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Abstract

Representations for margins associated with loss of assured safety (LOAS) for weak link
(WL)/strong link (SL) systems involving multiple time-dependent failure modes are developed.
The following topics are described: (i) defining properties for WLs and SLs, (ii) background on
cumulative distribution functions (CDFs) for link failure time, link-property value at link failure,
and time at which LOAS occurs, (iii) CDFs for failure time margins defined by (time at which
SL system fails) — (time at which WL system fails), (iv) CDFs for SL system property values at
LOAS, (v) CDFs for WL/SL property value margins defined by (property value at which SL
system fails) — (property value at which WL system fails),and (vi) CDFs for SL property value
margins defined by (property value of failing SL at time of SL system failure) — (property value
of this SL at time of WL system failure). Included=in_this presentation is a demonstration of a
verification strategy based on defining and approximating the indicated margin results with (i)
procedures based on formal integral representations and associated quadrature approximations
and (ii) procedures based on algorithms for.sampling-based approximations.

Keywords: Aleatory uncertainty, Margins, Loss of assured safety, Strong link, Verification,
Weak link

1. Introduction

Representations for margins associated with loss of assured safety (LOAS) for weak link
(WL)/strong link (SL)“Systems [1-6] involving multiple time-dependent failure modes are
developed. As described in Ref. [7], the descriptor “loss of assured safety” for the performance
under accidentconditions (e.g., a fire) of a high consequence system with multiple WLs and SLs
is used for the situation in which (i) a necessary set of SL failures places the system in a
potentially operational condition before (ii) an appropriate set of WL failures places the system
in an ingperable state. In contrast, safety is “assured” if (i) an appropriate set of WL failures
places._the system in an inoperable state before (ii) a necessary set of SL failures places the
systemin’a potentially operational condition. Consistent with the preceding description, LOAS
does net mean that the accident will progress to operation of the high consequence system;
rather, it only signifies that certain conditions exist that could contribute to this progression.

*Corresponding author: Department 1514, Sandia National Laboratories, Albuquerque, NM 87185-0748 USA. E-
mail: jchelto@sandia.gov.



With respect to terminology, a WL is a component of a high consequence system that is
intended to fail under accident conditions and thereby contribute to rendering the system
inoperable. In contrast, a SL is a component that is essential to the intended operation of a high
consequence system whose failure under accident conditions contributes to placing the system in
a state for which unintended operation of the system could potentially occur but is not certain to
occur. In the design of a high consequence system, (i) a specific WL may have the sole purpose
of deactivating the system under accident conditions or (ii) it may have a function that is
essential to the operation of the system and also have deliberately incorporated design‘properties
that make it more likely to fail under accident conditions than a SL. For both WLswand SLs,
failure corresponds to some form of mechanical or electrical failure. However, for WLs,
“failure” is actually a “success” as this failure contributes to deactivating the system and thus
preventing an unintended operation of the system. The designations WL and SL are uSed because
individual WLs in a high consequence system are designed to be more susceptible to failure
under accident conditions than individual SLs.

In general, a high consequence system will have nWL >1-WLswand nSL >1 SLs. In the
following, (i) the nWL WLs associated with a high consequence system will be referred to as a
WL system, (ii) the nSL SLs associated with a high consequence system will be referred to as a
SL system, and (iii) the nWL WLs and nSL SLs associated with a high consequence system will
be referred to as a WL/SL system.

Margins defined by the following differences aresconsidered in this presentation:

(1) (time at which SL system fails) — (time at'which WL system fails),

(ii) (property value at which SL system fails) — (property value at which WL system fails),
and

(iii) (property value of failing Sk at time of SL system failure) — (property value of this SL at
time of WL system failure).

The development of " thesindicated margins in this presentation builds on previous work in Refs.
[7; 8]. Specifically; Ref.)[7] develops representations for the probability of loss of assured safety
(PLOAS) for/WL/ Sk/systems involving multiple time-dependent failure modes, and Ref. [8]
develops representations for property values associated with the failure of individual links in a
system with multiple WLs and SLs.

The, following topics are described in this presentation: (i) defining properties for WLs and
SLs (Sect. 2), (ii) background on cumulative distribution functions (CDFs) for link failure time,
link property value at link failure, and time at which LOAS occurs (Sect. 3), (iii) CDFs for
failure time margins (Sect. 4), (iv) CDFs for system property values at LOAS (Sect. 5), (v) CDFs
for margins based on WL and SL property values (Sect. 6), and (vi) CDFs for margins involving
only SL property values (Sect. 7). The presentation then ends with a summary discussion (Sect.
8).



Verification is an important component of any analysis used to support important decisions
[9-13], where verification corresponds to “the process of determining that a model
implementation accurately represents the developers conceptual description of the model and the
solution to the model ” ([9], p. 3). An important part of this presentation is the demonstration of a
verification strategy based on defining and approximating the margin results of interest with (i)
procedures based on formal integral representations and associated quadrature approximations
and (i) procedures based on algorithms for sampling-based approximations. The two procedures
have very different mathematical structures and are implemented independently of each other.
As a result, agreement between margin results obtained with the two procedures provides a
strong verification result that the procedures have both (i) correct mathematical derivations and
(ii) correct numerical implementations. Fortunately, the indicated agreementiwas observed and is
extensively illustrated.

The presented work has been performed in support of +the National Nuclear Security
Administration’s (NNSA’s) mandate for the quantification ofimargins and uncertainties (QMU)
in analyses of the United States’ nuclear stockpile (see Refs. [14-17] for summary discussions of
NNSA’s mandate for QMU, Refs. [18-28] for additional background on the development of
NNSA’s mandate for QMU, and Refs. [29-40] for_recent work on the implementation of
NNSA’s mandate for QMU).

The content of this paper is based on a previously published Sandia National Laboratories
technical report [41].

2. WL/SL Properties

The failure time CDF for a single,WL or SL is based on the following assumed properties of
that link for the time interval<,  <t<t_ , where t. . and t, define the endpoints of the time

mn” —

interval considered for analysis:

p(t) = increasing-positive function defining nominal link property fort, <t <t_, (2.1)

q(t) = decreasing or constant-valued positive function defining nominal failure value 2.2)
for link property fort, <t <t., '

d, (@) = density function for a positive variable « used to characterize aleatory 2.3)
uncertainty in link property, '

dg () = density function for a positive variable £ used to characterize aleatory 2.4)
uncertainty in link failure value, '

p(t| @) = ap(t) = link property value for t.,, <t <t., given «, (2.5)



and

q(t| B) = £q(t) = link failure value for t,,, <t <t_ given f. (2.6)

Further, d,(a) and dg (/) are assumed (i) to be defined on intervals [, %] and [ By Bl
and (ii) to equal zero outside these intervals. Although this does not have to be the case, it is
anticipated that « and S will be assigned distributions with a mode of 1.0 in most analyses so
that p(t) and g(t) will be the modes (i.e., most likely values) for p(tj«) and q(t|f).\For given
values of o and £, link failure occurs at the time t at which ap(t) = £q(t).

As indicated in Egs. (2.3) and (2.4), the variables « and g are used for.theincorporation of

the effects of aleatory uncertainty into the analysis of a WL/SL system.,, Specifically, aleatory
uncertainty is used as a descriptor for random variability in the properties,of a system and is
distinct from epistemic uncertainty, which results from a lack of knowledge about the value of a
quantity that has a fixed (i.e., unique) but poorly known value. Additional discussion of the role
of aleatory uncertainty and epistemic uncertainty in the analysis of complex systems is available
in Refs. [16; 31; 42-52].

This presentation uses a notional WL/SL systemgwith-nWL = 2 WLs and nSL = 2 SLs to
illustrate margin calculations. Property definitions for the four links are summarized in Table 1
and illustrated in Fig. 1. However, the derived results,are more general as they are valid for
NWL > 2 and nSL > 2.

Table 1 Defining properties for two WLs and“two SLs used in the illustration of the definition
and calculation of margins for WL/SL.systems:

Fig. 1 Summary plots of the properties of two WLs and two SLs used in the illustration of the
definition and calculation of margins)for WL/SL systems with the dashed lines corresponding to
the boundaries defined by e, P{t), , P(t)] and [5,,,0(t), B, dM)] : (@) WL 1, (b) WL 2, (c)
SL 1, and (d) SL2.

The defining values used in this presentation for the quantities introduced in Egs. (2.1)-(2.6)
are notional and. intended for the illustration of concepts and computational procedures. The
values used (in an analysis for a real system would be based on results obtained from both
mechanistic- modeling and physical testing. Further, the final assembly, assessment and
summarization, of the information obtained from multiple sources would most likely be
performed:through an expert review process [53-60].

3. Background: CDFs for Link Failure Time, Link Property Value at Link Failure, and
Time at which LOAS Occurs

The CDF for link failure time is defined by



CDF; (t) = j“mXUF(“’”dB (ﬂ)dﬂ}dA(a)da

amn

" (3.1)
= |, CDFy[F (@ )JdCDF, (@)
and extensively discussed in Ref. [7], where (i) the first integral is a Riemann integral with
F(a,t)=ap)/qt)=a/r(t) and r(t) =q(t)/ p(t) (3.2)
and (ii) the second integral is a Riemann-Stieltjes integral with
CDF, () = j: d,(G)dé and CDFy(f) = ﬂﬁm dg (A)IA (3.3)

The CDFs for link failure time for the four links defined in Table 1'and illustrated in Fig. 1 are
shown in Fig. 2a. Quadrature and sampling-based procedures for.the-estimation of CDFs for link
failure time are discussed and illustrated in Ref. [7].

Fig. 2 Illustration of failure properties for links defined in~Table-1: (a) CDFs for link failure time
(i.e., CDF 4 (t), CDF (1), CDF; g4 (t) and CDF; g5 (t) ), and (b) CDFs for link property

at time of link failure (e, CDFgyu(P Mt t])s  CDFpwia (Pt tiw D)
CDFP,SLl(p | [tmn ’tmx]) and CDFP,SLZ(p | [tmn ’tmx]) Wlth [tmn ’tmx] = [07 200] '

The CDF for link property at time of link failure is formally defined in Eq. (8.1) of Ref. [8]
by

CDFp (P | [ty tx ) =<probability that link fails at a value less than or equal to p
inthe time interval [t .t 1

- j:"“ CDF, (p| 7)dCDF (z) (3.4)

_ Lt"“ CDF, (p | 7)d; (¢)d,

where (i)"CDFR.(p'| 7)is the CDF for link property value p at link failure conditional on link
failure occurring at time z, and (ii) d; (z) is the density function for link failure time defined by

d; (r) =dCDF, (¢) / d7
=[d[a(z)/ p(z)]/dr ] j: dg [a/r(z)]ad,(a)da (3.5)

=[d[1/ r(r)]/dr]j:”“ dg [a/r(r)]ad,(a)da



as shown in Eq. (8.2) of Ref. [8]. Sampling-based procedures for the estimation of
CDF. (p | [ty tny]) are described in Sect. 6 of Ref. [8], and integral-based representations for
CDF. (p | [ty twy]) are derived in Sects. 4 and 5 of Ref. [8] for the following two cases: (i)
p(t) increasing and q(t) decreasing, and (ii) p(t) increasing and q(t) constant-valued. The
CDFs for link property at time of link failure for the four links defined in Table 1 and illustrated
in Fig. 1 are shown in Fig. 2b.

The CDFs for the time at which LOAS occurs are defined by the probabilities summarized in
Table 2 for the four indicated failure patterns. Specifically, Table 2 shows representations for
PLOAS as functions pF; (t) of time (i.e., pF(t) is the probability that LOAS occurs by time t for

failure pattern i). The listed verification tests are the outcomes of assigning. the'same properties
to all links as developed and described in Ref. [61]. The representations,in/Table 2 are derived
and extensively illustrated in Ref. [7]. The CDFs for the time at which"COAS occurs for the four
links defined in Table 1 and illustrated in Fig. 1 are shown in Fig. 3.

Table 2 Representation of Time-Dependent Values pF (t)4.i = 1,/ 2, 3, 4, for PLOAS and

Associated Verification Tests for Alternate Definitions of,LOAS for WL/SL Systems with (i)
nWL WLs and nSL SLs and (ii) independent distributionsfor link-failure time ([62], Table 10).

Fig. 3 lllustration of the CDFs pF, (t),i =1,2,3,4, defined in Table 2 for the time at which LOAS
occurs for the four links defined in Table 1.

4. CDFs for Failure Time Margins

4.1 Preliminaries: CDFs for Failure Time Margins. Suppose nL > 2 potentially mixed
links (i.e., all WLs, all SLs, or“aymixture of WLs and SLs ) are under consideration with
CDFy (7), k=1, 2, ..., nL, the failure time CDF for link k (i.e., CDF;, (7) is the probability that

link k fails at or before time 7)., Then, under the assumption that the link failure times are
independent,

pLLF(t):nZL:[j: { ln‘L[ CDF;, (r)}dCDFTk(r)]

1=1,1=k (41)

nL

~[ICoF (0
k=1

and
nL nL
pFLF(t):ZU: { [T [1-cDF, (r)]}dCDFTk (r)}
k=t\ "™ {1=1 12k 4.2)

=1—1n‘L[[1—cDFTI ()]

7



where pLLF(t) is the probability that the last link failure occurs at or before time t and pFLF(t) is
the probability that the first link failure occurs at or before time t. The initial definitions for
pLLF(t) and pFLF(t) are the same as the definitions for pF (t) and pF,(t), respectively, in

Table 2 with the WL CDFs assumed to always have a value of 0 (i.e., CDF;y ;(z) =0 for all
values of 7). The second definitions follow directly from the definitions of the CDFs CDF, (7).

The equivalence of the pairs of definitions for pLLF(t)and pFLF(t) can be directly established
but the notation becomes very complex for nL > 2.

Distributions for time margins corresponding to the difference between time when the failure
of WLs deactivate a system and the failure of SLs result in LOAS can be calculated for the four
WL/SL failure patterns defined in Table 2 with the use of results of the form'shown in Egs. (4.1)
and (4.2).

4.2 Formal Representation: CDFs for Failure Time Margins.“For a particular WL/SL
configuration (i.e., one of the failure patterns defined in Table 2) let (i) CDF;, (t,. ) be the

CDF defined on the interval [t.,,t,] for the time t,,“when the failure of the system WLs
potentially deactivates the system and (ii) CDF; g (t5 ) “be the CDF defined on the interval

[t .tw] for the time tg when the failure of the system SLs potentially results in LOAS. The

modifier “potentially” appears in the preceding sentence because the indicated failures may or
may not have the indicated effect because of the,timing of the WL and SL failures.

The desired distribution for the margin m.defined by ty —t,, is given by

CDFppy (M| [t time D= Prob(tg, —tyy, <m)

n
= r!i_)n;;CDFT’SL (m+1t)ACDFy . (t)

th
= |, CDFr g (M +t)dCDFy (1)

th
= [\ CDFr g (m-+1)[ ACDF o (t)/cit ]t

(4.3)

where t/,i=0,1---,n, is a subdivision of [t ,t 1. In effect, the result in Eq. (4.3) corresponds
to the conwvelution of two probability distributions (e.g., see ([63], p.53).

The manners in which CDF;,,, (t,. )and CDF; g (t) are defined for the failure patterns in
Table 2 are as follows for a WL/SL system with nWL WLs and nSL SLs:

Failure Pattern 1: CDF, (t, ) = PFLF (t,, ) in Eq. (4.2)

_ (4.4)
CDF; ¢ (tg ) = PLLF (tg ) in Eq. (4.2),



Failure Pattern 2: CDF; yy, () = PFLF (t,, ) in Eq. (4.2)

. (4.5)
CDF; g (ts. ) = PFLF (g ) in Eq. (4.2),
Failure Pattern 3: CDFy, (t,, ) = PLLF (t,, ) in Eq. (4.1) 456)
CDF; g (ts ) = PLLF (tg. ) in Eq. (4.1), '
Failure Pattern 4: CDFy, (t, ) = PLLF (t,, ) in Eq. (4.1) @)

CDF; g (ts. ) = PFLF (g ) in Eq. (4.2).

Examples of the link system failure probabilities ~ CDF¢\y (ty )= pFLF(ty. ),
CDFr i () = PLLF(ty, ), CDF; g (ts.) = pFLF(ts ) and CDF; g (ts )= pLLF(t5 ) for the

two SLs and two WLs defined and illustrated in Table 1 and Fig.,1 are presented in Fig. 4a. The
values for pLLF(t) and pFLF(t) were obtained as indicated (in_Egs.”(4.1) and (4.2) by the
multiplication of link failure time CDFs (see Eq. (3.1)) calcufated by the CPLOAS program [64;
65].

Fig. 4 Failure time margins for (i) the four failure patterns-resulting in LOAS indicated in Eqgs.
(4.4)-(4.7) and (ii) the system of four links defined and illustrated in Table 1 and Fig. 1 with
[t ] =[0,200]: (a) link system failure\ probabilities CDF;,y (ty ) = PFLF(ty. ),
CDFy . (ty ) = PLLF(ty ), CDF; g (ts ) ='pELF(ts ) and CDF; g (tg ) = pLLF(tg ) with
pLLF(t) and pFLF(t) defined in ‘Eqs™(4.1)-(4.2), and (b) failure time margins
CDFpy ;i (M| [ty t D) for failure pattern i, i 31, 2, 3, 4, defined in Eq. (4.3).

mn?’

An illustration of the calculation of failure time margins CDF, ; (m|[t,..t, 1), 1= 1234,

for failure pattern i in Table"2 with the use of quadrature-based procedures to evaluate the final
integral in Eqg. (4.3) is presented’in Fig. 4b. Specifically, the margin results in Fig. 4b were
obtained for the system of two'SLs and two WLs defined and illustrated in Table 1 and Fig. 1
with use of procedures/contained in the MATLAB numerical package [66] as summarized
below. For a given failure pattern, the corresponding CDFs CDF;y (t,,. ) and CDF; g (tg )
indicated in Egs. (4.4)<(4.7) and illustrated in Fig. 4a were (i) evaluated for 500 evenly spaced
times from.the interval [0, 200] and (ii) then approximated with the spline and ppval functions
to obtain the spline approximations spCDF; g (tg ) and spCDF;, (t,. ). Next,

dCDF; , (ty ) /dt,, was obtained by differentiating spCDF; . (t,) with the fnder function to
obtain/the derivative derCDF;y (t,, ). Then, the product spCDF; g (m+t, )derCDF; ; (ty, )

was integrated over [t . .t.,]=[0,200] with the integral function to numerically evaluate the

final integral in Eq. (4.3). Specifically, the indicated calculations were performed for 100 evenly
spaced values of m from the interval [-100,100] to obtain the CDFs CDFy, ; (M| [t,,.t,, 1), 1=

1,2,3,4, for failure pattern i in Fig. 4b.



A brief elaboration on the nature of the results in Fig. 4 follows. As discussed in Ref. [67]
and illustrated in Fig. 4, the performance of a WL/SL system under accident conditions can be
viewed as a competing failure problem. In essence, there is a race to failure between the WL
system and the SL system, with (i) the WL system winning the race if it fails before or at the
same time as the SL system fails and (ii) the WL system losing the race if it fails after the SL
system fails. The margin m of winning the race by the WL system is defined by

m = (time tg, of SL system failure) — (time t,, of WL system failure)

4.8
=g — Ty “9

with a nonnegative margin corresponding to the WL system winning the race and-a negative
margin corresponding to the WL system losing the race. In the problem under consideration, the
link system failure times t,, and tg, do not have fixed values but ratheréenter the analysis as

distributions of values as a result of the aleatory uncertainty associated with'the property values
and failure values for the individual links.

The results in Fig. 4 are for 4 WL/SL systems, each with: (i).2-WLs and 2 SLs, (ii) one of 2
possible definitions for WL system failure (i.e., first link tofail or last link to fail), and (iii) one

of 2 possible definitions for SL system failure (i.e., first.link to fail or last link to fail). As
illustrated in Fig. 4a, this results in (i) distributions (i.e.;,CDFs)

CDF; . (ty ) = PLLF(t, ) c@and '€DF; . (ty ) = PFLF (%) (4.9)
for WL system failure time t,, and (ii) distributions
CDF; g (t5 ) = pLLF(ts ) and CDF; g (ts ) = pFLF(tg ) (4.10)

for SL system failure time. The indicated CDFs are obtained as indicated in Sect. 4.1.

In turn as illustrated in Fig. 4b, the 4 WL/SL systems and their associated CDFs for link
system failure timeresult.in the following distributions (i.e., CDFs) for the failure time margin m
in Eq. (4.8):

CDFyr yy () 5/ PFLF (tw ), CDFy g () = PLLF (ts ) > CDFpy i (M [t tc ), (4.12)

CDFpy (o) = PFLF (ty, ), CDF; g (ts.) = PFLF (tg ) = CDFpy o (M| [t t D, (4.12)
CDF; . (tw) = PLLF (& ), CDF; g (t ) = PLLF (tg ) = CDFryy 5 (M [ [ty tr D), (4.13)
CDFy . () = PLLF (ty ), CDF; g (tg ) = PFLF (tg ) = CDFpy 4 (M| [ty tr D). (4.14)

The margin results CDFyy, (M| [t .t 1), 1=12,3,4, in Eqgs. (4.11)-(4.14) summarize the

previously indicated “race” to failure for the 4 WL/SL systems under considerations and were

10



obtained by numerical evaluation of the integral in Eq. (4.3). As shown in Sects. 4.3 and 4.4. the
CDFs CDFpy ; (m][t 1.,i=12,3,4, can also be obtained with sampling-based procedures.

mn ? th

4.3 Sampling-based Estimation of CDF, (m|[t,,.t.]) for Failure Time Margins. A
sampling-based determination of CDFy, (M| [t,,,,t]) = prob(ty, —t,, < m) is now considered.
For this determination, the representation for prob(ty —t,, < m) can be formulated as

th th
prob; (ts. —ty, <m)= ‘[tmn b S (tsL —tw JACDF g (ts. ) dCDFy . (ty)

tox (tne (4.15)
- ‘[tmn - S (oL —tw Jor i (tsr ) Or . (o ) dts Aty
where (i) the subscripts i = 1, 2, 3, 4 indicate the definitions of CDF; g (t5, )7and CDF;  (ty, )

for Patterns 1-4 in Egs. (4.4)-(4.7) and thus correspondingly for the four WL/SL failure patterns
in Table 2, (ii) d; g (t ) and dry (t,, ) are the density functions'associated with CDF; g (tg )

and CDF; (), and (iii)

1ifty —ty, <m
O (ts — = 4.16
n(ts =t ) {0 otherwise. (4.10)
In turn, the approximation
n
prob; (tg. —ty, <m)= z5m (tSL,r s )/n (4.17)

r=1

results for a random sample [tg, .t /1, r= 1,2, ..., n, from [t .t Ix[t.,,t,] obtained with
use of CDF; g (t5 ) and CDF; (&, ) .

Another possibility‘isto generate a sample of individual link failure times
s =AW, tWLy, -+ tWL Ly, tSLy, -, tSLyg |, 7 =1,2,-,, (4.18)

directly from the corresponding link failure time CDFs and then define margins by

11



Max {tSLy, ,tSL,, ,-++,tSLyg ) —min {tWLy, , tWL,, -+ tWLy,  } fori=1
min {tSLy, ,tSLy, ,-++,tSLygy | —Min {tWhy, ,tWLyp -+, WLy} fori=2
m(s0)= ax {tSLyy 1SLyy - tSLygy , | — Max {tWLy, WLy, -+ tWLy | fori =3
min {tSL, ,tSLy, ,-++,tSLyg , | — Max {tWL,, ,tWL,, -+ tWLy, | fori=4

. (4.19)
tSLk(r),r _Ml(r),r fOt‘ i=1

BLy(ryr WL, fori=2
tSLk(r).r —tWLi¢ry,r fori=3
@k(r),r _ml(r),r fOI’ I == 4

with (i) i indicating Patterns 1-4 in Eqgs. (4.4)-(4.7) and, correspondingly, the four WL/SL failure
patterns in Table 2, (ii) underscores and overscores indicating" minimums and maximums,
respectively, and (iii) the subscripts k(r) and I(r) identifying the links that failed at the indicated
times. Specifically, k(r) identifies the SL whose failure potentially results in LOAS, and I(r)
identifies the WL whose failure potentially prevents LOAS. Then,

prob; (tg, —ty, <m)=x Zn“&m pm; (s, )]/n (4.20)
r=1

with &,,[m; (s, )]defined as in Eq. (4.16).

Yet another sampling approach’is ta. (i) sample the defining parameters for the individual
links (i.e., the a’s and f’s) in eonsistency with their specified distributions as defined by the
density functions d, («) anddg (/) ifor the individual links and (ii) then determine the resultant

margins. Specifically, a sample

Py =[PWLy, , pPWhy, -+, PWL . PSLy, PSLy, -+ PSLg |, F=12,+,1 (4.21)
with
PWL, =[ s By | TOr 1=1,2,+-,nWL (4.22)
and
PSLy, = asi i Bory | for 1=1,2,--,nSL (4.23)

is generated from the distributions of the «’s and f’s for the individual links. Next, the link
failure times in Eq. (4.18) are determined as functions

tWLy, = tWL, (PWL, ) = tWLy, (@ ies Awir ) For =12, nWL (4.24)
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and
tSLy, =tSLy, (PSLy, ) =tSLy, (ets s Boyr ) for 1=1,2,--,nSL (4.25)

of elements of the sampled vectors p, in Eq. (4.21). At this point, prob;(tg —t,,  <m) can be
determined as indicated in Egs. (4.19)-(4.20) with the redefinition of the elements of p,
described in EQs. (4.24)-(4.25).

A more mathematically explicit description of the use of sampling-based procedures in
WL/SL analyses is given in Sect. 5 of Ref. [7]. This section also describes the use‘of importance
sampling in WL/SL analyses.

4.4 Verification Results for CDF,, (m|[t,, .t.]) for Failure Time Margins. As a
verification test, Fig. 5 provides a comparison of CDFy, ; (M| [t tw]) for failure patternii, i =

1, 2, 3, 4, calculated with (i) version 2.10 of the CPLOAS“program [64; 65], the second
sampling-based procedure indicated in Eqgs. (4.18)-(4.20), and a sample of size n = 10° and (i)
the quadrature-based procedure described in Sect. 4.2. The'sampling-based results in Fig. 5 are
essentially the same as the quadrature-based results in Fig.4b. Further, careful comparison of the
quadrature-based CDFs in Fig. 4b and the sampling-based CDFs in Fig. 5 shows that
corresponding CDFs almost exactly overlay. In addition to a visual comparison of the results in
Fig. 4 and Fig. 5, a formal comparison based on-root mean square error (RMSE) produced
RMSEs of 5E-04, 2E-04, 3E-04 and 2E-04 for failure patterns 1, 2, 3 and 4. This level of
agreement provides a strong verification‘that«the procedures for obtaining CDF;,, (M| [t,, .ty ])

described in Sects. 4.2 and 4.3 are.correct-in both (i) mathematical development and (ii)
computational implementation.

Fig. 5 Verification results for“failure time margins CDF, ; (m ][t .t 1),i =12,3,4, obtained

with quadrature-based procedures (See Sect. 4.2) and sampling-based procedures (see Egs. (4.21)
-(4.25) in Sect. 4.3) for«(i) the four failure patterns resulting in LOAS indicated in Egs. (4.4)-
(4.7) and (ii) the system of four links defined and illustrated in Table 1 and Fig. 1 with
[tmn» trx ] = [0, 200].

4.5 Connection/Between Failure Time Margins CDFy, ; (O|[t,,, . t,x 1), 1 =1, 2, 3, 4, and
PLOAS! The probabilities CDFyy,; ; (O [t tn 1), 1 =1, 2, 3, 4, associated with the failure time
margin m=.0"defined in conjunction with Eq. (4.3) are equal to the probabilities pF (t,,),i=1,
2, 3, 4,/for LOAS defined in Table 2 and illustrated in Fig. 3. Specifically,

PP () = CDFry Ol bt ) = J;™ CDFr g ( JICDFr o () (4:26)

for i =1, 2, 3, 4 with the appropriate values for CDF; g (t,, ) and CDF;,, (t,. ) for failure
pattern i defined in Eqgs. (4.4)-(4.7). This connection is (i) illustrated by the equality of pF, (200)
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and CDF,;(0][0,200]) in Fig. 3 and Fig. 4b and (ii) provides an additional verification result
that the failure time margins in Figs. 4 and 5 have been calculated correctly.

5. CDFs for System Property Values at LOAS

5.1 Formal Representation: System Involving Only One Type of Link. In the analysis of
a system with multiple components, it is important to examine both (i) the combined
performance of the components and (ii) the performance of the individual components. This
examination provides important insights with respect to the overall performance.of the system
and also has the potential to identify errors or inefficiencies in the sub analyses.associated with
individual components that are not recognized in an examination of the final‘results obtained in
an analysis of the complete system. For this reason, the analysis of a WL/SLisystem should
include analyses of (i) the individual links, (ii) the WL system and the“SL system, and (iii) the
combined system of WLs and SLs. The analysis of individual links/is extensively discussed in
Ref. [8]. The representations for link system failure times developed'in Sect. 4.1 are examples of
analysis results that can be obtained for WL systems and SL systems and that will later support
full system analyses. Finally, the analysis of a combined system of WLs and SLs is exemplified
by the analyses for WL/SL system failure time in Ref. [7] and\the various margin results for
WL/SL systems developed in this presentation.

Representations for the distribution of link property values at link system failure are
developed in this section and provide another example-ef‘a result that can be used in the analysis
of WL systems and SL systems. In addition, these representations will be used in the
development of (i) distributions in Sect..5.4 forithe property value at link failure for the SL
whose failure results in LOAS for a system.with multiple WLs and SLs and (ii) distributions in
Sect. 6 for margins based on WL and.SL property values.

A system involving only one typeefAink is considered in this section (i.e., only WLs or only
SLs). Further, the links comprising jthe indicated system must have the same type of failure
property. For example, alldinks failing on the basis of temperature or all links failing on the basis
of pressure are acceptable possibilities. However, some links failing on the basis of temperature
and other links failing,on the basis of pressure is not acceptable. Consistent with the failure
modes in Table 2,two failure possibilities are considered: (i) system failure occurs at the time of
the last link failure,and (ii) system failure occurs at the time of the first link failure.

As in.Sect, 4, nL links are under consideration with failure time CDFs CDF, (7), k=1, 2,
..., NL. Further; as developed in Sect. 9 of Ref. [8],

CDFs¢(p | 7) = probability that link k fails at a property value < p conditional on
failure of link k at time 7 (5.1)

pmx,k(p'r) ~ ~
= dpy (| 7)dP,

Prnk (7)
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where (i) dp, (P|7) is the density function corresponding to CDF;, (p|7) defined in Eq. (9.63)
and Table 6 of Ref. [8], (i1) [Py« (7). Pnxk ()] is the interval of property values at which link k

could fail at time 7 (see Table 3) and thus corresponds to the sample space associated with
dp (Pl7), and (iii) Py, (p,7) =min{p, p, (r)}. Given the preceding, replacement of

dCDF;, (7) in Egs. (4.1) and (4.2) by CDF, (p | 7)dCDF+, (7) produces

CDFp (¢ (P | [ty tyy]) = probability that last link failure occurs at
a property value < p atatime z <t_,

>
-

nL
j:m*{ [] coF, (r)}CDFPk(ph)dCDFTk (z')] (5.2)
™ 1=1,12k

=~
Il
LN

>
=

nL
J' mx"‘(tmx'p){ [] cobF, (ﬂ}{jpm’k(p’ )de(p | T)df’}di(T)dT}

z'mn,k(p) 1=1 2k pmn,k(T)

=~
Il
LN

p]
=

nL
_[ mXYk(th'p){ H CDI:TI (T)}{J‘ Pk (P )de(r) | T)di (T)df)}dfl

z'mn,k(p) 1=1 Ik pmn,k(T)

=~
Il
LN

and, in like manner,

CDFp e e (P [ [t o ]) = probabilitythat first link failure occurs at
a property'value’ < p atatime z <t_,

nL t nL
:ZUW{ [1 [l_CDFTI (f)]}CDFPk(NT)dCDFTk (T)] (5.3)
k=t\ ™ [(I=Ll=k

< Lo, N mx k (P, T ~ ~
=Z{L’"”fp"§x p){ [ {1-cor, (r)]}{f D e (] r)%(r)dp}dr]
k=1 mn,k

1=11=k Prin,k (7)
with (i) CDFg, (| z)-replaced by the representation in Eq. (5.1), (ii) dCDF, (2') replaced by
dr (7)dz with dy, (#)=dCDF, (7)/dz as defined in Eq. (8.2) of Ref. [8] and subsequently
defined in“more_detail in Eq. (9.64) of Ref. [8], (iii) 7., (tyy, P)=min{t,,, 7. (P)} with

Tk (P)= last time at which link k can fail at a property value < p, and (iv) the integral over

[t twed.equal to O for link k and t,, <z, (p) with 7. (p) = first time at which link k can
fail at'a property value < p.

Table 3 Integration limits associated with a link in Egs. (5.1)-(5.6) with p(z) increasing and
q(z) either decreasing or constant-valued (adapted from Ref. [8], Table 7).
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The definitions of the density functions dp, (p|7) and d; (z) are complicated (see Egs.

(9.63) and (9.64) in Ref. [8]). However, some simplification occurs when the product
dp (P | 7)dy (7) is involved, as is the case in Egs. (5.2) and (5.3). Specifically,

}/df}{ P }dAk[f’/ﬁk(f)]dsk[p/qk(f)] (5.4)

de(r)'T)di(T):{d{ 20)

I (7)

as developed in conjunction with Egs. (9.63), (9.64) and (9.65) of Ref. [8]. In turn, replacement
of dp (P | 7)dr (7) inEgs. (5.2) and (5.3) with the preceding form produces the representations

T,k (tm s P) 1
CDFE ldr
Lmn,k(p) {, llk il H {rk (r)} }

CDFp | e (Pt tik]) = nZ[

. (5.5)
X{I;’mka((:;"){ ﬁ2F2T)}dAk [ ﬁ / ﬁk (T)]dBk [ f) / C_lk (T)]dﬁ}er
'mn, k K
and
oL me,k(tmxvp) UL 1
COFp e (Pt ) =X [ [ [{{1-CORy (7)]1d| == | /dr
k| (P r(7) 56)

Paink (7) pk (‘[)

X{Ipm‘k(p’”{_f }dAk[r)/m(r)]dsk[ﬁ/dk(r)]dﬁ}dr}

for CDFp ¢ (P [Tty t ]) ANAYCDR, (- (P | [t t ]) with the integral over [t,,,t,, ] equal to
0 for link k and t,, <z, (p). Although the representations for CDF; (P |[ty, .t ]) and
CDFp ek (P [Tt tyg D). in Egs. (5.5) and (5.6) are complicated, they are numerically simpler

than the representations InVEgs. (5.2) and (5.3) due to the significant complexity in the definitions
of CDFy (p | #)and, d¢, (7).

For future useyit is noted that a derivation for the equality

Pmx k (p,7)
Prnn,k (7)

Pk (P7) p . ~ -
= {Ipmn,k(f) {d[rk (T)}/df}{ ( )} Ak [p/ Py (T)]dBk [p/Qk (r)]dp}dr (5.7)
:{d[rk:(z_)}/dz‘}{f:::((:r){ fz )} Ak [p/ [ (T)] BK [p/Qk (T)] } 4
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is embedded in the derivations leading to Egs. (5.5) and (5.6).

As examples, CDFs for property value at link system failure (i.e., CDFp |\ (P|[ty,.to])

and CDFp ¢ ¢ (P [ [ty t D With [t t,, 1=[0,200]) for systems with two WLs and systems

with two SLs links defined with the WLs and SLs described and illustrated in Table 1 and Fig. 1
are presented in Fig. 6. With respect to notation,

CDFo e (P Ttn tyw D) =CDFp | e (P [ [t tr ) fOr WL systems, (5.8)
CDFp i e (P Tt tow D) = CDFp e ¢ (P | [t ti 1) fOr WL systems, (5.9)
CDFp g 1ir (Pt tix]) =CDFp (e (P [ [t toi ) fOr SL systems, (5.10)
CDFp g e (Pt tix]) = CDFp g e (P | [t th ]) fOr Sk systems. (5.11)

Quadrature-based evaluation of the defining integralsy. in’ Egs. (5.5) and (5.6) for
CDFp | e (Pt st D and  CDFp g e (P [ [t tyxd)==was, performed with the MATLAB

numerical package [66] and the integration program TwoD, which is documented in Ref. [60]
and available from Prof. Shampine’s website (http#/faculty.smu.edu/shampine/current.html).
The TwoD function was selected for use because it offered greater flexibility in defining limits
of integration than the Matlab functionsydblguad and integral2. In the development of the
integrands for Eqgs. (5.5) and (5.6), (i) representations for the density functions d,, («) and

dg () were obtained with use of the makedist and pdf functions, (ii) the representation for the

derivative was obtained with usesof/the diff and matlabFunction functions, and (iii)
representations for the expressions-involving products of CDFs were obtained with use of the
spline function.”

Fig. 6 Property value at ‘link system failure CDFs (i.e., CDFpyy 1 (P [ty toc])

CDFp v ke (P [ Itn tx ) CDFo g (1p (P [ Ttnsti])  @nd - CDFp g r e (P | [t st ) With
[t t]=[0,200]) ebtained by quadrature-based evaluation of the integrals in Egs. (5.5) and

(5.6) for systems with two WLs and systems with two SLs links defined with the WLs and SLs
described and illustrated in Table 1 and Fig. 1.

The double integrals in Egs. (5.5) and (5.6) have time 7 as the outer variable of integration
and property value p as the inner variable of integration. If desired, the integrals in Egs. (5.5) and
(5.6) can be rewritten with p as the outer variable of integration and 7 as the inner variable of
integration.

Another possibility is to remove the term p/ pZ(z) in Egs. (5.5) and (5.6) through the
change of variables ¢, (p) = p/ py (r). This produces the representations
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nL
CDFo  r (P It te]) = Z[

k=1

Tk (o P) | 1
‘ CDF d /d
Lm”"‘(p) {|=1,|¢k " (T)}{ { 'k (TJ T} (5.12)

Pmx k (p,7)/ Py (7)
NN IO

and

CDFP,FLF (p | [tmn’tmx]) = nZ(

k=1

rmx-k“m*p){ ln‘L[ [1-CDF, (T)]Hd{ - }/df}
sk (® |3 ek I (7) (5.13)

x{.[ pmx,k(p’T)/ﬁk(T)adAk (a)dgy [a I (z-)]da}dfj

Prmn k ()P (2)

for CDFy (P [Tty t]) @and CDF, (= (P | [t t ]) With the integral over [t,.,t,, ] equal to
0 for link kand t,, <z,,,(p).

mx —

5.2 Sampling-based Estimation of CDF; | c{Rllty. tx])and CDFp o e (P | [ty to D -
Another possibility is to use a sampling-based procedure.to estimate CDF; - (p | [ty ])and
CDF, p (P [ty toy D) - This procedure invelves (i) ‘generating a sample from the defining

parameters for the individual links (i.e., the ‘@’ and f’s) in consistency with their specified
distributions as defined by the density functions d,(c) and dg () for the individual links and

(ii) then determining the resultant failure times and associated failure values. Specifically, a
sample

Py =[pLi; PLo Pl ir =120 (5.14)
with

pLy =[e, B, ] forl=12,---,nL (5.15)

is generated from.the distributions of the «’s and f’s for the individual links. Next, the link
failure times tly, and failure values pL,, are determined as functions

thy, =t (pLIr):tL|r (alr'lBIr) (5.16)

and

pLy, = pLy (pLIr ) = pLy, (alrvﬂlr ) =0 By [tLIr (alr’ﬂlr )] (5.17)
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of elements of the sampled vectors p, in Eq. (5.14).

The following additional expressions for sample element p_ are now introduced for use in
estimating CDFp | ¢ (P | [ty ty]) @nd CDFp £ ¢ (P | [ty b D)

tL¢ sy = first link failure time for p,

: (5.18)
= mm{tLls ’tLZS""vthL,s}’
tLy ., = last link failure time for p
i(s) s (5.19)
= max{tl-is 'tLZS""'thL,s}’
pL; ., = property value at first link failure for p
f(s) i s (520)
= ¢ 5) Pt (s) (tht(s))s
pL, ., = property value at last link“failure,for p
1(s) i s (5.21)
= () Pi(s) (tLi ),
and
- 1fort <t and p<p
S(T, Pt p)= ™ 5.22
(EP 1t P) {0 otherwise. (5.22)
In turn,
n
CDFp tue (P Tt ti D) = 25(t|—|(s): PLis) [ tm: P)/ 1 (5.23)
s=1
and
n
CDFp rir (P [ Tton tax]) = 25(th(5)’ PLis) [ tmxs P) /1. (5.24)
r=1

5.3y Verification Results for CDF, |\ (p|[ty,,t]) and CDFp o (P [ty t D) - As @
verification test, Fig. 7 presents a comparison of CDFs for property value at link system failure
(i.e., CDFp | r(PI[ty ty]) and CDFy g - (P [ty tyy])) for systems with two WLs and
systems with two SLs links obtained by (i) quadrature-based evaluation of the integrals in Egs.
(5.5) and (5.6) as described in Sect. 5.1 and (ii) a sampling-based calculation as defined in Egs.
(5.23) and (5.24) performed with the CPLOAS program [64; 65] and a sample of size n = 10°.
The CDFs CDFp | (P [ty tn]) and CDFo g - (P [ [t tyy]) are not defined outputs of the
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CPLOAS program but (i) these CDFs are calculated as indicated in Sect. 5.2 as part of the SL-SL
margin analysis described in Sect. 7.3 and (ii) were obtained for this analysis by adding a few
lines of code to CPLOAS to write them to a saved output file. The results obtained with the two
evaluation procedures are essentially identical. This level of agreement provides a strong
verification that the two procedures for obtaining CDF, - (p|[ty,, t.w]) and

CDF, k¢ (P [t ty 1) are correct in both (i) mathematical development and (ii) computational
implementation.

Fig. 7 Verification results for property value at link system failure (i.e.,
CDFo i iir (P Tt to D) CDFo i ke (P Tt t D) 5 CDFo g 11k (P4 et ) and
CDFo g rir (P I [tn tD) With [t .t 1=[0,200]) obtained with quadrature-based procedures

(see Sect. 5.1) and sampling-based procedures (see Sect. 5.2) for systems with two WLs and
systems with two SLs links defined with the WLs and SLs described and illustrated in Table 1
and Fig. 1.

5.4 Formal Representation: System Involving Multiple'WLs and SLs. Distributions (i.e.,
CDFs) for SL system failure values (i.e., property value“at link failure for SL whose failure
results in LOAS) for systems involving multiple WLs ‘and ‘SksS have representations that are
similar to the representations for CDF, || ¢ (P | [ty tyyd) @ CDFp ¢ (P [ [t tnk]) developed

in Sect. 5.1. As in Sect. 5.1, all SLs must have_theysame type of failure property (e.g.,
temperature for all SLs or pressure for all SLs). However, WLs do not have this restriction (e.g.,
some WLs could fail on the basis of temperature while other WLs fail on the basis of pressure).
The starting points for these representations are the probabilities for LOAS in Table 2. For
notational convenience, let

CDFp g i (P | [ty tox]) = probability.that LOAS occurs at a SL value < p ata
time'z <t} for failure pattern i=1,2,3,4 defined in Table 2.

(5.25)

Representations  for ~CDF, o (P | [ty tyc]), 1=1,2,3,4, that are analogous to the
representations for"CDRp |\ - (P [ [ty tx]) and CDF; o (P |ty ty]) developed in in Eqgs.
(5.2)-(5.6) of Sect.5.1 result by replacing dCDF; g , (7) in the representations for pF(t,,).
pF, (t) ., PR () and pF,(t,,) in Table 2 with

CDF; g « (p| 2)dCDF; g (7)), (5.26)

or equivalently, with

CDF p g1 « (p| T)dT,SL,de

- 1 Pk (P0) | P o - (5.27)
_{d|:rk(f):|/dr}{‘[pmn,k(f) {%}d/\k[p/pk(T)]dBk[p/qk(T)]dp}dT

k
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as defined in Eq. (5.7). Specifically, replacement of dCDF; g | (z) with the expressions in Egs.
(5.26) and (5.27) produces the representations for CDFy g ;(p|[ty,.tw]), 1=12,34,
summarized in Table 4.

Table 4 Representation of CDF, g ; (p|[ty, t]), 1 = 1, 2, 3, 4, for (i) SL system property at
time of LOAS, (ii) nWL WLs and nSL SLs, (iii) independent distributions for link failure time,
and (iv) the integral over [t .t ] equal to O for SL k and t, <z, (p) with z4 ,(p) and
other integration limits defined in Table 3.

As an example, the CDFs CDFp g ; (P | [ty tn]), 1=12,3,4, for SL property value at

LOAS determined over all possible times of link failure as indicated in Table 4 are illustrated in
Fig. 8. The results in Fig. 8 were obtained by use of numerical (i.e.,-quadrature) procedures to
evaluate the integrals in Table 4 with the MATLAB program TwoD [68] in‘a manner similar to
that described in Sect. 5.1.

Fig. 8 Property value of SL at LOAS CDFs CDF; g ; (P [t .ty )+determined over all possible
times of link failure as indicated in Table 4 for (i) failure pattern i, i = 1, 2, 3, 4, resulting in
LOAS as indicated in Egs. (4.4)-(4.7) and Table 2,.(ii) the system of four links defined and
illustrated in Table 1 and Fig. 1 with [t.,,t.. 1=[0,200] and (iii) quadrature-based evaluation of
the integrals in Table 4.

As should be the case, the CDFs_in Fig. 8 have structures that are similar to the
corresponding CDFs in Fig. 3 for PLOAS.

5.5 Sampling-based Estimation of CDF; 5 ; (p|[t,,.tw]) for System Involving Multiple
WLs and SLs. Another possibility,1s to use a sampling-based procedure to estimate
CDFp o i (P [ty t D). Similarly” to the sampling-based procedure to estimate
CDFp |\ (P Ity te D and “CDF, ¢ = (P | [ty tyy]) described in Sect. 5.3, this procedure

involves (i) generating,a sample from the defining parameters for the individual links (i.e., the
o’s and f’s) in consisteney with their specified distributions as defined by the density functions
d,(a) and dg(p)wfor the individual links and (ii) then determining the resultant failure times

and associated failure’values. Specifically, a sample

P, =[PWL;, ,PWLy, -+, pPWL . PSLy, ,PSLy, -+, pSLyg |, F=1,2,+,n (5.28)
with
PWL,, = @y By | Tor 1=1,2,--,nWL (5.29)
and
PSLy, =[ sy Boyr | for 1=1,2,--,nSL (5.30)
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is generated from the distributions of the o’s and f’s for the individual links. Next, the link
failure times (i.e., tWL, and tSL,) and SL failure values (i.e., pSL,) are determined as

functions of elements of the sampled vectors p, in Eq. (5.28) as indicated below:

tWLy, = tWL, (PWL, ) = tWLy, (e Buie ), (5.31)

tSLy =tSLy, (pSL,, ) =tSL, (aSL,Ir Psiir ) (5.32)
and

pSLy, = pSL, (PSLy,) = PSL, (s i s Bsiir) = Asiir Psy [SL A& s Bt i )] (5.33)
with 1 =1,2,---,nWL for WLsand | =1,2,---,nSL for SLs.

Once the results in Eqgs. (5.31)-(5.33) are available, the next step is to define the following
quantities:

WL(r) = link designator for tWLy (, , =minftWL, ,tWL,,---,tWL,  }, (5.34)
WL(r) = link designator for What ), T max{tWL,, ,tWL,,,---,tWL, .}, (5.35)
SL(r) = link designator for tSLg, , , = min{tSL,,,tSL,, ,---,tSL . }, (5.36)
SL(r) = link designator for tSLgp,, , = Max{tSly, , tSLyp, -+, 1Ly 3, (5.37)
and
PSLst (ry.r = s (r) pPsL(r) Sbsiiryr ) PSLerry e = Perry Pocry s ) (5:38)

Further, the indicator'function &, (tWL,tSL, pSL) is defined by

1 for tSL < min{tWL,t_ } and pSL < p

. (5.39)
0 otherwise,

8, (WL, tSL, pSL) ={

whereA(i) p is a WL property value, (ii) tWL is a time at which WL failure potentially prevents
LOAS; (iii) tSL is a time at which SL failure potentially results in LOAS, and (iv) pSL is the
property value at time tSL of the SL whose failure at time tSL potentially results in LOAS.

Given the results in Egs. (5.34)-(5.39), CDFp g ;i (p|[tm tw]), 1=12,3,4, can be
approximated by

22



n
CDFP,SL,l(p | [tmn 1tmx]) = Zé‘tp (tWLVﬂ_(r),r vtSLs_L(r)’r’ pSLﬁ(r)yr) / n, (540)
r=1

n
CDFp s o (P [ [t ta]) = Zélp (WL (1), 88k (r),r+ PSLsi(ry,r ) /T, (5.41)
r=1
n
CDFP,SL,3 ( p | [tmn ’tmx ]) = Zatp (tWL\m(r)’r 1tSL§(r)’r ’ pSLS_L(r)‘r) / n (542)
r=1
and
n
CDFP,SLA(p | [tmn 'tmx]) = Zé‘tp (tWL\m_(r)’r !tSLg_(r),r! pSL&(r),r) . (5-43)
r=1

5.6 Verification Results for CDF, g ; (p | [t,,.tw]) - As a verification test, Fig. 9 presents a
comparison of CDFs CDFy g i (P [ [ty tic]) 1 =1, 2, 3, 4, for SL-property value at LOAS for a

system with two WLs and two SLs links obtained by<(i) ‘quadrature-based evaluation of the
integrals in Table 4 as described in Sect. 5.4 and (ii) a.sampling-based calculation as described in
Sect. 5.5 and performed with the CPLOAS program [64; 65] and a sample of size n = 10°. The
CDFs CDFp g i (P | [ty tr D) » 1 =1, 2, 3, 4, are not defined outputs of the CPLOAS program but
(1) these CDFs are calculated as indicated in'Sect, 5.5 as part of the SL-SL margin analysis
described in Sect. 7.3 and (ii) were obtained for the present analysis by adding a few lines of
code to CPLOAS to write them to a saved output file. The results obtained with the two
evaluation procedures are essentiallywidentical. This level of agreement provides a strong
verification that the two -procedures for obtaining CDF, - (p|[t,, t.]) and

CDFp g e (P [ [ty t ]) are cotrect.in both (i) mathematical development and (ii) computational
implementation.

Fig. 9 Verification results for property value of SL at LOAS CDFs CDFy g ; (P |[tyn:ti D, 1=

1, 2, 3, 4, obtained,with quadrature-based procedures (see Sect. 5.4) and sampling-based
procedures (see~Sect. 5:5) for (i) the four failure patterns resulting in LOAS indicated in Egs.
(4.4)-(4.7) and (ii) the system of four links defined and illustrated in Table 1 and Fig. 1 with
[tmn 7tmx] = [0’ 200] .

6. CDFs forrMargins Based on WL and SL Property Values

6.1 Formal Representation: CDFs for Margins Based on WL and SL Property Values.
For a particular WL/SL configuration (i.e., one of the failure patterns defined in Table 2), let (i)

CDFp i (P [Tt ty 1) represent the CDF defined on the interval [pWL,,, pWL,,] for the
property value p,, at which the failure of the system WLs in the time interval [t.,,t.,]
potentially deactivates the system and (ii) CDFp g (g | [t .ty ]) represent the CDF defined on
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the interval [pSL,,,, pSL,,] for the property value pg at which the failure of the system SLs

in the time interval [t .t ] potentially results in LOAS. The modifier “potentially” appears in

the preceding sentence because the indicated failures may or may not have the indicated effect
because of the timing of both WL and SL failures. The CDFs CDF;,, (py | [t ) and

CDFp g (P | [ty tyy]) are defined and illustrated in Sect. 5.1.

mn? mx]

The desired CDF CDFyy, (M|[t,,.t]) for property value margin m ,defined by
oL — Py =M is defined similarly to the time margin CDF CDF;, (m| [t t.Duin Eg-(4.3).
Specifically,

CDFPM (m | [tmn'tmx]) = pI’Ob( pSL - p\NL =m | [tmn’tmx])

- Ilm ZCDFP SL(m+ pl |[tmn’ mx])ACDFPWL(pl |[tmn1 mx])

pWme (6.1)
_JPWLm CDFP SL m+ pl[tmnv mx])dCDFPWL(p |[tmn' mx])
pWme
J.pWLm P SL m + P | [tmn7 mx] I:dCDFPWL ( p | [tmn’ mx]) / dp]

with p;,1=0,1---,n, a subdivision of [pWL,,, pWi]. However, for this margin to be

meaningful, the WLs and SLs must be defined'on the basis of the same type of system property
and with use of the same units (e.g., temperature in‘degrees Kelvin).

At this point, the analysis is coneeptually the same as the analysis in Sect. 4.3 for failure time
margins. However, the challenge, is 'to determine the CDFs CDFp,y (P |[ty,,tn]) and

DFp o (P | [ty oy D) in Eq. (6.1).1f,0nly one WL (i.e., n\WL = 1) and one SL (i.e., nSL = 1) are

involved, then the desired“CDFs ¢an be determined as indicated in conjunction with Egs. (3.4)
and (3.5). However, thessituation is more complex for nWL > 1 and/or nSL > 1. Integral-based
and sampling-based precedures to determine CDFy\, (P [ [ty t]) and CDF g (P [ [ty tix])

for nWL > 1 and nSk >71 are described in Sects. 5.1 and 5.2. If CDFp . ; (p| [ty ty,])and
CDFp g i (P [t t D can be determined for each of the four failure patterns in Egs. (4.4)-(4.7)
and Table“2, then.the corresponding margin CDFs CDFy, ; (m][t,,.t,,]) can be obtained by
evaluating the integral

W mXI
PM |(m | [tmn’ mx]) J.pWL P ,SL,i (m +P | [tmn 7tmx])dCDFP,WL,i ( p | [tmn 'tmx])
IT]I’\I (6_2)
WLmXI
- J-;WLmnl P ,SL,i (m +Pp | [tmn ! mx])[dCDFP WL,i ( p | [tmn ! mx / dp]dp

which is the integral in Eq. (6.1) with CDFpyy i (P [ty t]) and CDFp g i (P | [t tow D)
replacing CDFp (P | [tyn trc]) @nd CDFp g (P [ [ty t 1) -
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As an example, property margin CDFs CDFpy, ; (M| [t t D, 1=1, 2, 3, 4, for systems with

two WLs and two SLs links defined with the WLs and SLs described and illustrated in Table 1
and Fig. 1 are presented in Fig. 10. The associated CDFs CDFy g ;(p|[ty,.tn]) and

CDFo i (P [tn te]) In Eq. (6.2) are defined and illustrated in conjunction with Fig. 6.
Quadrature-based evaluations of the defining integrals for CDFpy, ; (m|[t,,.t,, 1) in Eq. (6.2)

were performed with the MATLAB numerical package [66] as summarized below in a manner
similar to that described in Sect. 4.2 for time margins. Specifically, (i)

dCDFp i (P | [ty to ]) / dt was initially approximated with use of the diff function and then
represented as ftderCDF;,, ; (p) with use of the fit function and the ‘gauss1” model option, (ii)
CDFp o i (P [ [ty te ) Was represented as ftCDF; g, ;(p) with use of‘thefit function and the
‘gaussl’ model option, and (iii) the integral of ftCDF; g ;(p)x ftderCDF,,, ;(p) over
[PWL,,,;» PWL,, ;] was evaluated with the integral function.

Fig. 10 Weak link (WL)/strong link (SL) property margin,CDFs CDFyy, ; (m|[t,,.t. ] for (i)

failure pattern i, i =1, 2, 3, 4, resulting in LOAS as indicated“in’ Table 2, (ii) the system of four
links defined and illustrated in Table 1 and Fig. 1 with [t . t.,]=[0,200], and (iii) quadrature-

based evaluation of the integrals in Eq. (6.2).

6.2 Sampling-based Estimation of CDFyz(m |[t.,,.t.]) Based on WL and SL Property
Values. The CDFs CDFyyy i (P | [ty te D @nd CDFy g i (P [ [ty tox]) can also be used in a
sampling-based procedure to estimate“CDF,, ; (m|[t,,, .t ]) that is analogous to the sampling-
based procedure in Eq. (4.17) to.estimate, CDFy, ; (m|[t,,,.t. 1) - Specifically,

n

prob ( Psiv— P <M [t st ]) = D5, ( PsL,r = Pwir )/n (6.3)
r=1
for (i) a Ayrandom  sample [Pseer Pl = 12, ..., n  from

[pSLmn,i’ pSme,i]X[pWLmn,i’ pWme,i] obtained with use of CDFP,SL,i(p | [tmn’tmx]) and
CDFp i (P [ Tmrtin D), and (ii) o, () defined as in Eq. (4.16).

However, given the complexity of CDF,,, ; (p|[t 1) and CDF g (P [t 1), their

directuse in the determination of the distribution for the margin m defined by pg — p,. may

not be computationally convenient. Instead, a procedure based on sampling the defining
parameters for the individual links (i.e., the «’s and f’s) and then determining the resultant
margins may be more practicable. Specifically, a sampling-based procedure similar to the
procedure described in conjunction with Egs. (4.21)-(4.25) to determine prob, (t5, —t,, <m)

can also be used to determine prob;(ps, — Py < M| [t .t.,]) for the margin m defined by

mn ’th mn ’th
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oL — Py With i indicating Patterns 1-4 described in Egs. (4.4)-(4.7) and correspondingly the
four WL/SL failure patterns in Table 2.

The indicated procedure to determine prob, (ps. — Py < M| [ty t]) begins with (i) a
sample s.,r =1,2,---,n of the form indicated in Eqgs. (4.21)-(4.23), (ii) the associated link failure
times

twl,, 1=1,2,---,nWL, and tSL;,, 1 =12,---,nSL, (6.4)
defined in Egs. (4.24)-(4.25), and (iii) the resultant link system failure times
ﬁk(r),r vtﬂ-k(r),r atW—I(r),r ,tVV_I—|(r)’r (65)

defined in Eq. (4.19). Once the link system failure times are_available; the desired property
margins are given by

Ast k(ryr PsLk(r) (BSLk(ryr

aSL,k(r),r ﬁSL,k(r) (@k(r),r Qo (), r p\NL J(r) (6 6)

)- e/ (WL )

)- (WL, ) fori =2
AL k(ry.r PsL(n) tS—'-k(r»r)—am 1ry,r PwLiry (tVV—Lur),r) fori=3

5 (W) fori=a

Ast kryr PsLk(r) | BSLieqey,r | —@wiicry.r Pwiicn

and the resultant approximation to/pro(ps, — Py < M| [t .t ]) is obtained as in Eq. (4.20)
for prob, (tg, —t, <m).

6.3 Verification Results,for CDFpy, ; (p | [t .ty 1) . As a verification test, Fig. 11 presents a
comparison of CDFs(CDFpy /(P | [t tix]), 1 = 1, 2, 3, 4, for property value margins for a

system with two WLSs and.two SLs obtained by (i) quadrature-based evaluation of the integrals in
Eq. (6.2) as described in'Sect. 6.1 and (ii) a sampling-based calculation as described in Sect. 6.2
and performed with the CPLOAS program [64; 65] and a sample of size n = 10°. The CDFs

CDFpy i (P [t  tix D). 1= 1, 2, 3, 4, are not defined outputs of the CPLOAS program but (i)

these CDFs are calculated as indicated in Sect. 6.2 as part of the SL-SL margin analysis
described in-Sect. 7.3 and (ii) were obtained for the present analysis by adding a few lines of
code\to "CPLOAS to write them to a saved output file. The results obtained with the two
evaluation procedures are essentially identical. This level of agreement provides a strong
verification that the two procedures for obtaining CDFyy, ; (P | [t tn]) are correct in both (i)

mathematical development and (ii) computational implementation.

Fig. 11 Verification results for WL/SL property value margin CDFs CDFpy ; (P | [ty ty]) . 1=
1, 2, 3, 4, obtained with quadrature-based procedures (see Sect. 6.1) and sampling-based
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procedures (see Sect. 6.2) for (i) the four failure patterns resulting in LOAS indicated in Table 2
and (ii) the system of four links defined and illustrated in Table 1 and Fig. 1 with

[t tw]=1[0,200].
7. CDFs for Margins Involving Only SL Property Values

7.1 Preliminaries: CDFs for Margins Involving Only SL Property Values. Margins
involving only SL property values for a WL/SL configuration involving nWL WLs and nSL SLs
are now considered. For the situation in which WL failures potentially deactivate the System at
time t,, and SL failures potentially result in LOAS at time tg, , the margin of interest is defined

to be the difference
P (s | @) — Py (b | @) = aPy () —a Py () = My (a’tsutwl_) (7.1)

between the property value p, (t5 | @) = apy (ts ) of the SL (i.e., SE+k) whose time of failure
corresponds to ty and the property value p, (t,, |a)=ap . )_of this same SL at the time
that the WL failure potentially deactivates the system (i.e:, ¢, ). The following entities are used
in the derivation of the CDF CDF,y, g (M|t )_for the SL property value margin m
defined in Eq. (7.1) for link failures in the time interval [t

mn ’th]

mn’tmx]:

CDF; . (t) = CDF defined on [t ,t,, Jfor time at which WL failure potentially
averts LOAS (i.e.,‘at Jast: WL failure or first WL failure as defined  (7.2)
in Egs. (4.1) and«(4.2)),

CDF; ¢  (t) = CDFdefined on [t ,t,, ] for time at which SL k fails with

7.3
corresponding density function d; g | (t), (7:3)

and

CDF, (& |t ) = CDF for o values for SL k that could result in failure of SL k at time
t- conditional on SL k having failed at time tz with corresponding  (7.4)
density function d , (o | tg).

The CDF CDF;, (t) is defined in Eg. (4.1) or (4.2) as appropriate. A derivation for
CDF,, (a|tg) is presented in Sect. 9.4 of Ref. [8], and the resultant values for CDF,, (« |tg)
and d,, (a|tg) are summarized in Table 5 of Ref. [8]. Further, the ranges of « values
associated with CDF,, (o |tz) and d,, (e |t-) are summarized in Tables 4 and 5 of Ref. [8] and
reproduced in this presentation as Table 5.
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Table 5 Intervals [, (7)., (7)] of values for o resulting in link failure conditional on link

failure at time 7 with p(z) increasing and q(z) either decreasing or constant-valued (adapted
from Ref. [8], Tables 4 and 5).

7.2 Formal Representation: CDFs for Margins Involving Only SL Property Values. The
integral representations for CDFpy  (M|[t,,, .t ]) are complex. As a result of «,tgy and t,,

each having a distribution, the integral representations for CDF;,, o (m|[t,,,.t,, ]) will involve

triple integrals. As indicated in Table 2, definition of LOAS involves two possible definitions of
WL system failure and two possible definitions of SL system failure, with the two possible
definitions for each type of link corresponding to (i) time of first link failure.and (ii) time of last
link failure. In the following, the two possible definitions of WL failure-are assumed to have
been appropriately incorporated into the definition of CDF;,y, (t) as indicated.in Egs. (4.1) and

(4.2). The effects of the two link failure definitions for SL§ are introduced into the
representations for CDFpy,  (m|[t,,.t,,]) through the notation

nSL

P.(r)= [] [1-CDF; ¢, ()] for LOAS associated with first SL failure (7.5)
1=1,1#k
and
nSL
B (7) = H CDF; 4 () for LOAS associated with last SL failure. (7.6)
1=1,1k

In addition, (i) possible values m <0, m = 0, and 0 < m are considered for m in the definition of
CDFet s (M | twn  tme ) » (i) the'Notation

d (7,1) = Py (7) - P (1) (7.7)

is used to simplify.some:of the following expressions, and (iii) a subdivision t;,i =0,1,---,n, of
the time interval [ty t,] with

mn,’

to) = firsttime at which SL k fails

= Irk7l (amx /ﬂmn) (78)
=T

and
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tyy = last time at which SL k fails

B te (ot | Bay) if SL Kk always fails in time interval [t ,t,, ]
t.« if SL k may not fail in time interval [t ,t.,]

=T
is under consideration.

For m <0, CDFpy, g (M] [t ]) can be approximated by

CDFPM,SL (m | [tmn ’tmx] with m < 0)
oSk o mingi-an(k)}
=lim> > > [probAk (a:aﬁk(tj)—aﬁk(ti)Sm)]
N2PYdi=n(k)+2  j=n(k)+l

X I:Pk (t;) x ACDFy g (t; ):'ACDFT,WL (t:)

nsL n mindi-L(k)}
=limY > > [probAk(a:aﬁk(tj)—aﬁk(ti)Sm)J

=% k=ti=n(k)+2 j=n(k)+l
X I:Pk (t;) x dr g i (t;)AL; ]ACDFT,WL ),
with

proby (e : Py (t;) — &P () < m) = probability of a negative SL time margin <m
conditional on (i) failure of<SL k at time t; resulting in LOAS and (ii) failure of
the WL system at time t;/>t;,

ACDF; g | (t;) = probability that SL k fails in time interval At;,

R (t;) x ACDF, s (t)= B (t;) < dr o i (t))AL;
= probability that failure of SL k in time interval At;
could result in LOAS,

ACDFpyy (t;) = probability that WL system fails in time interval At;,

(7.9)

(7.10)

(7.11)

(7.12)

(7.13)

(7.14)

and the-indicated offsets involving i and j defined to produce negative margins and also to avoid
the potential for a later division by zero. Part of the preceding approximation to

CDFpy o (M [t t, ] with m < 0) can be simplified as follows:

29



proby (0‘ rap(t)) —ap(t) < m)dT,SL,k (t;)
= proby, (@ :ady (t;,t) <m)dy g  (t;)
= proby (@ :m/d (t;,t) <a)dr g i (1))
= CCDF (M7 dy (t;,5) [ t;)dy o i () (7.15)

_ amx,k (tj)
= Im,dk(tj ) da (| tj )dT,SL,k (tj Yda

=[d[p,(x)/ T (r)]/drl:tj U“””X'k(t") 00 (@)l (a/rk (tj))da},

Ot (81
where (i) the equality
A [t))dr o)) =[A[P (2)/ QD] /7], adu(@dge(e/n(t)))  (7.16)
is derived in Sect. 9.6 of Ref. [8], (ii)
Ol (1) = MaX{ @ (1), M A (gst)} and oty (1) (7.17)
together define the intervals over which the associated integral is nonzero provided the inequality
m/ d(tuty) < ot i (t) (7.18)

is valid, and (iii) the interval [cr, i (t;), @nek (t;)] for each SL is defined in Table 5. Additional

details on the definitions of the jintervals [« (7.1), o, (7)] are given in Egs. (7.21) and
(7.22).

In turn, substitution of” the result in Eg. (7.15) into the representation for
CDFgy (M| [t t ] with m < 0) in Eq. (7.10) produces the result

mn?
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CDFpy g (M [t by ] With m < 0)
nsSL n min{i-1,n (k)}

=lim> > > RE[A[pE/GE]/dr]

=% ti=n(k)+2  j=n(k)+l

I s ], )0 e ACDF . 1)

Umn k (tj i)
J‘tmx
Ttk

y |:J‘amx,k(7) adAk (a)dBk (a/rk (T))da:DdT}dCDFT,WL (t)

nsL (7.19)
=2
k=1

I:kin{t,nk}(Pk (T) [d [ﬁk (T) / Gk (T)] / dZ'J

amn,k(Tvt)

nSL to in{t,z, Oy k (T
S e ~k“) fi (@, 7,)dadzdt
k="

K YTk Ak (7t
with
fi(er,7,t) =[ @y (@)dgy (/1 (2)) | R () [ [ P (7) 4T (@) ] /7 || dCDFy y (8) /lt | (7.20)
and the second equality resulting in the limit as n — oo.

With use of the definitions of the intervals, [e, (7), o (7)] in Table 5, it follows that the
integration limits for the inner integral over«e._in Eq. (7.19) are given by

[max{ﬂmn,k rk (T)i m / dk (T1t)}v amx’k] fOI‘ T e 731

[max{ Bl (7). M/ dy (7,)}, Boek 1k (7)] for 7 e P,

[k (7:1), i ()] = 8 M (7,03 ] for rep (7.21)

[max{amn,k ,m/ dk (T,t)}, ﬁmx,k T (T)] for 7 e ,P4
with the definitions of the sets 7, i =1,2,3,4, conditional on the relationships

amn/ﬂmn <amx/ﬁmx’ amx/ﬂmx<amn/ﬂmn and amn/ﬂmn =amx//3mx' (722)

The sets'R, 1.=1,2,3,4, and their connections to the relationships in Eq. (7.22) are defined in
Table Sx»kurther, for

U (7) <M1 d (z,1), (7.23)

the integral over « in Eq. (7.19) is equal to 0.
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Because the SL property value functions P, (z) are increasing, a SL temperature margin

m <0 can only occur if failure of the SL system occurs before or at the same time as failure of
the WL system. As a result, CDF;y, (O] [t,,,.t,, 1) is defined by

nSL n min{i-1,n (k)}

my > Y [R(t))xACDF g , (t;) JACDF y (1))

CDFPM,SL (0 | [tmn’tmx]) =i
=% ti=n(k)+2  j=n(k)+l

nSL

> [
k=1 Ttk

nSL

=3[ M g, (et et

T T
o Tk C Tk

J‘min{t,ﬁk}

Ttk

B (r)dCDF; g (r)}dCDFTVW,_ (t) (7.24)

with (i) the second equality resulting in the limit as n — oo and (ii)
9y (r.t) = R (r)[ dCDF; g | (z) / d || dCDRy, (1) / dt | (7.25)

in the third equality. The preceding representation for CDFpy (0] [t .t ]) IS the same as the

representation for CDFpy o (M| [ty tne] With m <0)in Eq. (7.10) with proby (---) replaced
by 1.0.

Form >0, CDFyy, g (M[t,,,.t,]) can be approximated by

CDFpy s (M [t t ] With 0 <m)
nSL A(k)-1 n(k)

im> > > [probAk (a:aﬁk(tj)—aﬁk(ti)gm)}
TRk=1 4=l j=max{i+Ln(k)}

x| P (t;) x ACDF; iy (t;) | ACDF . (8) (7.26)
nsL(k)-1 (k)

m> > > [prObAk(a:aﬁk(tj)—aﬁk(ti)gm)]

i
PPk=1 i=l  j=max{i+1,n(k)}

= CDFPM (0 | [tmn ’tmx]) + r!

= CDI:PM (0 | [tmn ’tmx]) 5 r!
X [Pk (tj ) x5k (tj )Atj ]ACDFT,WL )
with (i)

prob (e : e Py (t;) — Py () < m) = probability of a positive SL time margin
< m conditional on (a) failure of SL k at time t; corresponding to LOAS and

(7.27)
(b) failure of the WL system at time t; <t;,

32



(i) ACDF; g4 (t;), Re(t;)x ACDFy g ((t;), Ri(t;)x 0y (t;)At; and ACDFyy, (t) defined

in Egs. (7.12)-(7.14), and (iii) the indicated offsets involving i and j defined to produce positive
margins and also to avoid the potential for a later division by zero. Similarly to the development
in Eq.(7.15), part of the preceding approximation to CDF,, (m|0<m) can be simplified as

follows:

proby (& : e By (t;) —a Py (&) < m)dp (t;)
= proby, (@ :ady (t;,t) < m)dy (t;)
= proby (@ 1a <m/dy (t;.t))dr (t;)
= CDFy (M/ dy (t;. 1) [t;)dp (t;) (7.28)
o M/d ()

= dAk(altj)di(tj)da

amn,k(tj)

—[d[p @ /G, @)de]_ | [ ad,y @), (4/7 ) Ha |
T tJ

amn,k(tj)
where (i) the substitution for d . (& [t;)dy (t;) is defined.in Eqg. (7.16), (ii)
amn,k (tj) and amx,k (tj vti) = min {amx,k (tj )’ m/ dk (tj ’ti )} (729)

together define the intervals over which the'associated integral is nonzero provided the inequality

A (tj) <m/d (t;.8) (7.30)
is valid, and (iii) the interval [af,,, (t),&n« (t;)] for each SL is defined in Table 5. Additional
details on the definitions of the intervals [c,,  (z,1), o  (7)]are given in Egs. (7.32) and (7.22).

In turn, substitution of the result in Eg. (7.28) into the representation for
CDFpy o (M [t A I With m < 0) in Eq. (7.26) produces the result
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CDFPM ,SL (m | [tmn 'tmx] with 0 < m)

nSL (k) (k)
= CDFpy s (0] [tmn e ) + 1iM Z Z >, R)d[p@ /G @]/ d7]
“k=1 i=l  j=max{i+1,n(k)} )

Ok (t8)
XU K adAk(a)dBk(a/rk(tj))da}AtjACDFTYWL(ti)

Qmn k (tj)

k| [ 7K _ _ 7.31
=CDFpy o (O [t mx])+z_[ {I (Pk (T)[d[pk (z) 1y (T)]/dTJ (731

maxt, g }

Amn k (z

% Uamx'k (T)'t) ad  (a)dg, (a/r, (T))daDd T}dCDFT*WL ®

st Tk [ %Ik Oy k AT
= CDFoy 51 Ol tm D+ 2 [ | [t (@7 )dadedt
k=1 ™

tyn I max{t, 7 g} o k (7)

with the second equality resulting in the limit as n — oo and: fi(e, 7,t) defined the same as in
Eq. (7.20).

With use of the definitions of the intervals [¢,,«(@)sam (7)] in Table 5, it follows that the
integration limits for the inner integral over « in Eq. (7.31) are given by

[ﬂmn,k rk (T)’ min{Olmx,k ;M / dk (Tvt)}] for 7 e Pl

[Bon il @min{ B, T (7, m 1 dy (7, 0)})] for 7€
Lt (7). e (7, 1)] = [eirien M@y M/ dy (7,0)}] for reR (732)

[amn,k , min{ﬂmx,k I (z),m/ dk (z,t)}] for 7 e A

with the definitions of the\sets B;i =1,2,3,4, conditional on the relationships in Eq. (7.22).
Further, for

m/d, (z,t) < oy (7), (7.33)
the integral over « jin Eq. (7.31) is equal to 0.

As a reminder, the preceding derivations for

CDFPM ,SL (m | [tmn ’tmx] with m < 0)

CDFPM ,SL (m | [tmn ’tmx]) = CDFPM ,SL (0 | [tmn ’tmx] ) (734)
CDFPM ,SL (m | [tmn ’tmx] with 0 < m)
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define CDFpy, g (M|[t,,,.t]) for the four failure patterns corresponding to the definition of
pF (1),i=12,3,4, in Table 2. The four definitions for CDFy, g (m][t,,.t,,]) denoted by
CDFoy i (M [t t D), 1 =1,2,3,4, are determined by the definitions used in Egs. (7.19) and
(7.31) for CDF; (1) (see Eq. (7.2)) and R, (t) (see Egs. (7.5) and (7.6)). Specifically,

CDFpy s g (M [t tyy 1) ~ Failure Pattern 1 in Table 2 with CDF;, (t) and B, (k)

o (7.35)
defined in Egs. (4.2) and (7.6),
CDFoy s (M| [ty 1) ~ Failure Pattern 2 in Table 2 with CDF; ,, (t) and B(k) (7.36)
defined in Egs. (4.2) and (7.5), '
CDFpy g3 (M| [ty t 1) ~ Failure Pattern 3 in Table 2 with CDF; , (t) and B, (k) (7.37)
defined in Egs. (4.1) and (7.6), '
and
CDFpy g4 (M [, t, 1) ~ Failure Pattern 4 in Table'2 with.CDF; ,, (t) and B, (k) (7.38)

defined in Egs. (4.1) and (7.5).

As an example, SL property margin CDFs CDFyy, o i (M|[t,..t D, 1 =1, 2, 3, 4, for
systems with two WLs and two SLs links \defined with the WLs and SLs described and
illustrated in Table 1 and Fig. 1 are presented in Fig. 12. Quadrature-based evaluations of the
defining triple integrals for CDFyy, gesm [ [ty t D) in Egs. (7.19) and (7.31) were performed
with procedures contained in the MATLAB numerical analysis package [66]. Both integrals have
the function f, (e, 7,t) defined in,Eq.(7.20) as an integrand, the components of which were
evaluated as follows: (i) the density functions d, () and dg,(S) were defined with the

makedist, fitdist and pdf functions, (ii) the failure time CDFs associated with the products in
P.(r) were defined /with” the spline and ppval functions, (iii) the derivative

d[ by (z)/ 0 ()] kd 7 )was/defined with use of the diff and matlabFunction functions, and (iv)
the derivative” dCDR, (t)/dt was obtained by first constructing a spline representation for

CDF,,, (t)*with the spline function and then differentiating this representation with the fnder

function. The limits of integration were defined with the min and max functions. The overall
calculationswas performed for each margin value m by (i) discretizing the time domain into 150
evenly spaced times and (ii) calculating the inner two integrals at each time with the TwoD
program [68]. This defined a function over time that was approximated with the spline function
and then integrated with the integral function to obtain the value for the triple integral. The
process was repeated for multiple values of m to obtain the SL property margin CDFs
CDFpp i (M [ty t Dy 1= 1, 2, 3, 4, in Fig. 12. The approximation of the double integral in

Eq. (7.24) defining CDF,y, o (O] [t .t D), 1 = 1,2, 3, 4, for the four failure patterns can be
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performed with the TwoD program and appropriate representations for the three functions whose
product defines the associated integrand g, (z,t) defined in Eq. (7.25).

Fig. 12 Strong link (SL) property margin CDFs CDFy, o ; (M|t .t ]) for (i) failure pattern i,

i=1,2,3,4,resulting in LOAS as indicated in Table 2, (ii) the system of four links defined and
illustrated in Table 1 and Fig. 1 with [t.,,,t.. 1=[0,200], and (iii) quadrature-based evaluation of
the integrals in Egs. (7.19), (7.24) and (7.31).

7.3 Sampling-based Estimation of CDFs CDFy, g i (m][t,,.t.]) for Margins Involving

Only SL Property Values. Given the complexity of the integrals in Egs. (7-19) and (7.31), it is
likely to be more practicable to estimate CDFgy, g ;(M|[t,,.t,]) By, a sampling-based

procedure than by numerical evaluation of these integrals. Specifically; the“same procedure
described in conjunction with Egs. (6.4)-(6.6) can be used to estimate CDFpy,; o ; (M| [ty,t])

with the only difference being a change in the definition of m,(s¢) in Eq«(6.6) to

(7.39)

with the subscripts k(r) and I(r) defined:the same as in Eq. (4.19). Specifically, k(r) identifies the
SL whose failure potentially results in LOAS, and I(r) identifies the WL whose failure
potentially prevents LOAS. The resultant approximations to CDFy, o ; (M|[t,,.t,]) for the

four indicated cases are then obtained as in Eq. (4.20).

mn?’

7.4 Verification (Results ‘for CDFpy, g ;(M|[t,, .t ). As a verification test, Fig. 13
presents a comparison 0fiCDFs CDFpy g ; (M| [t,,. t,, D), 1 =1, 2, 3, 4, for SL property value

margins for a system with two WLs and two SLs obtained by (i) quadrature-based evaluation of
the integrals in Egs, (7.19), (7.24) and (7.31) as described in Sect. 7.2 and (ii) a sampling-based
calculation as deseribed in Sect. 7.3 and performed with the CPLOAS program [64; 65] and a
sample of sizejn = 10°. The results obtained with the two evaluation procedures are essentially
identical. “This level of agreement provides a strong verification that the two procedures for
obtaining»CDFpy o ; (M| [t t,,]) are correct in both (i) mathematical development and (ii)

computational implementation.

Fig. 13 Verification results for SL property value margin CDFs CDFpy, o ; (M| [ty ty D) 1= 1,

2, 3, 4, obtained with quadrature-based procedures (see Sect. 7.2) and sampling-based
procedures (see Sect. 7.3) for (i) the four failure patterns resulting in LOAS indicated in Table 2
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and (ii) the system of four links defined and illustrated in Table 1 and Fig. 1 with
[tmn1tmx]:[0’ 200]

7.5 Connection Between Failure Property Margins CDFpy, ¢ (0| [t,,.t D, 1=1,2, 3, 4,
and PLOAS. The probabilities CDFpy, o i (0| [ty,.tw 1), 1 =1, 2, 3, 4, associated with the failure

property margin m=0 defined in conjunction with Eqg. (7.24) are equal to the probabilities
pF (t.), 1 =1, 2, 3, 4, for LOAS defined in Table 2. Establishing the indicated equalities is

based on the following change in order of integration for a function f and CDFs CDF i = 1, 2,
defined on [t

mn’tmx]:

Ji LI 1 (e2)ICDR (22 [4CDF, () = 1| [ 4CDF. ) | ) CRR

tmn

) (7.40)
- Jt ™[1- CDF,(z)] f (z)dCDF,(#).
With use of the preceding relationships, the representation for\CDF, g (O[[t,, t,]) in EQ.
(7.24) becomes
nSL to [ ol
CDF 5.1 01 s ) = 3. | | BAE)ACD (7,) [dCDF ()
k:]. mn mn
L (7.41)
= > [~ CDRy ()] R (r)dCDFy (7)
k=1 " mn
and thus corresponds to failure patterns i,/=1,2,3,4 in Table 2 with
el 1)-11r ]
1-{1=} || 1-CDF ., (7) J: 1-CDFpy, (7) | fori=12
1-CDF; y (7) = I=1 I=1 (7.42)
WL .
1], CDFry, (7) fori=34
and
nSL
[1 CDFR g, fori=13
R()=1 =" (7.43)
[T [1-CDF g ,(z)] fori=2,4.
1=1,1=k
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This correspondence (i) is illustrated by the equality of pF; (200) and CDFy, ¢ ;(0[[0,200]) in

Fig. 3 and Figs. 12 and 13 and (ii) provides an additional verification result that the SL property
value margins in Figs. 12 and 13 have been calculated correctly.

8. Summary Discussion

The results of many complex analyses can be reduced to a single number (e.g., probability of
loss of assured safety (PLOAS) in analyses of LOAS for WL/SL systems). Howevet, it is very
unwise to rely on a single number as the sole summary result of a complex analysis. Speeifically,
unless this number is egregiously wrong (e.g., a probability that is > 1.0 or <.0), it is often not
possible to tell if this single number is a reasonable analysis result. Therefore, ituis prudent to
employ procedures that provide perspective on the reasonableness of~summary results for
complex analyses. Such procedures include (i) examination of intermediate, results that underlie a
final summary result, (ii) performance of verification analyses to establish that results are being
calculated correctly, and (iii) performance of uncertainty and sensitivity analyses to determine
both the uncertainty in analysis results and the sources of {this.uncertainty. The indicated
procedures are discussed below in the context of the present analysis.

Examination of intermediate results. The primary motivation for the present study was to
define and illustrate intermediate and summary results-'that can be examined to provide
perspective on PLOAS results in analyses of LOAS“for WL/SL systems. To this end, the
following results associated with the analysis of LOAS,are defined and illustrated: (i) CDFs for
link failure time, link property value at link failure, link system failure time, property value at
which a link system fails, and time at which LOAS occurs, (ii) CDFs for failure time margins
defined by (time at which SL system fails) < (time at which WL system fails), (iii) CDFs for SL
system property values at LOAS, (iv),CDFs for WL/SL property value margins defined by
(property value at which SL system, fails) — (property value at which WL system fails), and (v)
CDFs for SL property value marginsydefined by (property value of failing SL at time of SL
system failure) — (property value/of this SL at time of WL system failure). Examination of these
results can help provide perspectives on the nature and reasonableness of the final outcomes of
an analysis of LOAS fora WL/SL system.

Performance.of verification analyses. An additional motivation for the present study was to
obtain verification results for the margins associated with LOAS for WL/SL systems calculated
with sampling-based procedures implemented as part the CPLOAS program [64; 65]. As is the
case with-most,sampling-based analyses, verification is difficult because the correct result is not
known. Specifically, if a closed form solution was known, then there would be little reason to
perform a'sampling-based analysis.

Tedious checking of coding line by line and examination of intermediate results that are
combined in various ways to produce the final result of interest is one way to provide
“verification” for a sampling-based analysis. However, with this approach, it is not possible to be
completely confident that an error in model structure or implementation has not been overlooked.

For the preceding reasons, it was decided to try to derive closed-form integral representations
for the probabilities defining the CDFs for the three margin results calculated in CPLOAS: (i)
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failure time margin defined by (time SL system fails) — (time WL system fails), (ii) property
value margin defined by (property value at which SL system fails) — (property value at which
WL system fails), and (iii) SL property value margin defined by (property value of failing SL at
time of SL system failure) — (property value of this SL at time of WL system failure). In
addition, integral representations were also sought for the probabilities defining the CDFs for
two additional results related to margins associated with LOAS: (iv) property value at which a
system of WLs or SLs fails and (v) SL property value at which LOAS occurs. After significant
effort, the desired integral representations were obtained.

However, the closed-form integral representations required numerical (i.e., quadrature-based)
evaluation to obtain values that could be compared with the sampling-based results produced by
CPLOAS. These evaluations were obtained with use of the MATLAB numerical package [66].
In some cases, implementation of the desired integral evaluations with MATLAB turned out to
be quite complex and computationally inefficient compared to sampling-based evaluations.

Fortunately, the quadrature-based calculations using MATLAB“and the sampling-based
calculations using CPLOAS produced CDFs for the 5 cases‘under consideration that matched
with high precision for a test problem with 2 SLs and 2 WLs (see\Figs. 5, 7, 9, 11, 13). This level
of agreement provides a strong verification that the twe'procedures for obtaining CDFs for the
five indicated results are correct in both (i) mathematical development and (ii) computational
implementation.

With respect to ease of implementation, he sampling-based implementations in CPLOAS
were easier to derive and implement than ‘was the case for deriving and numerically
implementing the integral-based representations.” Specifically, the sampling-based procedures
were developed and implemented before the possibility of developing integral-based procedures
was even considered.

Another positive aspect ofithe verification results in this study is the independence of the
development of the three gomponents of the verification results by the three study authors: (i)
Development of integral representations for margin results (performed by Jon Helton), (ii)
Development and implementation of quadrature-based procedures for the evaluation of integral
representations for” margin. results (performed by Dusty Brooks), and (iii) Development and
implementation, 0f,sampling-based procedures for the calculation of margin results (performed
by Cédric Sallaberry)< Such independence is always desirable, but not always possible, in a
verification, study.

Performance of uncertainty and sensitivity analyses. Although not performed as part of
the present study, uncertainty analysis and sensitivity analysis are important components of
analyses for complex systems [69-76]. Uncertainty analysis provides an assessment of the
uncertainty in analysis results, which is an essential part of an appropriately supported decision.
Sensitivity analysis provides an assessment of the contribution of the uncertainty associated with
individual analysis inputs to the uncertainty in analysis results. Specifically, sensitivity analysis
provides information that supports (i) decisions on where to invest resources to reduce the
uncertainty in the analysis outcomes of greatest interest (e.g., PLOAS) and (ii) verification of
analysis results. Sensitivity analysis can be used as an important part of analysis verification
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because an analysis error is revealed when an individual analysis input is shown to have an effect
that it should not have.

The uncertainty associated with the analysis of complex systems is usually divided into
aleatory uncertainty and epistemic uncertainty, with (i) aleatory uncertainty corresponding to an
inherent variability in the behavior of the system under study and (ii) epistemic uncertainty
corresponding to a lack of knowledge with respect to the actual value of a quantity that has a
fixed value rather than a randomly varying value [16; 31; 42-45; 47-52]. Uncertainty analysis
and sensitivity analysis are typically used in the investigation of the effects ©f ‘epistemic
uncertainty; in addition, uncertainty analysis and sensitivity analysis are also used to investigate
the combined effects of aleatory uncertainty and epistemic uncertainty when bothare included in
an analysis (e.g., Refs. [42; 77-80]).

With respect to terminology, the descriptors aleatory uncertainty-and epistemic uncertainty
came into wide use in the mid 1990’s. The alternative descriptors stochastic uncertainty and
subjective uncertainty (e.g., as used in Refs. [43; 45; 79; 81; 82]) for.aleatory uncertainty and
epistemic uncertainty are no longer widely used.

The distributions for the variables « and g defined in"Egs./(2.3) and (2.4) were originally

introduced into the representation of WLs and SLs.to.characterize random variability (i.e.,
aleatory uncertainty) that arises from random variability~in manufactured components or possibly
in environmental conditions. In an analysis in which.the «'s and f's characterize aleatory

uncertainty, their distributions must be defined and most likely there will be epistemic
uncertainty with respect to how these distributions,should be defined (e.g., epistemic uncertainty
in the definition of the three parameters in“a triangular distribution used to characterize aleatory
uncertainty; see Sects. 8-11 of Ref. [7].for notional examples of analyses of the type indicated in
this paragraph). In a real analysis for 'a WL/SL system with the structure defined in this
presentation, it is also likely that there will be multiple epistemically uncertainty quantities
involved in the determination ofthe jproperty value and failure value functions defined in Eqgs.
(2.1) and (2.2). Thus, an uncertainty/sensitivity analysis would be appropriate to determine the
effects of the indicated. epistemically uncertain quantities. In turn, an assessment of the extent to
which the sensitivity“analysis ‘results are consistent with the known effects of the individual
variables would constitute part of a verification analysis.

If desired; the « 's"and S's together with their associated distributions could also be used to

represent epistemic/uncertainty in the functions defined in Egs. (2.1) and (2.2). However, when a
probability distribution is used to represent uncertainty in an input to an analysis, it is very
importantito.be clear on whether the distribution is intended to represent aleatory uncertainty or
epistemie, uncertainty. Further, when an analysis involves both aleatory uncertainty and
epistemic uncertainty, it is important that the analysis be designed in a way that maintains a clear
distinction between the effects of aleatory uncertainty and the effects of epistemic uncertainty
(e.g., Refs. [42; 79; 80; 82-84]).

Acknowledgments

40



Work performed at Sandia National Laboratories (SNL), which is a multi-mission laboratory
managed and operated by National Technology and Engineering Solutions of Sandia, LLC., a
wholly owned subsidiary of Honeywell International, Inc., for the U.S. Department of Energy’s
(DOE’s) National Nuclear Security Administration under Contract No. DE-NA0003525. Support
and encouragement for this work was provided by Martin Pilch, Roy Hogan and Kevin
Dowding. The views expressed in this article are those of the authors and do not necessarily
reflect the views or policies of the DOE or SNL. The United States Government retains and the
publisher, by accepting this article for publication, acknowledges that the United States
Government retains a non-exclusive, paid-up, irrevocable, world-wide license t0 publish or
reproduce the published form of this article, or allow others to do so, for” United States
Government purposes.

References:

1. Plummer D.W. and W.H. Greenwood. 1998. The History of Nuclear Weapon Safety
Devices. In AIAA/ASME/SAE/ASEE 34th Joint Propulsion“Conference and Exhibit,
Cleveland, OH, July 13-15, 1998. Reston, VA: American Institute of Aeronautics and
Astronautics.

2. Caldwell M. and P.E. D'Antonio. 1998. A Study of«Using Electronics for Nuclear Weapon
Detonation Safety. In AIAA/ASME/SAE/ASEE_34th Joint Propulsion Conference and
Exhibit, Cleveland, OH, July 13-15, 1998:. Reston, VA: American Institute of
Aeronautics and Astronautics.

3. Winter W.L., J.M. Covan and L.J. Dalton. 1998. Passive Safety in High-Consequence
Systems. Computer 31:35-37.

4. D'Antonio P.E. 1998. Surety Principles Development and Integration for Nuclear Weapons.
In High Consequence Operations Safety Symposium 11, SAND98-1557, ed. D Isbell, pp.
141-149. Albuguerque, NM:"Sandia National Laboratories.

5. Demmie P.N. 1998. A First-Principle Based Approach to Quantitative Assessment of
Nuclear-Detonation Safety: In"High Consequence Operations Safety Symposium I,
SAND98-1557, eds D “lsbell, pp. 325-341. Albuquerque, NM: Sandia National
Laboratories.

6. Jones M. 1998. The Role of Microelectronics and Software in a Very High Consequence
System. In_High:Consequence Operations Safety Symposium Il, SAND98-1557, ed. D
Isbell, pp411-429. Albuquerque, NM: Sandia National Laboratories.

7. Helton J.C., M. Rilch and C.J. Sallaberry. 2014. Probability of Loss of Assured Safety in
Systems with” Multiple Time-Dependent Failure Modes: Representations with Aleatory
and Epistemic Uncertainty. Reliability Engineering and System Safety 124:171-200.

8. Helton J.C/, D.M. Brooks and C.J. Sallaberry. In preparation. Property Values Associated
with'the Failure of Individual Links in a System with Multiple Weak and Strong Links.

9. American Institute of Aeronautics and Astronautics. 1998. Guide for the Verification and
Validation of Computational Fluid Dynamics Simulations. Rpt. AIAA G-077-1998,
American Institute of Aeronautics and Astronautics, Reston, VA.

10. American Society of Mechanical Engineers. 2006. Guide for Verification and Validation in
Computational Solid Mechanics. Rpt. ASME Standard V&V 10-2006, American Society
of Mechanical Engineers, New York, NY.

41



11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

Oberkampf W.L. and C.J. Roy. 2010. Verification and Validation in Scientific Computing
New York, NY: Cambridge University Press.

Roache P.J. 2009. Fundamentals of Verification and Validation. Socorro, NM: Hermosa
Publishers.

Babuska I. and J.T. Oden. 2004. Verification and Validation in Computational Engineering
and Science: Basic Concepts. Computer Methods in Applied Mechanics and Engineering
193:4057-4066.

Helton J.C. and M. Pilch. 2011. Guest Editorial: Quantification of Margins and Uncertainties.
Reliability Engineering and System Safety 96:959-964.

Pilch M., T.G. Trucano and J.C. Helton. 2011. Ideas Underlying the Quantification of
Margins and Uncertainties. Reliability Engineering and System Safety 96:965-975.

Helton J.C. 2011. Quantification of Margins and Uncertainties: Conceptual and
Computational Basis. Reliability Engineering and System Safety 96:976-1013.

NAS/NRC (National Academy of Science/National Research Council).,2008. Evaluation of
Quantification of Margins and Uncertainties for Assessing and Certifying the Reliability
of the Nuclear Stockpile. Washington, DC: National Academy Press.

Goodwin B.T. and R.J. Juzaitis. 2006. National Certification"Methodology for the Nuclear
Weapons Stockpile. Rpt. UCRL-TR-223486, Lawrence Livermore National Laboratory,
Livermore, CA.

Sharp D.H. and M.M. Wood-Schultz. 2003. QMU ‘and Nuclear Weapons Certification:
What's Under the Hood? Los Alamos Science 28:47-53.

Sharp D.H., T.C. Wallstrom and M.M. Wood=Schultz. 2004. Physics Package Confidence:
"One" vs. "1.0". Rpt. LA-UR-04-0496, Los Alamos National Laboratory, Los Alamos,
NM.

Booker J.N., T. Ross, M. Hamada, R.-Reardon, R. Dolin, C.L. Faust and L. Najera. 2006.
Engineering Index: An Enginerring/Certification Metric. Military Operations Research
11:27-44.

Diegert K., S. Klenke, G. Nevotny, R. Paulsen, M. Pilch and T. Trucano. 2007. Toward a
More Rigorous Applieation af ‘Margins and Uncertainties within the Nuclear Weapons
Life Cycle - A Sandia Perspective. Rpt. SAND2007-6219, Sandia National Laboratories,
Albuquerque, NM.

Higdon D.M., C.M. Anderson-Cook, J.R. Gattiker, A.P. Huzurbazar, L.M. Moore, R.R.
Picard, W.H>Press, B.J. Williams, T.C. Wallstrom, L.C. Bornn and R.A. Nelson. 2008.
QMU fortAdvanced Certification: ldentifying Existing Limitations with Discussion of
Solution Strategies Rpt. LA-UR-08-06887, Los Alamos National Laboratory, Los
Alamos, NM.

Wallstrom T=C. 2008. Quantification of Margins and Uncertainty: A Bayesian Approach.
Rpt. LA-UR-08-4800, Los Alamos National Laboratory, Los Alamos, NM.

kerio JF., M.A. Dvorack, M.J. Mundt, K.V. Diegert, J.T. Ringland, R. Zurn, C.M.
Anderson-Cook, A. Huzurbazar, A. Wilson and Q. Fatherley. 2009. Quantifying
Reliability Uncertainty: A Proof of Concept. Rpt. SAND2009-2173, Sandia National
Laboratories, Albuquerque, NM.

Abeyta H. and et-al. 2004. Report on the Friendly Reviews of QMU at the NNSA
Laboratories, Defense Programs Science Council

JASON. 2005. Quantifications of Margins and Uncertainties (QMU). Rpt. JSR-04-3330, The
Mitre Corporation, McLean, VA.

42



28

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

. U.S. GAO (U.S. Government Accountability Office). 2006. Nuclear Weapons: NNSA Needs
to Refine and More Effectively Manage Its New Approach for Assessing and Certifying
Nuclear Weapons. Rpt. GAO-06-261, U.S. Government Accountability Office,
Washington, DC.

laccarino G., D. Sharp and J. Glimm. 2013. Quantification of Margins and Uncertainties
Using Multiple Gates and Conditional Probabilities. Reliability Engineering and System
Safety 114:99-113.

Ross T.J.,, J.M. Booker and A.C. Montoya. 2013. New Developments in Wncertainty
Assessment and Uncertainty Management. Expert Systems with Applications(40:964-974.

Helton J.C., J.D. Johnson and C.J. Sallaberry. 2011. Quantification of Margins and
Uncertainties: Example Analyses from Reactor Safety and Radioactive Waste Disposal
Involving the Separation of Aleatory and Epistemic Uncertainty. Reliability Engineering
and System Safety 96:1014-1033.

Helton J.C. and J.D. Johnson. 2011. Quantification of Margins and“Uncertainties: Alternative
Representations of Epistemic Uncertainty. Reliability Engineering”and System Safety
96:1034-1052.

Wallstrom T.C. 2011. Quantification of Margins and Uncertainties: A Probabilistic
Framework. Reliability Engineering and System Safety 96.1053-1062.

Anderson-Cook C.M., S. Crowder, A.V. Huzurbazar4 J. orio, J. Ringland and A.G. Wilson.
2011. Quantifying Reliability Uncertainty from Catastrophic and Margin Defects: A
Proof of Concept. Reliability Engineering and System Safety 96:1063-1075.

Wilson A.G., C.M. Anderson-Cook and Aw._ Huzurbazar. 2011. A Case Study for
Quantifying System Reliability and Uncertainty. Reliability Engineering and System
Safety 96:1076-1084.

Eldred M.S., L.P. Swiler and G.Tang.. 2011. Mixed Aleatory-Epistemic Uncertainty
Quantification with Stochastic Expansions and Optimization-Based Interval Estimation.
Reliability Engineering and-System Safety 96:1092-1113.

Urbina A., S. Mahadevan and T.L. Paez. 2011. Quantification of Margins and Uncertainties
of Complex Systems in.the-Presence of Aleatoric and Epistemic Uncertainty. Reliability
Engineering and System Safety 96:1114-1125.

Sentz K. and S. Ferson.,2011. Probabilistic Bounding Analysis in the Quantification of
Margins and Uncertainties. Reliability Engineering and System Safety 96:1126-1136.
laccarino G., R#Pecnik, J. Glimm and D. Sharp. 2011. A QMU Approach for Characterizing
the Operability Limits of Air-Breathing Hypersonic Vehicles. Reliability Engineering

and System Safety 96:1150-1160.

Hemez F.M. and S. Atamturktur. 2011. The Dangers of Sparse Sampling for the
Quantification of Margin and Uncertainty. Reliability Engineering and System Safety
96:1220-1231.

Helton J.C., D.M. Brooks and C.J. Sallaberry. 2018. Margins Associated with Loss of
Assured Safety for Systems with Multiple Time-Dependent Failure Modes. Rpt.
SAND2018-1847, Sandia National Laboratories, Albuquerque, NM.

Helton J.C. and C.J. Sallaberry. 2012. Uncertainty and Sensitivity Analysis: From Regulatory
Requirements to Conceptual Structure and Computational Implementation. IFIP
Advances in Information and Communication Technology 377 AICT:60-76.

Helton J.C. 1997. Uncertainty and Sensitivity Analysis in the Presence of Stochastic and
Subjective Uncertainty. Journal of Statistical Computation and Simulation 57:3-76.

43



44,

45.

46.

47.

48.

49.

50.

ol.

52.

53.

o4,

95.

56.

57.

58.

59.

60.

61.

Helton J.C. and D.E. Burmaster. 1996. Guest Editorial: Treatment of Aleatory and Epistemic
Uncertainty in Performance Assessments for Complex Systems. Reliability Engineering
and System Safety 54:91-94.

Helton J.C. 1994. Treatment of Uncertainty in Performance Assessments for Complex
Systems. Risk Analysis 14:483-511.

Der Kiureghian A. and O. Ditlevsen. 2009. Aleatory or Epistemic? Does It Matter? .
Structural Safety 31:105-112.

Apostolakis G. 1999. The Distinction between Aleatory and Epistemic Uncertainties is
Important: An Example from the Inclusion of Aging Effects into PSA In Proceedings of
the International Topical Meeting on Probabilistic Safety Assessment/"PSA '99: Risk
Informed and Performance-Based Regulation in the New Millennium 1:135-142. La
Grange Park, IL: American Nuclear Society. Number of 135-142 pp.

Apostolakis G. 1990. The Concept of Probability in Safety Assessments of Technological
Systems. Science 250:1359-1364.

Paté-Cornell M.E. 1996. Uncertainties in Risk Analysis: Six Levels of Treatment. Reliability
Engineering and System Safety 54:95-111.

Parry G.W. 1996. The Characterization of Uncertainty in{Probabilistic Risk Assessments of
Complex Systems. Reliability Engineering and System Safety’54:119-126.

Parry G.W. and P.W. Winter. 1981. Characterizationsand,/Evaluation of Uncertainty in
Probabilistic Risk Analysis. Nuclear Safety 22:28-42.

Hoffman F.O. and J.S. Hammonds. 1994. Propagation of Uncertainty in Risk Assessments:
The Need to Distinguish Between Uncertainty Due to Lack of Knowledge and
Uncertainty Due to Variability. Risk Analysis'14:707-712.

Hora S.C. and R.L. Iman. 1989. Expert Qpinion in Risk Analysis: The NUREG-1150
Methodology. Nuclear Science and Engineering 102:323-331.

Thorne M.C. and M.M.R. Williams. 1992, A Review of Expert Judgement Techniques with
Reference to Nuclear Safety. Progress in Nuclear Safety 27:83-254.

Budnitz R.J., G. Apostolakis;. D:M. Boore, L.S. Cluff, K.J. Coppersmith, C.A. Cornell and
P.A. Morris. 1998. Use of Technical Expert Panels: Applications to Probabilistic Seismic
Hazard Analysis. Risk Analysis 18:463-469.

McKay M. and M.<Meyer. 2000. Critique of and Limitations on the Use of Expert
Judgements in Accident Consequence Uncertainty Analysis. Radiation Protection
Dosimetry 90:325-330.

Meyer M.A.-and-J.M. Booker. 2001. Eliciting and Analyzing Expert Judgment: A Practical
GuidesPhiladelphia, PA: SIAM.

Ayyub B.M. 2001. Elicitation of Expert Opinions for Uncertainty and Risks, CRC Press,
Boca Raton, FL.

Cooke R.M. and L.H.J. Goossens. 2004. Expert Judgement Elicitation for Risk Assessment
of Critical Infrastructures. Journal of Risk Research 7:643-656.

Garthwaite P.H., J.B. Kadane and A. O'Hagan. 2005. Statistical Methods for Eliciting
Probability Distributions. Journal of the American Statistical Association 100:680-700.
Helton J.C., J.D. Johnson and W.L. Oberkampf. 2007. Verification Test Problems for the
Calculation of Probability of Loss of Assured Safety in Temperature Dependent Systems
with Multiple Weak and Strong Links. Reliability Engineering and System Safety

92:1374-1387.

44



62.

63.

64.

65.

66.
67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

77.

78.

79.

80.

81.

Helton J.C., J.D. Johnson and W.L. Oberkampf. 2009. Effect of Delayed Link Failure on
Probability of Loss of Assured Safety in Temperature-Dependent Systems with Multiple
Weak and Strong Links. Reliability Engineering and System Safety 94:294-310.

Ross S.M. 1993. Introduction to Probability Models. New York, NY: Academic Press.

Sallaberry C.J. and J.C. Helton. 2015. CPLOAS 2 User Manual. Rpt. SAND2015-4179,
Sandia National Laboratories, Albuquerque, NM.

Groth K.M. 2014. CPLOAS_2 V2.10 Verification Report. Rpt. SAND2014-16321, Sandia
National Laboratories, Albuquerque, NM.

MATLAB and Statistics Toolbox Release 2015b, The MathWorks, Inc, Natick, MA:

Helton J.C., W.L. Oberkampf and J.D. Johnson. 2005. Competing Failure” Risk Analysis
Using Evidence Theory. Risk Analysis 25:973-995.

Shampine L.F. 2008. MATLAB Program for Quadrature in 2D. Applied Mathematics and
Computation 202:266-274.

Saltelli A., K. Chan and E.M. Scott (eds). 2000. Sensitivity Analysis."New York, NY: Wiley.

Saltelli A., M. Ratto, S. Tarantola and F. Campolongo. 2005. Sensitivity Analysis for
Chemical Models. Chemical Reviews 105:2811-2828.

Helton J.C. and F.J. Davis. 2003. Latin Hypercube Sampling and the Propagation of
Uncertainty in Analyses of Complex Systems. Reliability. Engineering and System Safety
81:23-69.

Helton J.C., J.D. Johnson, C.J. Sallaberry and C.B. Storlie. 2006. Survey of Sampling-Based
Methods for Uncertainty and Sensitivity Analysis. Reliability Engineering and System
Safety 91:1175-1209.

Storlie C.B. and J.C. Helton. 2008. Multiple Rredictor Smoothing Methods for Sensitivity
Analysis: Description of Techniques. Reliability Engineering and System Safety 93:28-
54,

Storlie C.B., L.P. Swiler, J.C. Heltonsand C.J. Sallaberry. 2009. Implementation and
Evaluation of Nonparametric ‘Regression Procedures for Sensitivity Analysis of
Computationally Demanding, Models. Reliability Engineering and System Safety
94:1735-1763.

Wei P., Z. Lu and S. Song. 2015. Variable Inportance Analysis: A Conprehensive Review.
Reliability Engineering and System Safety 142:399-432.

Borgonovo E. and’E. Plischke. 2016. Sensitivity Analysis: A Review of Recent Advances.
European Journal of Operational Research 248:869-887.

Helton J.C., €:\W: Hansen and C.J. Sallaberry. 2012. Uncertainty and Sensitivity Analysis in
Performance ‘Assessment for the Proposed Repository for High-Level Radioactive Waste
at Yueca Mauntain, Nevada. Reliability Engineering and System Safety 107:44-63.

Heltoh J.C."2999. Uncertainty and Sensitivity Analysis in Performance Assessment for the
Waste Isolation Pilot Plant. Computer Physics Communications 117:156-180.

Helton J.C., J.D. Johnson, A.W. Shiver and J.L. Sprung. 1995. Uncertainty and Sensitivity
Analysis of Early Exposure Results with the MACCS Reactor Accident Consequence
Model. Reliability Engineering and System Safety 48:91-127.

Helton J.C. and R.J. Breeding. 1993. Calculation of Reactor Accident Safety Goals.
Reliability Engineering and System Safety 39:129-158.

Helton J.C., J.D. Johnson, H.-N. Jow, R.D. McCurley and L.J. Rahal. 1998. Stochastic and
Subjective Uncertainty in the Assessment of Radiation Exposure at the Waste Isolation
Pilot Plant. Human and Ecological Risk Assessment 4:469-526.

45



82. Helton J.C., D.R. Anderson, H.-N. Jow, M.G. Marietta and G. Basabilvazo. 2000.
Conceptual Structure of the 1996 Performance Assessment for the Waste Isolation Pilot
Plant. Reliability Engineering and System Safety 69:151-165.

83. Helton J.C., C.W. Hansen and C.J. Sallaberry. 2014. Conceptual Structure and
Computational Organization of the 2008 Performance Assessment for the Proposed High-
Level Radioactive Waste Repository at Yucca Mountain, Nevada. Reliability
Engineering and System Safety 122:223-248.

84. Breeding R.J., J.C. Helton, E.D. Gorham and F.T. Harper. 1992. Summary Description of the
Methods Used in the Probabilistic Risk Assessments for NUREG-1150:, Nuclear
Engineering and Design 135:1-27.

46



p: Property Value

p: Praperty Value

1200

1000 |

800 [

600 1

400 |

200 1

1200

1000 |

800 ¢

600 f

400 |,

200 1

Fig. 1a: WL 1

1200

Fig. 1b: WL

2

1000 |

600

400

p: Property Value

200 1

800 F

WL 2 p(t)
WL 2 g(¢)

1200

50

100
t:Time

150

Fig. 1d: SL 2

200

1000

800

600 |

400

p: Property Value

200 1

SL 2 p(t)
————— SL 2 ¢(t)

50

100
t:Time

150

200

Fig. 1 Summary plots of‘the‘properties of two WLs and two SLs used in the illustration of the
definition and calculation of margins for WL/SL systems with the dashed lines corresponding to

the boundaries defined by [a,,, P(t), o P(1)] and [A,,,q(t), B.at)] : (&) WL 1, (b) WL 2, (c)

SL 1, and (d) SL2.

47



Cumulative Probability

1 [ 1 L
0.8 f Z08
<)
[4+]
=)
061 O 06
o
)
2
04 r 04
=
£
0.2+ 302t
0 . [ [ 0 T i ] |
0 50 100 150 200 400 500 600 700 800 900
t: Link Failure Time p: Property Value at Link Failure
CDFpywii(t) CDFpwii(pl[tmn, mr])
- _CDFT,WLQ(t) - _CDFPH LQ(pH My m ])
""""" CDFTSLI(” ODFP.SLI (]UH Ly m.LD
_____ CDFT:SL2(t) —'_'_ODFP.SLZ(pH mn mrD

Fig. 2 llustration of failure properties for_links defined in Table 1: (a) CDFs for link failure
time (i.e., CDFy 1 (t), CDF i, (t)y CDF; g4 (t) and CDF; g, (1)), and (b) CDFs for link

property at time of link failure (i.e., CDFpy (P |ty ti]) CDFpwio (P tmn to]) s
CDFP,SLl(p | [tmn ’tmx]) and CDFP,SLZ(p | [tmn 'tmx]) with [tmn 'tmx] = [O! 200] '

48



ACCEPTED MANUSCRIPT

0.8
0.7 1 e
> r,
206" 1 pFi(t)
a i e 2210
'8 0.5 N R pFy(t)
= I |=——— Fy(t
o 1
.2 ', —————————
& 03 Ir
E 02 i _ ,\(Q
O ! s
017 s 1
e A
0 l . [ ]
100 150 200 |, /

0 50

t: LOAS Occurrence Time ‘)
Fig. 3 lllustration of the CDFs pF, (t),i =1,2,3,4, defin '@ 2 for the time at which LOAS

occurs for the four links defined in Table 1.

49



17 11
=
Z08t £08
g 3
E 06 '8 06t
e a
g v
S 0.4 2
£ 2 0.4
3 —
£ g
S 02 302

0 ‘ ' 0

0 50 100 150 200 : : :
-100 -50 0 50 100

t: Link System Failure Time, t._ort
Y WL = SL m: SL-WL Time Margin

CDFrwi(twi) = pF'LF(twy)
= = =CDFryr(twy) = pLLF (twi)
.......... CDFT.SL(tSL) = pFLF(tSL)
————— CDFysp(tsr) = pLLF (tsy,)

CDFTM.J (m‘ [t-m,n; tm.r}
= = =CDFrya(m|[tin, tm]
""""" CDFZ!’."L‘LS(WL‘ [tmn: tm;r}
————— CDFTMA(TH‘ [tm.” y f,,,,g,}

)
)
)
)

Fig. 4 Failure time margins for (i) the four-failure patterns resulting in LOAS indicated in Egs.
(4.4)-(4.7) and (ii) the system of fourslinks defined and illustrated in Table 1 and Fig. 1 with
[tun t] =[0,200]: (a) link -system  failure probabilities CDF;y (ty ) = PFLF(ty. ),
CDFy i (ty) = PLLF(ty, ), CDF; g (15 ) = pFLF(ts ) and CDFy g (tg ) = pLLF(ts ) with
pLLF(t) and pFLF(t) .defined,/in Egs. (4.1)-(4.2), and (b) failure time margins
CDFyy i (M| [t t 1) for failure patterni, i = 1, 2, 3, 4, defined in Eq. (4.3).

50



Pattern 44—

e
oo

0.6
Pattern 3

o
~

«— Pattern 1

Cumulative Probability
o
(V)

-100 -50 0 50 100
m: SL-WL Time Margin

Sampling CDFTM,I(”” Lrnns m::D
Sampling CDFraz2(m| )i
Sampling CDFFM,S('”” onns ton D
Sampling CD Frasa(m|[tin, tma])
Quadrature CD Fyag 1 (m| [t G
Quadrature CDFryro(m|[tm, L))
Quadrature CDFrys 3(m|[tmm, tmz))
Quadrature CDFppy4(m] L, tins])

o

[tons tra
[t‘fﬁﬂ.j tT}’J.‘)’J
o e
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(4.21)-(4.25) in Sect. 4.3) for (i) the four failure patterns resulting in LOAS indicated in Egs.
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the integrals in Table 4.
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1, 2, 3, 4, obtained with ‘quadrature-based procedures (see Sect. 5.4) and sampling-based
procedures (see Sect. 5.5) for (i) the four failure patterns resulting in LOAS indicated in Eqgs.
(4.4)-(4.7) and (ii) the'system of four links defined and illustrated in Table 1 and Fig. 1 with

[tmn 7tmx] = [0’ 200] .
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1, 2, 3, 4, obtained with ‘quadrature-based procedures (see Sect. 6.1) and sampling-based
procedures (see Sect. 6:2) for (i) the four failure patterns resulting in LOAS indicated in Table 2
and (ii) the system ‘of four links defined and illustrated in Table 1 and Fig. 1 with

[tmn 7tmx] = [0’ 200] :
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Table 1 Defining properties for two WLs and two SLs used in the illustration of the definition
and calculation of margins for WL/SL systems.

General Properties for Links in Fig. 1

for all links

p(r) = p()p(0)
p(0) +[p(0) - P(0)]exp(=r7)
g(z) constant-valued for WL 1 and SL 1

q(r):ﬂ for WL 2 and SL 2
1+kr"

Additional Properties of WL 1 in Fig. 1

P(e0) =950, p(0) =300, r; =0.02,q(r) =650
d, (@) triangular on [0.88, 1.15] with.mode 1.0
dg () triangular on [0.8, 1.15] with mode 1.0

Additional Properties of Wik2:in Fig. 1

P(0) =850, p(0) = 300;r,=0.02

q(0) =650,k =2.21%10 *,r, =1.5

d , (@) triangular.on+{0.85, 1.2] with mode 1.0
dg () triangular on [0.75, 1.2] with mode 1.0

AdditionalProperties of SL 1 in Fig. 1

P(ee) =1025, p(0) = 300,r, =0.025,q(z) =775
d () triangular on [0.9, 1.15] with mode 1.0
dg (S) uniform on [0.8, 1.15]

Additional Properties of SL 2 in Fig. 1

P(e0) =950, p(0) =300, r; =0.025

q(0) =750,k =1.41x107%,r, =1.5

d, () triangular on [0.8, 1.1] with mode 1.0
dg () uniform on [0.85, 1.3]
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Table 2 Representation of Time-Dependent Values pF(t), i = 1, 2, 3, 4, for PLOAS and

Associated Verification Tests for Alternate Definitions of LOAS for WL/SL Systems with (i)
nWL WLs and nSL SLs and (ii) independent distributions for link failure time ([62], Table 10).

Failure Pattern 1: Failure of all SLs before failure of any WL (Egs. (2.1) and (2.5), Ref. [61])

PR (t)=r§{fm{ ﬁ CDFr sl (T)Hnlv_vll_[l— CDFrw, j (T)]}dCDFT,SL,k (T)]

k=1 1=11k j=L

Verification test: pF (o) =nWLInSLY/(nWL+nSL)!

Failure Pattern 2: Failure of any SL before failure of any WL (Egs. (3.1) and (3.4), Ref. [61])

pF, (t)=r§{ﬂmn{ ﬁ [1_CDFT,SL,I (T)JHHIV_V[L[P CDFrwi,j (7)]}dCDFT,SL,k (1)]

k=1 1=1 12k j=L

Verification test: pF, (o) =nSL/(nWL+nSL)

Failure Pattern 3: Failure of all SLs before failure of all WLs (Egs. (4.1) and (4.4), Ref. [61])

PR3 (t)=r§[ftt { nﬁ CDFy s (T)Hl‘nWLCDFr,WL,j(T)}dCDFr,SL,k (T)J
m =1

k=1 1=1, 12k j

Verification test: pF; () = n\WL/(NWL +nSL)

Failure Pattern 4.4ailure of any SL before failure of all WLs (Egs. (5.1) and (5.4), Ref. [61])

OF ()= %{fm{ nﬁ [1-CDFr g @)]HLﬁCDFRWL] (z’)} dCDFy g1 (T)J
j=1

k=1 1=1,1#k

Verification test: pF, (c0) =1—[ nWLInSLY/(nWL+nSL)!]
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Table 3 Integration limits associated with a link in Egs. (5.1)-(5.6) with p(z) increasing and
q(z) either decreasing or constant-valued (adapted from Ref. [8], Table 7).

T (P) = first time that link failure could occur at a property value p < p

Ty = r71(0‘mx /ﬂmn) for Pt < P= P
- . () =0 (p/ B,,) Tor p,, < p<p; (not relevant for G(z) = ¢ becausép,,, = p;)

7. (P) = last time that link failure could occur at a property value p < p
_{r, =r e, | ) for p, < p<p,, (notrelevant for g(r) = e’becausep, = p,,)

Tl(p) = ﬁil(p/amn) for Pon S P =P
Tmx (t! p) = min{Lme(p)}

[P (7), Py (7)] = interval of link failure values p at time z for Ja, / B < %mx | Prox
(B0 (), ot P for 2 € B ={z 7 =1 (tgedofin) < 7 <0 (U | Bro) = T
=4 [Bmn0(2), B (D)l for e P ={r : 7, = r-_1(05mx V) ST < r_1(05mn ! Bran) = Trn}
[ P(2), BT (D) fOr z € ) ={z 7 n'= r_1(05mn I Bon) ST < r_l(amn I Box) =71}

[P (7), Pk (7)] = interval of link failure values p at time z for o, / By < %an ! Bon
[BrnT(2) iy P for 2 e Bz o =17 (@ / Brn) ST <07 (@ | ) = Ty}
= [0 P(7), o P(D)] FOLLE P, 247 7y =T (G | Bron) S TS0 (O | Bi) = T}
[t P(), B G (@)IONE € By ={7 i 2 = 17 (O | ) ST ST 0y | B = 01}

[P (7). P (7)] = interval-of link failure values p at time 7 for a, / By = %y ! Prox
{[ﬂmnq(f),amx P for ce B ={r:7; =1 (g | fra) ST ST (e | Br) = T}
[amn ﬁ(T),ﬁqu(f)] forr e P ={r: Tmx = r_1(05mx /ﬂmx) <7< I’_1(05mn /:Bmx) = T|}

Prmx ( P, T) = min{p, Prx (T)}
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Table 4 Representation of CDF, g ;i (p|[[ty, t]) . | = 1, 2, 3, 4, for (i) SL system property at

time of LOAS, (ii) nWL WLs and nSL SLs, (iii) independent distributions for link failure time,
and (iv) the integral over [t .t ] equal to O for SL k and t,, <z, . (p) with 7, (p) and

other integration limits defined in Table 3.

Failure Pattern 1: Failure of all SLs before failure of any WL |

nSL nWL
CDFP,SL,1<p|[tmn,tmx]>=Z{j { [T COFr s (7 )HH[l—CDFT,WL, j (r)]}CDFP,SL,k(pIr)dCDFT,SL,k (r)]

k=1 =112k i-1
| tomektmeP) | 5 WL 1

=2 ( n;x [T COFr s ()1 IT[1-COFrw, (7)) {d{ }/dr}
k=1 |~k (P =11k j-1 e (2)

X{I:mx,k((:;vf){ §2p( )}dAk [f)/ ﬁk (T)]dBk [f)/(_]k (T)]df)}d?'}
'mn, k K T

Failure Pattern 2: Failure of any SL before failure of any WL |

nSL nS nWL
CDFp g 2 (P ltmn tox 1) = 2 (Ltmn { [1 CDFr oLl (T)JHH |:1_CDFT,WL,j (T)]}CDFP,SL,k (p|2)dCDFy g1 k (T)]

k=1 1=l j=1

_Z{I:::((tpn; p){ I [1 CDFr g (7 )J}{riw[l_[l—CDFT’WL]j (r)]Hdez)}/dr}

1=1 12K j=1

X{J’pmx,k(pyf){_zﬁ( )}dAk [P/ Py (7)]dpyk [P/ Tk (r)]df)}de

Pmn, (7) pk T

Failure Pattern 3:)Failure of all SLs before failure of all WLs |

nSk nSL nWL
CDFp g 3 (P [tmn  taix ) = 25 {I ¢ { [T coFr s ( H [1CDFr (7 )}CDFP,SL,k (p|7)dCDFy g1k (T)]

k=1 1=L 1%k j=1

nSL Tk (tre, D) nSL nWL 1
=2 o) [T DR s (2 HCDFTWLJ() dr()/df
k=1{ " "mnk 1=1,1k k\Z

X{J- pmx,k(p,r){ﬁj’(r)}dAk [P/ Py (r)]dpy [P/ (r)]df)}er
k

Pmn,k (7)

Failure Pattern 4: Failure of any SL before failure of all WLs
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nSL nSL nwL
CDFp s 4 (P |[tmn tmx D) = Z{J‘:W{ I [1—CDFT,SL,I (T)JHl_ [1CoFrwL,j (7)}CDFP,SL,|<(I0|f)dCDFr,SL,k (T)J
P L [y i-1
nSL oo (b P) nSL nWL 1
= 3| [rree b P T [1-C0Fr s ()] - [T COFrw (7) H }/df}
] Rl [ ] e (7)

X{ [ ;me,k::;,r) {ﬁzi(f)}d’*k [P/ P (2)] dgic [P/ Gi (T)]dr)}er
'mn, k k

Table 5 Intervals [a,,, (7). o, (7)] of values for « resulting in link failure conditional on link

failure at time 7 with p(z) increasing and G(z) either decreasing or constant-valued (adapted
from Ref. [8], Tables 4 and 5).

[, (7), oy (7)] = interval of arvalues resulting in link failure conditional on link failure at time 7
for amn /ﬂmn < amx /ﬁmx
[ﬂmnr(f)!amx] forr e 7)1 :{T Ty = r71(0‘mx /:an) ST< r71(0‘mx /ﬂmx) = me}
=B (7), ¥ (D) fOr € P, ={r: 7., = r‘l(amx I Boy) <7< I'_l(amn I Bon) =Ton}

[otn, B ¥ (D) fOr € B, ={r 7, = ril(ocmn I Ban) ST < rfl(ozmn I Box) =71}

[, (7), e (7)] = interval of arvalues resulting in link failure conditional on link failure at time ¢
for o, | Bug < ol Bron
[BanF (@) ] for © B =422 =17 (e | Brn) ST <07 (@ | Br) = T}
= [ @] FOr 7 &R ={8i 7, = 1 (o | Bo) ST <07 (@ | Brg) = Tt

[amn, B N fOr e e P, ={r:7,, = r‘l(amx | Boy) ST < I'_l(amn I Box) =71}

[ctnn (), ey ()] = interval of o values resulting in link failure conditional on link failure at time 7
for A /ﬂmn = Oy /ﬂmx
R {[ﬂmr(r)'am] for v € B ={r 2y =1 (@ fun) 7 <TGty | ) = T}

[amnvﬂmxr(r)] forz e P ={r: Tmx = r_1(05mx /ﬂmx) <7< r-_:L(Olmn /ﬂmx) = TI}
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