use.

In the following, we will derive the firm’s value of equity E and
debt D at the investment instant, i.e.,, we assume that the invest-
ment and financing policy is fixed and given by the triple (x;, I}, ).
Then, the value of the firm’'s equity is given by:

ty
E(x;.I;,c) = E* /e—f<z—ft>(1—r)(n(IL)xz—c)dz , (16)

7

which states that the equity value E is the expected value of the
discounted net income accrued to shareholders conditional on x;.
Solving Eq. (16) yields:'

T)C

1
E@x, I, 0) =V (x, 1) — (f

+(@ *VU(XbJL)) (%)ﬁz (17)

with = 05— 15 — /(& - 0.5)% + (%g < 0. Here, the last term
highlights the shareholders’ option to default.

Hence, they choose the default trigger in such a way that it
maximizes equity value (Leland, 1994). Hence, upon differentiat-
ing (17) with respect to x;, and solving the first-order condition we
get for the optimal bankruptcy threshold:

r-p B
r B-1m() (18)

We define the first time after investment at which x; hits &)
from above as f, = inf{t > t; : x; <&,}. Given that the debtholders
receive a constant taxable coupon payment (1 — 7.)c per unit time
when the firm is active and are left with the liquidation value upon
default, the value of debt at the investment instant equals:

Rp(c,I) =

D(XL, IL, C)
£,
= E% / e " (1 = 1)edz + e "B (1 — )Wy (%o 1)
t

(19)
Solving Eq. (19) yields:'®

Do 1) = S 4 (- oW (fy(e ) - =)

B2
XL
(&(a h)) (20)

14 Please note that the default is only defined after the investment is exercised.

15 We assume existence and uniqueness of a solution. For a detailed derivation see
Appendix A.2.

16 For a detailed derivation see Appendix A.2.

where the latter part indicates what debtholders gain/loose should
the shareholders exercise their option to default. In the follow-
ing we will determine the value of the levered firm and de-
duce the optimal investment and financing policy. As in the pre-
vious section, the firm has a perpetual option to invest in the
project. In the levered case, however, the firm can also raise debt
at the investment instant from the debtholders to finance the
investment of size I;. The difference, i.e. I, — D(x;,I;,c) is then
raised from the shareholders. Thus, the ex-ante value of equity
prior to debt issuance amounts to E(x;,I;,c) — (I, — D(x;,I;,¢)) =
E(xp, I, ¢) +D(x;, I, ¢) — I, =Vi(x, I, ¢c) — I, and reflects the firm
value i.e., the net present value of the project. Because E(x;, I}, ¢) +
D(xy,I;,c) =V (x, I, c) we get:

T —7Tc)C
Vixp, I, ¢) =Vy (X, I) + %

ﬂz
—(w +aVy (R (c, IL),IL)) (’“) 21)

r ib(C, I]_)

As Eq. (21) indicates, the value of the levered firm comprises
three parts. The first term of the RHS is the value of the unlev-
ered firm while the second and third term denote the value of
the tax-shield benefits of debt and the cost of bankruptcy, respec-
tively.”” We follow the framework of structural models proposed
by Goldstein et al. (2001) and Leland (1994) and assume that man-
agers maximize this firm value rather than ex-post equity.'® Con-
sidering the fact that the investment project is supported by a sub-
sidy, it follows that the value of the levered firm F (xg,S) at t =0
is given by:
F(x0.5) = sup

X1>X0,c>0,[,>0

E*o [e—m V(I o) — I + 5)], (22)

Using Egs. (5) analogously and (21), Eq. (22) becomes:

T—T)C T —Tc)C
RooS= s | (Vo + E=mC (@m0
X, >Xo,c>0.1,>0 r
B2 P
% XL Xo \ P
o ®e ) N == ) 1 +s <7> o
U( »(C, 1) L)) <Xb(C, IL)) L XL (23)

We follow Wong (2010) and solve this maximization problem
in two steps. First, we analytically solve Eq. (23) for the optimal
coupon payment ¢ for a given investment level I; > 0 and invest-
ment threshold x; > xq. After substituting the solution, i.e., ¢(x;, ),
into Eq. (23), we solve the remaining two first order conditions for
x, and ;.

Proposition 3. Given an investment level I; and investment threshold
Xy, the financing strategy of the levered firm is characterized by the
coupon

e ) :wé<r—ru)(ﬂ2ﬂ;] )n’(IL)xL, (24)

where @ — ((r—rc)(l—%;)Tia(l—r)ﬂz) € (0.1).

Proof. See the Appendix.

17" Obviously, we have that for lim._,oV;(x..];. ¢) the optimal bankruptcy threshold
Xp(c,I) and the value of debt D(x;,I;,c) become zero and thus the value of the
levered firm equates the value of the unlevered firm, i.e., V (x;, I}, 0) = Vy (x., I.).

18 Obviously, this assumption rules out agency conflicts between debtholders and
management which arise if managers maximize ex-post equity value. One could
argue that our rigid assumption holds because if managers are solely concerned
with the wellbeing of its shareholders, debtholders will take action that leads to
second-best solutions (Jensen & Meckling, 1976; Mauer & Sarkar, 2005; Shibata &
Nishihara, 2015 among others). By anticipating this, the managers avoid such an
outcome.
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Substituting Eqs. (24) and (18) into Eq. (23) yields:

X ﬂ1
F(X.S) = sup {(¢VU(XL,IL)—IL+S)<O> } (25)
X >Xg.I; >0 XL
with
T -1
— B
d=1+w 2(1—1’) (26)

Analogous to the derivation of I;, X, in the previous section, we
solve Eq. (25) to get the closed form solution for the optimal in-
vestment threshold %;(S) and investment level I;(S), which leads
to:

Proposition 4. Given a subsidy S, the investment level I;(S) of the
levered firm is given by

14+4/T-4B, (Bi—1)S

i]_(S) _ 2(Bi-1) X0 <X1(S) (27)
U _ 1 x> R(S)
=) 0 = A2

where the optimal investment threshold %; (S) is given by

X0 ,else

whereB_¢1 )(2/51 1+W)2
T

Proof. See the Appendix.

3.2.2. The Government’s Subsidization Strategy
Given that the firm reacts to the proposed subsidy of the gov-
ernment, both the optimal investment threshold and optimal in-

vestment scale depend on the subsidy offered, i.e., £ (S) and Ij.(S).
Hence, the government’s discounted net tax income is given by:

. N B
26S) - (T — o) XL.(S)
GL(xo) = sup { (fr_lﬂ(’t(s)) i <] - ( 2,,(5)) )
- - B B1
Rp(S) _ oy [ RL(S) Xo
arr—un(lL)()éb(S)) S) ()&(S)) } (29)

As can be seen from the above equation, the government’s ob-
jective function comprises two parts. First, the government cares
about the taxes raised from the firm. Second, the government also
considers the risk of bankruptcy of the firm and the corresponding
loss of tax revenue by government when this occurs. Eq. (29) can
be rearranged into:

- B
_ XL(S) IS X0
GL(X()) = Slslp { (T; qﬂ (IL(S)) - S) (52[_(5)) }1 (30)

1
(1—5)‘

1
where ¢ =1 — %a)—@(%)(l —w)—aw
Analogous to the previous section, the government will choose
the income-maximizing subsidy. Following the same analytical
steps as in the previous section, we can derive an analytical so-
lution for the optimal subsidy, which is provided by the following

proposition:

Proposition 5. In the case of a levered firm, the government will
choose the optimal subsidization strategy S; according to:

R 0 (ﬂﬁl )227 " “¢XO 2
SL= rAnin {§L,1,§L,2} ’(2‘4‘3]1:11) =iz M¢XO = (%) (1)

St ,else

with
1 2
R - (2(,31 -1)y ((ffu);pxo -2p1+ 1) 5
o= BB 1) | 2
R 2n(n_1)+9(«/92+4n—e)
St = sPBG-n 0 =, (33)
0, else
where = + B 0=mn-1)2B1—-1)and = =%,
=gt B " 1 L=t

Here, t; denotes the minimum tax level required to justify subsidiza-
tion of the investment.

Proof. See the Appendix.

Finally, inserting Eq. (33) into Eqgs. (27) and (28) yields the so-
lution for the investment threshold and investment level, respec-
tively, as summarized by the following corollary.

Corollary 2. In equilibrium, the levered firm will invest as soon as x;
hits the threshold X; from below, where

r—u (27;(2;31 —1)—0+«/92+4n)2

%=1 90D , 24031—1)17
r—p
F(- f)(ﬁ111) , else

At the time of investment, the levered firm’s investment and fi-
nancing strategy is given by:

(27/—94,,/ 0244n )

(34)

,‘rthandx0<)2L

4(B1—-1n
I = ﬂll_l ,T <7 and xg < X, (35)
1-1 s
D% -1 x=R
and
¢i ,t>71 and xy <X
c=1{C ,T <71 andxy <X, (36)
Co X0 =X
where

¢1 :wé(rlﬂ,u)(ﬂzﬂ:l)
(277(2,31 -1)-6 +\/m> (217 -0 +\/m>

37
16(61 — 1)°n? o7
Ao (T B2—1 B
e=e ﬁ<r—u>< 2 )(ﬁl—nz’ o
s k(T (1) [e0-D ([e0-1)
C3=“’ﬂ2(ru>( P2 (r—mu) xo( r—m XOH)'
(39)

Proof. This follows directly from Propositions 3-5.

3.3. The first-best outcome

Let us assume that both investment participants cooperatively
agree on the timing and level of investment. This is similar to the
situation where an external central planner decides. Totaling the
two parties’ payoffs, the central planner’s option value results in:



E. Lukas and S. Thiergart/European Journal of Operational Research 276 (2019) 284-299 291

F(xp) = max
X%,

0 n0% () )]
r—u r—u \ X2 X1

(40)

where %;,%, and I denote the investment threshold, liquidation
threshold and investment level, respectively. In order to capture
both the option to invest as well as the subsequent option to de-
fault we assume that X, < xy < X;. From this maximization prob-
lem, it becomes apparent that the central planner will choose
X3 =0 in order to minimize the present value of bankruptcy cost.
Hence, the problem reduces to:

r”ﬂ;z] -7 (’i‘))ﬂ . (41)

F =
(Xo) = max 2

X110

Following Dixit and Pindyck (1994, 140ff.), we can determine
the optimal threshold X} indicating optimal investment, taking into
account that the central planner will choose an optimal investment
level of i*. This leads to the following proposition:

Proposition 6. The central planner will invest as soon as x; hits the
threshold x; from below, where

2
X =(ru)<ﬂ]ﬁ11> . (42)

At the time of investment, the central planner’s investment level is
given by:

- (ff%_l ,X0<)Z’{
F={V (43)

X Vel

yom 1 X=X

Proof. See the Appendix.

To what extent does underinvestment occur (i.e., does the in-
vestment policy of the unlevered and levered firm deviate from
this first-best solution)? Since we rely on both the time dimension
and the level of investment, it seems appropriate to compare the
discounted investment level because later investment timing im-
plies a larger discount factor. Consequently, we use the following
definition to identify underinvestment:

Definition 1. We define the level of underinvestment A as the pos-
itive part of the difference between the first-best discounted optimal
investment level and the discounted optimal investment level due to
non-cooperative bargaining, i.e.,

B
7 [ %o Pre X0
A :=m 01" = -I;(S =
ax (X*> ]() A(S])

1 Xj

B

, je{U,L}. (44)

4. Comparative statics

In the following, our model is analyzed numerically. Unless
otherwise stated, we assume the following values: r = 0.08, w =
0.02, 0 =03, T=048,7.=033, a =03, xg=0.06."" We first
analyze the impact that corporate tax rate has on the firm’s op-
timal investment and financing policy, and the government’s opti-
mal investment stimulus. Subsequently, we analyze how the level
of uncertainty affects their optimal choices.

19 We choose parameters according to common values in the literature (see,
e.g., Danielova and Sarkar, 2011; Shibata and Nishihara, 2012; Wong, 2010; Gold-
stein et al., 2001). For these basecase values, we get: §; = 1.64, 8, = —1.084, ¢ =
0.609, & =1.12,w = 0.311,¢p = 1.098, { = 0.827,1 = 1.0853,0 = 0.2.

4.1. The impact of corporate tax rate

Let us first neglect the possibility for the firm to issue debt.
Hence, the government’s equilibrium strategy is to offer a subsidy
Sy according to Eq. (11), while the firm’s investment policy in equi-
librium, i.e., (X, Iy), is given by Eq. (14) and Eq. (15). Fig. 1 shows
the firm’'s optimal investment policy, i.e., the optimal investment
thresholds (black solid line) and levels (gray solid line) for dif-
ferent tax levels in comparison to the first-best outcome (dotted
line). The first result is that for T < ty = 0.38 no subsidy is granted
to the unlevered firm. Thus, for corporate tax rates up to this
point, the firm’s investment level stays constant at f; = 1.56, while
its optimal investment threshold increases steadily from 0.39 (no
taxation) to 0.63. Obviously, higher taxation increases the firm'’s
propensity to delay investment (see also Eq. (14)). There are two
reasons for this. First, the government’s tax income is too low in
this region, thus paying a subsidy would negatively affect its pay-
off. Second, Eq. (15) reveals that in equilibrium the investment
level is solely driven by risk characteristics, i.e., Iy =1/(8; —1).
Therefore, in this non-subsidy region, the level of investment is tax
neutral, i.e., g—i - (%)g—ﬁ = 0. Comparing this solution with the so-
lution of the central planner reveals that in such a non-subsidy re-
gion, the firm’s investment level equals the investment level of the
first-best solution, i.e., [ = I* (see also Eq. (43)). However, commit-
ment to this first-best investment level occurs inefficiently late. As
Fig. 1 indicates, the optimal investment threshold of the first-best
solution is lower than that of the unlevered firm, which is a direct
consequence of taxation because it reduces the investor’s payoff.

Obviously, an increase in the corporate tax rate will improve
the government’s tax income. Consequently, for corporate tax rates
above the critical tax rates, i.e., 7y > 0.38, the government has an
incentive to pay a subsidy. It follows that 0 < dSy/dz holds for the
subsidy region. Of course, the subsidy will lower the firm’s net
investment cost, thus the investment threshold X; will decrease
compared to the threshold of a non-subsidized firm. This invest-
ment stimulus, however, will also lower the firm’s equilibrium in-
vestment level. Put differently, the subsidy will accelerate invest-
ment, which directly translates into a lower investment level at
the time of investment. Hence, in this region the tax neutrality
on the investment level does not hold anymore. Nevertheless, it
becomes apparent that, despite the subsidy, the investment deci-
sion results in underinvestment when compared to the first-best
solution. However, Fig. 1 shows that the general effect of the tax
level on the firm’s investment threshold is ambiguous. Specifically,
as the level of tax increases above t = 0.5, the positive impact of
the investment stimulus is eroded by the firm’s higher tax burden.
At this reflection point, any increase in the tax rate will make the
firm postpone the investment further. Notably, an increase in the
investment threshold does not result in a higher or more efficient
investment level at the time of investment. On the contrary, the
firm will invest a lower amount of capital if the corporate tax level
increases further. This is due to two effects. First, a change in the
tax rate does not directly affect the investment level. However, an
increase in the tax rate T will directly increase the level of subsidy
granted to the unlevered firm. This subsidy lowers the net cost of
investment, which in turn will lower the firm’s investment thresh-
old. We call this the timing stimuli effect, and it is due to this effect
that the investment level will decrease further if the tax rate in-
creases, i.e., an investment stimuli effect occurs. Formally, this can
be best seen from Eq. (7).

With respect to the first-best solution, we find that timing in-
efficiency also exists in the subsidy regime, ie., X <Xy for iy =
0.38 < t. However, the subsidy may reduce the timing inefficien-
cies. Moreover, Fig. 1 indicates that the firm no longer chooses the
first-best investment level. Consequently, for high levels of corpo-
rate tax rates, an increase in t and thus increased subsidy levels
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Fig. 1. Optimal investment threshold (black) and optimal investment level (gray) of central planner (dotted), levered (dashed) and unlevered firm (solid) as a function of the

tax rate. (0 =0.3,r=0.08, u = 0.02, ¢ = 0.3, xp = 0.06, 7. = 0.33).

lead to lower investment levels, increased timing inefficiencies and
thus higher levels of underinvestment.

In analyzing the case of the levered firm, we find that both
regimes, i.e. a subsidy and a non-subsidy supported regime, still
exist. However, the regime switch occurs at higher tax rates, i.e.,
at T = 7, = 0.41. In the non-subsidy region, the investment level
again equals that of the central planner and remains constant at
I, = 1.56. Consequently, the investment level is tax neutral and
neutral to the possibility of issuing debt until the corporate tax
rate reaches t; = 0.41. Higher taxation again incentivizes the gov-
ernment to grant a subsidy in order to prevent the firm from fur-
ther postponing the investment. However, a key finding is that
the investment level of the levered firm is substantially higher
than that of the unlevered firm for all tax rates if the govern-
ment favors S > 0 (e.g., for a corporate tax rate of 7 =0.45, we
have I} = 1.5 as compared to Iy = 1.36). Another key finding is re-
lated to the levered firm’s propensity to invest. Obviously, the in-
vestment threshold equals that of the unlevered firm if 7. > t be-
cause the firm does not profit from issuing debt in this region,
which is a standard result in the literature. Similarly, for corpo-
rate taxes above t. = 0.33, the firm profits from tax shield ben-
efits and has an incentive to issue debt, which leads to earlier
investment than the unlevered firm. These results, however, only
hold for the non-subsidy regime. Thus, for 0.41 < 7 the levered
firm will be subsidized and we see two effects. First, the invest-
ment threshold %; becomes less sensitive to changes in the corpo-
rate tax rate. Second, regions exist where the threshold of the lev-
ered firm is higher than that of the unlevered firm. For example,
for a corporate tax rate of t = 0.45, the levered firm’s investment
threshold amounts to X; = 0.64, while the unlevered firm’s invest-
ment amounts to Xy = 0.61. Notably, for reasonable tax rates, e.g.,
T € (0.4, 0.6), the levered firm will invest later (see Fig. 1).

4.2. The impact of uncertainty

To what extent are these results affected by the degree of un-
certainty? We again focus on the parties’ equilibrium strategies as
provided by Egs. (11)-(15) and Eqgs. (31)-(39) for the unlevered and
levered firm, respectively. As can be deduced from Fig. 2, a levered
firm subject to a corporate tax rate of T = 0.48 will invest [, = 1.47
as soon as x¢ hits £ = 0.63. The investment will be financed by
debt, i.e., the coupon level amounts to ¢; = 0.33 and is supported
by a subsidy of size S; = 0.056.

Let us first look at the overall impact of uncertainty on the ab-
solute size of the subsidy granted by the government to promote
investment. Since an increase in uncertainty generally discourages

investment, we would intuitively expect the equilibrium subsidy
to increase as uncertainty increases. Contrary to the findings of
Danielova and Sarkar (2011), however, we find that this is not
necessarily the case. As Fig. 2(a) indicates, uncertainty will affect
the level of subsidy that the government grants to the (un)levered
firm, but the effect is ambiguous. For low levels of uncertainty,
the results indicate that an increase in uncertainty leads to an in-
crease in the subsidy level. For high levels of uncertainty, how-
ever, we observe that an increase in uncertainty might lower the
level of subsidy. For example, an increase in the levered firm’s
cash flow volatility from o =0.25 to o = 0.3 lowers the subsidy
level granted by the government from $; = 0.056 to §; = 0.059 (see
Fig. 2(a), dash-dotted). The intuition behind this is as follows. In
general, the level of subsidy influences the government’s objec-
tive function in three different ways. First, subsidies represent sunk
cost for the government. Second, subsidies influence the size of
the cake that the parties negotiate over. Finally, since subsidies af-
fect investment timing, they impact the discounting of the govern-
ment’s payoff. While the latter effect is positive (i.e., higher subsi-
dies mitigate the effect of discounting), the former has a strictly
negative influence on the government’'s payoff. The strength of
these effects is heavily determined by the level of uncertainty. For
low levels of uncertainty, an increase in the level of subsidy leads

to benefits that outweigh the costs. For 0 < %, an increase in the
level of uncertainty would lead to more investment later. Antic-
ipating this reaction, the government responds by increasing the
subsidy in order to limit the negative effect of discounting, thereby
maximizing its payoff.

In contrast, from a certain level of uncertainty, i.e., % <0, the
benefits of early investment for the government’s payoff dimin-
ish if uncertainty increases further. In particular, assume that the
government further increases the subsidy. Then the overall sur-
plus split between the parties shrinks and the cost of subsidiza-
tion borne by the government rises. Consequently, the latter two
forces erode the benefit of less discounting. Hence, the government
is better off reducing the subsidy if uncertainty increases further.
However, the strength of the opposing effects depends on the tax
rate. From Egs. (13) and (33), it follows that for sufficiently high
tax rates, the government’s share of the surplus is such that it will
only work against the discounting effect by increasing the subsidy.
Consequently, in such a setting we only observe strictly increas-
ing levels of subsidy as a reaction to increased uncertainty, which
replicates the findings of Danielova and Sarkar (2011).

Finally, the results also indicate that a regime switch could oc-
cur, i.e., the subsidy regime may become a non-subsidy regime if
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Fig. 2. (a) Optimal level of subsidy as a function of uncertainty for the levered firm
(dotted, T = 0.35; dash-dotted, 7 = 0.48) and the unlevered firm (solid, T = 0.35;
dashed, T =0.48). (r =0.08, u = 0.02, @ = 0.3,x9 = 0.06, 7. = 0.33) (b) optimal in-
vestment threshold (black) and optimal investment level (gray) of unlevered firm
(solid) and the levered firm (dashed) as a function of uncertainty. (r = 0.08, u =
0.02,a¢ =0.3,% =0.08, 7 =0.48, 7. =0.33) (c) the level of underinvestment as a
function of uncertainty for the unlevered firm (non-subsidized, solid; subsidized,
dashed) and the levered firm (non-subsidized, dotted; subsidized, dash-dotted).
(r=0.06, 0 =0.02,0 =0.3,% = 0.08, T = 0.48, 7. = 0.33).

the investment projects are highly uncertain. Furthermore, it can
be seen that the level of subsidy granted to the unlevered firm is
substantially higher than for the levered firm. This is due to the
fact that the levered firm already benefits from the tax shield of
debt, which lowers the government’s net tax income. Put differ-
ently, the tax shield already acts as a kind of investment stimulus,
therefore the government is not willing to issue higher lump sum
subsidies. As an intermediate result, these findings imply that lev-
ered firms that have high cash flow volatility will have a lower

chance of getting government subsidies than unlevered firms with
the same risk characteristics.

With regard to the firm’s investment level and investment
threshold, we find that both are increasing in uncertainty for the
levered as well as unlevered firm (Fig. 2(b)). However, Fig. 2(b) also
shows that the levered firm invests more than the unlevered firm.
This means that the firm’'s decision regarding investment intensity
is no longer neutral to debt financing, which contradicts the find-
ings of Wong (2010). As can be deduced from Fig. 2(b), at a cor-
porate tax rate of T = 0.48 and cash flow uncertainty of o = 0.3,
the levered firm will invest fL = 1.47, while the unlevered firm will
choose Iy = 1.28. This is mainly due to the fact that the levered
firm receives a lower amount of subsidy than the unlevered firm
(equilibrium subsidy levels are drawn from Fig. 2(a) for the same
levels of uncertainty). Since the investment level decreases as sub-
sidies increase, the levered firm invests more. For extremely high
values of uncertainty, the levered firm acts like an unlevered firm
because neither receives any subsidies (see Fig. 2(a)). Consequently,
the amount invested by the unlevered firm equals that of the lev-
ered firm and therefore replicates the findings of Wong (2010).
Therefore, we can conclude that f; <I; holds for all levels of un-
certainty.

While this is a distinct effect, it becomes apparent from Fig.
2(b) that the possibility to issue debt might have an ambiguous
effect on the investment threshold. For low levels of uncertainty,
the levered firm invests sooner than the unlevered firm. This is ex-
plained by the trade-off theory of capital alluded to earlier, i.e., in-
vestment becomes more attractive due to the benefits arising from
the tax shield of debt financing. However, as Fig. 2(b) depicts, this
relationship might reverse. Again, for t =0.48 and o = 0.3, the
levered firm will invest as soon as x; hits X; = 0.64, while the un-
levered firm will invest when x; hits Xy = 0.6. The intuition behind
this is as follows. For higher levels of uncertainty, the government
grants substantially more subsidies to the unlevered firm than to
the levered firm (optimal subsidy levels are drawn from Fig. 2(a)).
Since an increase in the level of subsidy will decrease the invest-
ment threshold, the unlevered firm will invest earlier than the
levered firm. Given that the firm simultaneously decides on tim-
ing and scale, the overall effect of uncertainty and the investment
stimulus will be discussed by referring to the condensed measure
of underinvestment as stated in Eq. (44). As Fig. 2(c) indicates, the
first finding is that underinvestment persists, i.e., A > 0, regardless
of whether the firm is levered or subsidized. This is mainly due
to the non-cooperative game setting of our model as opposed to
the cooperative solution given by the central planner (which rep-
resents the first-best outcome).

Second, we find that a subsidy reduces underinvestment. In par-
ticular, Fig. 2(c) contrasts the level of underinvestment of the lev-
ered and unlevered firm in equilibrium with a situation where
both firm types do not receive financial support from the gov-
ernment, i.e.,, S=0. Consequently, for t > ty(o) (t > 7.(0)) we
find that the unlevered (levered) firm’s level of underinvestment
is reduced when government support is received. For T < 1y (o)
(t < t(0)) on the other hand, the same level of underinvestment
persists. Taking the levered firm taxed at 7 =0.48 as an exam-
ple, we see from Fig. 2(c) that at o = 0.42 the level of underin-
vestment of the subsidized firm equates the level of underinvest-
ment of the non-subsidized firm. This marks the transition from a
subsidy to a non-subsidy regime, i.e., T = 0.48 = 7;. Consequently,
for higher uncertainty levels we have that t =0.48 < . (o) and
thus no subsidy is granted to the firm. As a result, the firm’s equi-
librium investment and financing policies for the subsidy regime
equate those of the non-subsidy regime (see also Section 4.1). For
low levels of uncertainty, i.e., T = 0.48 > t;(0 ), the subsidy regime
prevails since both the firm and government benefit from a sub-
sidy. From the results alluded to earlier, we know that subsidies



294 E. Lukas and S. Thiergart/European Journal of Operational Research 276 (2019) 284-299

decrease the optimal investment threshold and thus incentivize
both types of firms to invest earlier, thereby reducing timing in-
efficiencies when compared to the first-best outcome.

Third, in comparing the unlevered and levered firm, we find
that for low levels of uncertainty the underinvestment of the un-
levered firm is of greater magnitude than the underinvestment of
the levered firm. Consequently, incentivizing the levered firm to in-
vest generates less underinvestment than incentivizing the unlev-
ered firm. However, as the figure depicts, this relation might re-
verse for higher levels of uncertainty. Hence, the investment policy
of the levered firm might suffer from higher levels of underinvest-
ment than that of the unlevered firm. This is mainly driven by the
fact that the levered firm will no longer be subsidized, whereas the
unlevered firm will still receive subsidies upon investment.

Finally, we see that the level of underinvestment for both types
of firms is ambiguous with regard to the level of uncertainty.
This is due to two reasons. First, the non-subsidy regime is the
preferred government strategy for very high levels of uncertainty,
therefore increasing uncertainty will increase the propensity to de-
lay investment. Consequently, the discounting effect dominates in
the cooperative and non-cooperative solution and any other effects
due to uncertainty vanish as uncertainty goes to infinity. In con-
trast, for low levels of uncertainty the subsidy regime prevails and
the subsidy incentivizes the firm to invest a lower amount at a
lower threshold. Since the timing stimuli effect exceeds the invest-
ment stimuli effect, underinvestment is reduced as uncertainty de-
creases further.

Finally, we briefly provide some policy implications. First, our
results indicate that levered firms that are subsidized exhibit the
lowest level of underinvestment. Hence, this emphasizes the im-
portance of frictionless access to debt financing for firms. Second,
when industries suffer from uncertainty, i.e., ¢ > 0, it does not al-
ways pay to provide firms with subsidies. Hence, for very volatile
sectors the government should not encourage earlier investment
by means of a subsidy. We show that the transition from a sub-
sidy to a non-subsidy regime is triggered by the government’s tax
policy and industry risk characteristics. Finally, we have to stress
that these policy implications are driven by the government’s ob-
jective to maximize its net income. Obviously, there may be other
objectives for which the firm’s reaction function provides valuable
information, e.g., if the government wants to maximize the future
investment level. In such a situation, it makes sense not to pro-
mote investment. However, if the government wishes to increase
the firm’s propensity to invest earlier, it should subsidize the firm.

5. Conclusion

Significant progress has been made toward understanding op-
timal investment timing under uncertainty. To date, however, not
much work has concentrated on the optimal level of investment
and the time scale trade-off. In this paper, we study optimal in-
vestment timing under uncertainty, while considering the possibil-
ity of investment scaling and financing through debt. In particular,
we employ a game-theoretic real option model between a firm and
a government to analyze the effect of uncertainty and investment
stimulus on optimal investment timing, financing and investment
scaling.

Due to the nature of the non-cooperative game, we find that
bargaining over the investment stimulus generally generates un-
derinvestment, regardless of how the firm finances its investment.
Optimal subsidies, however, reduce the level of underinvestment
and the strength of this stimulus is strongly affected by the firm'’s
financing decision. Our results indicate that levered firms are sub-
sidized to a lesser degree. We show that even though levered
firms receive fewer subsidies, they invest more than their unlev-
ered counterparts. This result contradicts recent findings in the lit-

erature, which postulate that a firm’s investment level is neutral
to its financing decision (see, e.g., Wong, 2010). Furthermore, sit-
uations may occur in which the levered firm’s tax shield benefits
do not serve as a general incentive to invest earlier. On the con-
trary, our findings reveal that under some taxation schemes, the
levered firm’s optimal investment threshold is higher than that of
its unlevered counterpart. Finally, an important result is that the
effect of cash flow uncertainty on optimal subsidies is no longer
monotonic as postulated by Danielova and Sarkar (2011). In fact,
we find that it is ambiguous for most reasonable parameters, indi-
cating that highly uncertain projects will most likely receive low or
even no subsidies. The paper provides an analytical threshold un-
der which the switch from a subsidy to non-subsidy regime occurs.

Obviously, our model is not without limitations and we leave it
to future research to relax some of the assumptions we make (e.g.,
that governments often have to deal with multiple firms when de-
signing an optimal subsidy regime). Hence, it would be interest-
ing to analyze how a government would deal with heterogeneous
firms that differ with regard to size or risk characteristics (see,
e.g., Laincz, 2009). Further research might also add financing con-
straints as suggested by Wong (2010) and Shibata and Nishihara
(2012) in order to cap the amount of debt financing and subsi-
dies provided or to analyze how a convex tax schedule deters the
optimal investment policy. In addition, a more fine-grained analy-
sis of other incentive structures, such as in Armada et al. (2012),
could guide future research directions. Moreover, the price of the
bond may be affected by frictions in the secondary markets (e.g.,
if credit supply becomes uncertain due to distressed bondholders,
agency problems or search costs for additional investors). There-
fore, future research might explore these effects on the firm’s cap-
ital structure in more detail (Ericsson & Renault, 2006; Hugonnier,
Malamud, & Morellec, 2015; Ni, Chu, & Li, 2017).
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Appendix: Proofs
A.1. Expected present value

We follow Dixit and Pindyck (1994, 315f.) and use a dy-
namic programming-like recursive expression to estimate the op-
timal stopping time and thus the corresponding threshold (critical
value). Let Y; follow a geometric Brownian motion, i.e.,
dYt = /,Lytdt + O—Ytth, Yo >0 (45)

where dW; is an increment of a Wiener process, i €R is the
drift rate and o € R, is the level of uncertainty. Further, let T,
be the random first time the process Y; reaches a fixed level a <
oo starting from Yy, i.e., To = inf{t > 0 : a < Y;}. Define

f(Yo) = E"[e™] (46)

where EYo[...] denotes the expectation operator conditional on the
state of Yy at time O and r > u is a discount factor with r € R,.
It follows that if Yy < a we can choose dt sufficiently small, such
that it is very unlikely that Y; hits a in the next short interval dt.
Set Yo =y as in Karlin and Taylor (1975, p. 364), we have f(y) =
e "EY[ f(y + dy)]. By means of Itd’s Lemma we get:

F0) = (1= rde +0(d0) (F0) + S @)t + 3077 F (yde+o(d) ).
(47)
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For dt — 0, o(dt) vanishes and after simplifying and note that
dtdt = 0 we get the classical differential equation:

1 "
0= 5% 0)+mwyf'») —rf) (48)
This ordinary differential equation (ODE) has a general solution,
i.e.
F) = Ayl + AgyP (49)

while g; with ie {1,2} is the positive and negative root of the
standard quadratic equation. The coefficient A; with i € {1, 2} is de-
termined by a pair of boundary conditions. In particular, as y ap-
proaches the boundary g, it is very likely that T, is very small and
hence e~ close to 1. If y is very small, however, T, is likely to
be large and thus the discount factor close to zero. It follows that
f(a) =1 and f(0) = 0 which results in A, = 0 and A;af1 = 1. Upon
inserting these results into (49) and back substitution we get:

F(Yo) = EY[e™] = (Yo/a)P" (50)

A.2. Equity and debt values

Eq. (16) can be rewritten as:

E(x;.I;, © :E"L|: / er<ztL)(l—r)(n(IL)xz—c)dz:|
t
_E® / eTE (1 Ty ()X —cydz | (51)

While the first term of the RHS can be easily solved the second
term can be solved by means of the strong Markov property, i.e.:

E(x,, I, ¢)=(1- r)(%ﬂf — %) — EXL[e_T(fb—tL)]EXb
% / e ") (1 — 1) (7w (I)x, — €)dz (52)

ty

which can further be simplified to:

—Eufertr]a - ﬂ(% -7) (53)

As shown in the previous section of the Appendix a solution
exists for the expectation value E¥[e~"(—11)], je.:

Bf [er0-t] = ("i)ﬁ 2 (54)
Xb
with B = 05— 2 — /(4 —05)° + 2 <0

Consequently, we get:

— - B2
Ex I ) =V (x. 1) — d-r) + ((] rT)C _VU(szIL)) (9%)

-
(55)

where Vj (x;, I;) indicates the value of the unlevered firm.
Similar steps are necessary to solve Eq. (19):

ty
D(x., I, c) = EX [ / e TEW (1 — )edz 4 e T O (1 — @) Vy (Xp, IL):| )
t

(56)

Hence, we can rewrite Eq. (56) which yields:

D(x;, I, c) =E* / e (] — rc)cdzf/ e "W (1 - 7)edz
& ty
+E [ "] (1 — o)Wy (%, ). (57)
By means of the strong Markov property, i.e.:
Ex / e " (1 - 1o)edz | = EM[e 0]
ty
x E® /e‘r(z“b)(l —Tc)cdz (58)
ty

we can further simplify the equation:

D@y . c) = LT _rtf)c ' [e—r<rb—m]((1 %TC)C — (1= )y (. IL))A
(59)

Using the closed form solution for EX[e~"(~t%)] as provided by
Eq. (54) we get the value of debt at the investment trigger:

— - B2
D L6y = w + <(1 —a)Wy(xp. I) - w) (%) .

(60)
As the firm and its investment project, respectively is financed
by debt and equity, the firm value is the sum of equity and

debt. Hence, at the investment trigger, we have that V| (x;,1;,c) =
E(xg, I, ¢) + D(x, I, c) amounts to:

— B B2
Vi, ©) = Yy, h) — O r’”(h(j%) )—vu<xb,h)(;‘—2)

b

+M(1 - (%)ﬂz) +(1 —a)VU(xb,IL)(;(—z)ﬂz (61)

r

which can further be simplified:

_ _ B2
Vi, I, ©) = Vy(x, D) + ( rtc)c - <(t rrc)c +aVy (%, IL))(;%)
(62)

A.3. Proofs of the propositions

The following lemmas will be helpful in proving the proposi-
tions stated throughout the paper.
Lemma 1. Let

B
F(x,I):(%) 1[)<)»(I)—(I—S)],O<xo <x,0<I, 0<S<I

(63)
with 81 >1and A : R — R*, I — A(I) a twice continuously differ-
entiable function fulfilling the properties
88—);(1) > 0, 882—;(1) <0 VIi>o,
and () := %(1)%, >0 is a strictly decreasing function. Let
the point (%, 1) satisfy the conditions

2%(1) =1, (64)

2.(h) = 5 ll(i—s), (65)
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A(D) a2 1
EN)

Then F(®,1) > F(x,I) Y(x.I) € (xg, 00) x (S, 00).

(66)

Proof. The ﬁrstAorder condition of the optimization problem is
given by VF(X,I) = 0. The derivatives of F(x,I) regarding x and I
are

B
R = () [ - Bori + i -x ] (67)
and

2
F,(x,l):(’;i’) |:xaa);(1)—1i|. (68)

Equating to zero and simplifying these equations leads to the
desired assertions in Eqs. (64) and (65). For the second order con-
dition, we show that the Hessian matrix

N Fxx ()2, i) Fxl (’27 i))
H(% 1) = 69
&1 (F,x(x,lj Fi(%.1) (69)
is negative definite, i.e., Fx(%,I) < 0 and Ex (%, NF; (%, 1) — FXZI RS

0. For the derivatives, we find

B
Ruxc) = (52) B1[(B1 = Dx A = (B + 1A= Sx2],

(70)
2
Race D) = (%2) [(1 02 +ﬂ1xl] ()
B 2
R = (12) [x‘?,,ﬁ(n]. (72)

Inserting (%, ) into Eq. (70), we get

B “
Ru(®D) = () x2B[B1 - DRA() - B+ D(-5)]. (73)

By using the relation from Eq. (65), this can be simplified to
R X0\ P N R
Ra(®0) = (%) 2B [BI(-5) - B+ D(I-9)] <0.  (74)

Further, we have F (%, DF; (8 1) — F2(, 1)

Bi-1 &) —B+D([-5) [ 25D

——
P
& Fa (-5)

= (3)"% 7

il a-p0 P s
—————
=@W%%% S)25 (0 - 1]
w2 a-por O (G D) " -1] -0

(75)
by the premise.

To see that the solution is unique, write Eqs. (64) and (65) as

L __ A e(0). (76)

The LHS of this equation is a strictly decreasing, convex func-
tion of I, with the properties:

11mL + llmi—l
l—>S+I—S_ ool—>ool—s_ ’

Furthermore, the RHS is a strictly decreasing, continuously dif-
ferentiable function with

.3 lim p

1
lim 8(1) =B - -

1-0 ﬂ]

e = ﬁlﬂlls(S) < ﬂ]ﬂil.

Therefore, Eq. (76) can have at most 2 solutions, ie., [; < b,
which are characterized by the slope of the LHS and RHS respec-
tively, i.e.

0 I B 9
m<m> o < /31 1 m(&"(”) ot
and

0 I B
81(1—)‘ = g0 .

The latter condition is equivalent to Eq. (66) and therefore, the
only point satisfying the second order condition of the maximiza-
tion problem.

Q.E.D.

Lemma 2. Given (%, 1) fulfilling Eqs. (64) and (65). Then the deriva-
tive dI/dS exists and is given by

ii S) 131
ds 1+ (B - DA(I®) (2 (15))) 22 (1(9))

<0.  (77)

Proof. Let [(S) :=I. By combining Eqs. (64) and (65), we have that

I-sax -
="

WW T] = const, (78)

f(1(5).9) =
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therefore df/dS = —(df/3S)/(df/dI). For the partial derivatives,
we get

8f 1 dx
o) 79
and
af 1 1 dA N
—=—| = ). 80
s a0 95 0] (80
Inserting Eq. (66) and rearranging, this equation becomes
af 1 dr
o B ol (D (1) |:1 + (B - 1))‘(1)( O) 92 (’):|
(81)
Q.E.D.
Corollary 3. With I as determined by Lemma 1, we have
N 92\ di
y(S) = ( (1(5))) o (1s)) S(S) >0, VS>0. (82)

Proof. Note that “ (I(S)) >0 by the premise of Lemma 1 and

from Lemma 2 we know that gz (S) < 0. Further we have

881? (1($)) <0. Vs>0 (83)
by Eq. (77).
QE.D.
Lemma 3. Let
B

X ~ ~
G(S) = (){(g)) [kcR(SA(1(S)) - 5] (84)
and

YN 02 di
()= (ai(l(s))> ) (1(5))d5 ) (85)

with A(I) as in Lemma 1 and let the point (%(S),I(S)) satisfy Eqs.
(64)-(66). For kgB1 > 1, R(S) > xo, the optimal level of subsidy S :=
argmaxs.o G(S) is determined by:

Sy (8) = L=, (86)
and

Kcﬁ1 -1 1 d]/ a
1+ B 15 E(S) > 0. (87)
Proof.
dG 9G 0 0G
ds(5)=< SO+ 55 a,(5)> 5+ 56 (88)

B “
. A a “
- (X’(‘g)) |:<KG (x<5)aa,(1<5)) fa- ﬁ1>?;<5>x(1(5)))
S 0
s a’,‘(S)) O } (89)

By using Eq. (64

0x oA 92
5= —( (I(S))> 57 (09) (90)

), we have

hence,
S 0X S 92\
&75) X(S) a® __ﬂ1)?(5)( (fs ))) FIE (UQ)
REDY
& ﬂ15< (I(S))> 3 (is)) (91)
and

2(5) % (1<S>) + (1= B EE(IS)) .
—2(5) 8,(1<S>)+(;31—1>( (us))‘z%(f(s»(w)ﬁl( 9) -

—_— ——
— 1

(64)

(92)

Using these equations and simplifying leads to

B
dG 921
$O= (;(‘g)) [Kcﬂl ﬂls( (I(S))) A (1<5>)d5(5>}.

(93)

Equating to zero gives the candidate from Eq. (86). For the sec-
ond order condition we have

- ﬂl(())m[ws)w%o}

B
_IBW(S) (’%) |:l ! 1{6%71_1 yzl(g) %(5):| <0.

QED
Proof of Proposition 1:
We conduct a case-by-case analysis.

(a) 4ﬁ] (ﬂl — ])S <1 and ﬁu(s) > Xp-
The value of the unlevered firm'’s investment option is given by

Eq. (6):
_ 1-1 Xo B
FU(XO,S) _xUsztl,ll?Jzo{<r—,un(lU)XU —IU —|—S> (E) }

To solve this optlmlzatlon problem, we refer to Lemma 1 with
A(I)_ 71(1)———0<r<1r>u>0r>u>0 We have

- 1
A(0)=0 and M) = 1= >0VI>0.
The first order optimality conditions become:

r—u (l 1)2

: XUa; () =1 (95)
and

s 1—7T_ B

xuriurr(lu)zﬂ]i](lufs). (96)

Inserting the optimal investment level (Eq. (7)), Eq. (95) be-

comes

(2ﬂ1—1+«/1—4ﬁ1 (/31—1)5)2
)

1-17 Xy _ 2081 1
r_ N2 - —2
O (1)

We further show that Condition (65) holds true:

(i) = (%ﬁ(fu))H(m 8w () = 5P 0 -9)
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which is equivalent to

Pz > 1. P

Iy=8)=I;— 57—y + 57—
B~ 1(U )=l ,31—1U+,31—1
to which Eq. (8) is a solution. Further, we have

S$=0,

iu(ju + 1) —

Alv)  92a . 1+ /1-4B (B - 1)S 1
() =2 = —— =5 <15

(3 ()" o7
b) 481 (1 —1)S <1 and Xy (S) < xo:

In this case, the investor chooses to invest immediately. Thus,
Xy = xo. The optimal investment level is then optimally given by
F(x,I) =0, that is:

oA
Xo5y (IU) =1,

which is fulfilled by

P (1-1)%
TV -
() 4B1(B1—1)S>1:

In this case, the condition IU(IU+1)— (IU—S) 0 has
no solution, thus a local maximum does not ex1st The optimal
solution is to be found at the border, i.e., Xy € {xg, oo}. Since
limy_ o F(x,I) =0, we get Xy = xo and

i [A=DX
TV -

Q.E.D.

Proof of Proposition 2:

We refer to Lemma 3 with A(I) = —n(l) = r = 1+11’ 0<t<
1,r>u>0kg=1/(1-1). We conduct a case-by-case analysis.

1
Note that for 0 < S < B FD

261\ -0, o (B Y
(2(ﬂ1—1)> T <ﬁ1—1>' 7

(@A) xg <R(S) VS:4B1(B1 —1)S>1:

We denote the optimal level of subsidy in this region by §u,z .
(aa) kgPq > 1:

According to Lemma 3, it is given by:

1

§u,2)’(§u,2) = % ~ B (98)
with
y(S) = 41 (B - 1) .
(\/1 —4Bi(Bi — 1)S+2B — 1)/T— 4B (B — 1)s
(99)

Thus, Eq. (98) is equivalent to
4B1(B1 — DSua

(\/] - 4,3] (131 - 1)§U,2 + 2,3] - 1)\/1 - 4,3] (/3] - 1)§U,2
T 1
=715~ B

This equation has one solution given by

¢ 262 — 2 — 25(1—T)ﬂ1+1ﬁ\/1ﬁ2+45(1—f)/31

ve T 8B1(B1 — 1)§2

Note further that % >0 VS:48:(B1 — 1)S < 1. Hence, the sec-
ond order condition from relation (87) is fulfilled.
(ab) kB < 1t

Since Eq. (86) has no solution, the optimal subsidy is to be
found at the border, i.e., 52 = 0.

(b) xp > R(S) VS > 0, i.e., (/fl])2 < 9o
In this region, the investor wguld always invest immediately.
Therefore, the optimal subsidy is Sy = 0.

(©) G = #5 = (g

Let §1’U denote the sub51dy that induces immediate investment,
ie., 2;(S; y) = xo. Solving the latter condition for SALU leads to

2
. 1= (26-n /a5 28-1)
o = 4p1(Br - 1) ’

The government’s action set in this region is given by

{52.U,5A1,y}~ A
(ca) Sy =510

(100)

Since )?U (§2.U) = ﬁu (§1,U) and iU (SAzyu) = i(gl,u), the govern-
ment’s payoff is maximized by choosing the smaller subsidy
Sl.Uv ie,S= S],U'

(cb) S2y < S1u:

For the government’s payoff, we have Gy (S,y) > Gy (S1.y) since
SAZ‘U is the solution to the system defined by (86) and (87). Hence,
the optimal subsidy in this case is given by S =S, .

Therefore, we have S = min{S, ;y, $; y} in this region.

Q.ED.

Proof of Proposition 3:

Given an investment threshold x; and an investment level of I},
the value of the firm is given by

B2
ke = (VU(XL,IL) " . _rTC)C <1 B (Xb();f C)) )
A o
_aVU (Xb(ll-’ C) II.) <Xb(C Ii )> - IL + S (;L) .

(101)

For 7. > 7, we have
oF
= F(xi, I, 0)}, € := - (€) = 0.
alggmax{ (x, I, 0}, ¢ ac (C) 0

Further, we have

r-u B2 ¢
r Bo-1m(l)

Therefore, we have

E©) =

xp(c,Ip) =

X| Ba -7 T-Tc _ ¢ 9xp (I, )
+(x;,<1f’c>) [_ P B S gne T

a(dl-t) B 3%y, (I,.C)
T ﬂzil(l_ﬂszui.c) ¥ )]

— r—rrc_i_( Xy )ﬂZ[_r—rr(_,'_lgzr;rn_i_&;f)ﬂz].

Xy (I1,€)

Simplifying the condition F(¢)
(T-t)fa—a(l1-1)p2]

r b1 a7
r—u /32 f(XL,IL) L

Solving the latter equation leads to the desired result:

cx )= B (r_ru) (52ﬂ; ! )rr(l)xL.

Q.E.D.

=0, we get:

O=71t—-t—[T—7—

(102)

(103)
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Proof of Proposition 4: Please refer to the Proof of Proposition
1, but with A(I) = ¢ 1= () =¢i= l“ll
Q.E.D.

Proof of Proposition 5: Please refer to the Proof of Proposition
2, but with A(I) = ¢ n(l)
QED.

Proof of Proposition 6: Please refer to the Proof of Proposition
1, but with A(l) =7 (I) = M
QED.

ul+1 and/cG_¢1 T
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