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ABSTRACT

Instructional design research promotes interactive and adaptive scaffolds as features of educational technology. Mathematics education research can guide elaborated
fractions curricula to develop basic fraction concepts while challenging the natural number bias. Thus, we developed theory-grounded interactive material for
learning fractions providing scaffolds in an eBook. Evaluating both, curriculum and scaffolds, we split 745 high-achieving and 260 low-achieving 6th graders into
three groups: Scaffolded Curriculum group (using the eBook on iPads), Curriculum group (using a paper copy of our developed material), and Traditional group
(using conventional textbooks). Generalized linear mixed models revealed diverse positive effects on the achievement of students in the experimental conditions:
Results showed that high-achieving students did benefit from the curriculum, regardless of whether it was presented with or without scaffolds, while for low-
achieving students using scaffolds was decisive. This suggests that interactive and adaptive scaffolds can support students in learning mathematical concepts,

especially for low-achieving students.

1. Introduction

Digital media—i.e., features that educational technology can pro-
vide—can be beneficial for learning, as recent meta-analyses support
(Hillmayr, Ziernwald, Reinhold, Hofer, & Reiss, submitted for pub-
lication; Arroyo et al., 2014; Cheung & Slavin, 2013; Ma, Adesope,
Nesbit, & Liu, 2014; Steenbergen-Hu & Cooper, 2014). Here, a com-
monly agreed upon argument within the media debate—initiated by
R.E. Clark (1994) and Kozma (1994)—is that it is not the mere medium
that does have an effect on learning outcomes, but rather the appro-
priate way of implementing it into the classroom as well as certain
features that technology enhanced learning environments can offer. In
detail, adaptivity, feedback, and the use of hands-on activities seem to
be promising for the development of suitable interactive material
(Alibali & Nathan, 2012; A. Clark, 1999; Mayer, 2014; Moreno, 2004;
Moreno, Reisslein, & Delgoda, 2006; Wilson, 2002). All the mentioned
possible educational benefits can be realized in interactive and digital
learning environments on tablet PCs. But it seems still unclear whether
such interactive learning environments developed with regards to well-
established design principles—that have proven to be beneficial for
learning within several short-term experimental studies—can also work
within real classroom situations (e.g., Kucirkova, 2014; see also; de
Jong, 2010) and whether they are beneficial for teaching mathematical
concepts in school contexts.

For creating well-designed interactive learning environments we
suggest that the development should rely on three pillars that will be
introduced here and will be illustrated in detail within the following
sections: (1) knowledge about educational aspects regarding the con-
tent—here grounded on research from mathematics education; (2) im-
plications from psychological theories regarding the instructional design
of multimedia learning environments; and (3) the technological im-
plementation of interactive aspects and adaptive scaffolds integrated in
interactive and digital learning environments that have shown to be
beneficial for the acquisition of new concepts. Therefore, we introduce
a framework for the development of digital learning environments for
mathematics education, composed of the three mentioned pillars
Content, Instructional Design, and Technological Implementation. This
framework allows for designing learning environments with regard to
evidence-based practices from mathematics education, educational
psychology, and instructional design. Following the rationale of the
suggested framework, effects of content design can be disentangled
from effects regarding its implementation in intervention studies, as
displayed throughout this article. For the purpose of our studies, the
framework—as shown in Fig. 1—is applied for basic fraction concepts
using interactive and adaptive scaffolds within an electronic textbook
on tablet PCs (commonly referred to as tablets, e.g., iPads).

Within such development of interactive learning environments,
content should play a distinctive role (Pepin, Choppin, Ruthven, &
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Fig. 1. Framework for developing digital and interactive learning environments
for mathematics education; relying on three pillars Content, Instructional Design,
and Technological Implementation—exemplarily shown for basic fraction con-
cepts.

Sinclair, 2017), as many previous studies on the use of digital media in
the classroom lacked software explicitly developed to support the cur-
riculum (Kucirkova, 2014). In this article, we focus on the under-
standing of fraction concepts as a key facet of mathematical literacy
(Bailey, Hoard, Nugent, & Geary, 2012; Booth & Newton, 2012; Lortie-
Forgues, Tian, & Siegler, 2015).

We present an approach on teaching basic fraction concepts with an
interactive learning environment, following the suggested framework:
The development of this learning environment was based on insights
from research in mathematics education, psychology and instructional
design research, summarized in the first part of the article. In the
second part we evaluate our learning environment with data from two
studies with 745 high-achieving students (study 1) and 260 low-
achieving students (study 2).

1.1. Challenges of establishing basic fraction concepts

There is empirical evidence that understanding fractions is pre-
dictive of later achievement in higher mathematics such as algebra
(Bailey et al., 2012). Unfortunately, many students struggle with
learning fraction concepts as well as with understanding higher
mathematics (Lortie-Forgues et al., 2015), making fractions possible
“gatekeepers” of higher mathematics (Booth & Newton, 2012).

One serious source of errors in handling fractions is the Natural
Number Bias (i.e., NNB). The NNB refers to a robust tendency to use
concepts of natural numbers (e.g., the counting scheme) to interpret
rational numbers and fractions (Ni & Zhou, 2005). Students can be
affected by a natural number bias when they do not master the neces-
sary conceptual change from natural numbers to fractions (Meert,
Grégoire, & Noél, 2010; Obersteiner, Van Hoof, Verschaffel, & Van
Dooren, 2015; Vamvakoussi & Vosniadou, 2004; Van Hoof, Degrande,
Ceulemans, Verschaffel, & Van Dooren, 2018). Here, typically four di-
mensions of necessary conceptual changes are denoted regarding re-
presentations, density, size and operations (e.g., Obersteiner et al., 2015).

When shifting from natural numbers to rational numbers, the con-
cept of numbers loses the uniqueness of a symbolic representation. While
there is no other symbolic way to denote the number 2 within the set of
natural numbers, there are arbitrary many ways to denote the fraction
3/4 within the set of rational numbers, e.g., 3/4 = 6/8 = 9/12. Even
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natural numbers lose their unique representation within the set of ra-
tional numbers. Research suggests that even older students struggle
with rational numbers having more than one unique symbolic re-
presentation (DeWolf, Bassok, & Holyoak, 2015).

While each natural number has one and only one number suc-
ceeding it—making counting of numbers possible—the concept of a
unique successor must be dropped when shifting to fractions, e.g., there
is a countably infinite set of (rational) numbers between the two frac-
tions 5/8 and 6/8. The idea of a discrete set of numbers can hinder
students when operating with fractions, resulting in difficulties when
developing the concept of density of rational numbers (Vamvakoussi &
Vosniadou, 2004).

Furthermore, there is empirical evidence that students tend to
compare the size of fractions by comparing their numerators or de-
nominators—as natural numbers—separately (Meert et al., 2010). Re-
taining a concept of size based on natural numbers can indeed lead to
correct answers in specific fraction comparison tasks, e.g., 3/7 < 5/7.
Yet, a conceptual change seems necessary to solve more advanced
problems, e.g., 8/9 < 7/6 although 8 > 7 and 9 > 6. Research sug-
gests that developing a concept of the size of fractions can be a first step
towards fulfilling a conceptual change of number concepts (Van Hoof
et al., 2018).

At last, shifting from natural numbers to fractions alters the effect
that arithmetic operations have on numbers (Obersteiner et al., 2015).
One example is the frequent and common misconception of “multi-
plication makes bigger” which is true for natural numbers but loses its
generality within the set of rational numbers (Prediger, 2008)—e.g., 1/
2 - 3/4 = 3/8 which is smaller than both 1/2 and 3/4.

In this paper, we focus on the first three dimensions of representa-
tions, density, and size—which can be argued to be of interest in de-
veloping basic fraction concepts (see also Section 2.2.1). Regarding
these difficulties, learning environments for teaching fractions should
not focus only on building up procedural knowledge of fractional ar-
ithmetic. Rather, they should focus on the development of conceptual
knowledge of fractions and directly address the necessity of altering the
concept of numbers (Kainulainen, McMullen, & Lehtinen, 2017).
Therefore, we suggest that building up elaborated concepts of rational
numbers (e.g., the part-whole concept and the concept of fraction
magnitude; see Behr, Lesh, Post, & Silver, 1983; Meert et al., 2010) are
one appropriate way to introduce fractions in the classroom—and to
support students in overcoming an NNB. We follow the idea of Behr
et al. (1983) and suggest that in addition to symbolic representations of
fractions, iconic depictions—e.g., circle or tape diagrams—may be
beneficial for teaching and learning these concepts.

We illustrate this for the concept of expanding and simplifying of
fractions, exemplarily. The arithmetic operation of expanding 3/4 with
2 leading to the fraction 6/8 can be considered mere procedural, as no
conceptual understanding of fractions seems necessary to follow the
rule “multiply both the numerator and the denominator with 2”. It is
plausible to assume that such arithmetic tasks will not support students
in changing the concept of representation of numbers: since the opera-
tion is based on symbolic representations of fractions, students that are
already affected by an NNB—i.e., hold on to the uniqueness of a
number's symbolic representation—will probably not develop a con-
ceptual understanding of expanding fractions. We suggest that using
iconic representations to introduce expanding and simplifying of frac-
tions as “refining and coarsening of a given division” (e.g., Padberg &
Wartha, 2017) first can support a conceptual change, and—in ad-
dition—can motivate the necessary arithmetic operations: when the
whole is divided into twice as much pieces, twice as much pieces are
needed to result in the same part of the whole.

While most studies on students' struggle with an NNB focus on
short-term measurements of students' misconceptions, a few studies
shed light on the specific learning trajectories followed when devel-
oping fraction concepts (Kainulainen et al, 2017; McMullen,
Laakkonen, Hannula-Sormunen, & Lehtinen, 2015; Van Hoof et al.,
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2018)—agreeing in two central findings: (1) learning paths taken by
students during the acquisition of fraction knowledge are in line with
conceptual change theory, and (2) overcoming an NNB is a gradual and
slow process which not every student masters despite traditional frac-
tions instruction in school. In more detail, Van Hoof et al. (2018) could
show that once students reach an appropriate level of knowledge about
operations with fractions, most of them do not develop a deeper un-
derstanding of the structure of fractions—challenging traditional ap-
proaches of teaching rational numbers with a focus on arithmetic
(Vamvakoussi, Christou, Mertens, & Van Dooren, 2011). In their long-
itudinal study, Kainulainen et al. (2017) could not find shifts from
natural-number-biased to mathematically correct concepts; however,
gradual shifting from wrong conceptualizations of fractions to mor-
e—yet, still not completely—correct conceptualizations with less focus
on natural number thinking were indeed present. This suggests that
overcoming an NNB should not be seen as an immediate learning goal,
but as a rather slow—yet, radical—conceptual change that needs spe-
cific guidance within classroom practice. For such conceptual change,
McMullen et al. (2015) suggest that grasping the concept of fraction
magnitude is necessary—yet, not sufficient—to develop elaborated
concepts of fractions, e.g., density. This supports teaching approaches
that do not treat fractions as two separate natural numbers, but a
fraction as one holistic symbol consisting of a numerator and a de-
nominator.

With regards to both short-term and longitudinal studies, we assume
that approaches using iconic representations both to foster conceptual
understanding of fractions and to illustrate the semantics of arithmetic
procedures within mathematics classrooms can support students in
overcoming an NNB—albeit slowly and gradually.

1.2. Designing multimedia learning environments

According to cognitive load theory, human working memory is as-
sumed to be limited and therefore effective learning may be hindered
when learning environments overload the cognitive capacity of learners
(Paas & Sweller, 2014; Sweller, 2010; Sweller, Ayres, & Kalyuga, 2011).
Here, cognitive load theory distinguishes between intrinsic and extra-
neous load—both drawing on the cognitive capacity during learning
activities. Intrinsic load can be understood as a measure of the fixed
complexity of a specific content: content with high element inter-
activity—i.e., content that cannot be learned in isolation but only when
presented within the context of other information, as in our case frac-
tion concepts—is considered to evoke high intrinsic load that cannot be
altered by changing the learning environment or the modes of in-
struction (Sweller, 2010). In contrast, extraneous load is additional
complexity generated due to the use of specific learning environments:
it is assumed that students need to use additional working memory
resources when dealing with inappropriately designed learning en-
vironments (Paas & Sweller, 2014), which we think is of specific im-
portance for designing interactive learning environments. Therefore,
cognitive load theory suggests that it is most important to have good
instructional design when students need to learn content with high
element interactivity—in order to minimize extraneous load given the
unalterable high intrinsic load (Sweller et al., 2011).

Focusing on the topic of our studies, developing elaborated concepts
of fractions can be considered a learning task with high element in-
teractivity since students do not only have to learn new content but
have to radically change their concept of numbers (see Section 1.1).
Thus, learning environments for teaching basic fraction concepts should
fulfil certain criteria that can—based on empirical evidence—be ex-
pected to lower extraneous load. These criteria include, e.g., the use of
completion problems (problem completion effect, see Paas, 1992), the
combined presentation of interacting elements that have to be learned
in cohesion (split-attention effect, see Tarmizi & Sweller, 1988), and
avoiding redundant information (redundancy effect, see Sweller et al.,
2011). Here, one central assumption in line with the results from
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different studies is that one and the same learning environment can
yield both necessary and redundant information for students with low
and high prior knowledge, respectively (expertise reversal effect, see
Kalyuga, 2007). It seems reasonable that this can lead to different ef-
fects for those two groups of students, motivating adaptive learning
scenarios (see Section 1.3).

Following the cognitive theory of multimedia learning, words and
pictures are thought to be processed within different cognitive struc-
tures with separate capacities (Mayer, 2014). Hence, presenting new-to-
learn content both as texts and pictures has shown to be more effective
than using texts only (multimedia principle; Butcher, 2014). Moreover,
texts and pictures informing the same content should be presented close
together to accomplish the biggest support of learning (spatial con-
tiguity principle; Mayer & Fiorella, 2014). For the case of fractions, the
multimedia principle can be realized when developing material where
students need to shift between symbolic and iconic representations of
fractions during their development of basic fraction concepts, which
refers to general principles regarding different representations—e.g.,
iconic and symbolic—in mathematics education (e.g., Behr et al., 1983;
Bruner, 1960; Duval, 2006; Lesh, 1981; Padberg & Wartha, 2017).

Beyond that, according to the integrated model of text and picture
comprehension, processing texts and pictures related to the same content
can lead to different mental representations, i.e., propositional re-
presentations or mental models (Schnotz, 2014; Schnotz & Bannert,
2003). In contrast to cognitive theory of multimedia learning, pictures
are not generally thought to be beneficial for learning but only when
their inherent structure is analogous to the mental representation that is
intended to be built up. In the case of fractions, this can be illustrated
comparing the inherent structure of the number line and a circle dia-
gram, which are both iconic representations of fractions. Since many
students struggle with identifying the whole on the number line (e.g.,
Novillis-Larson, 1980), it seems more appropriate to teach the part-
whole concept with regards to a circle diagram where the whole can
easily be identified, as the circle diagram's inherent structure represents
exactly one whole while the number line may be arbitrarily large. In
contrast, it seems plausible to compare the size of two fractions using
the number line, as its inherent structure allows for the comparison of
two numbers in one iconic representation.

Cognitive load theory, cognitive theory of multimedia learning, and
the integrated model of text and picture comprehension offer general
guidelines for high-quality instructional design that are commonly
agreed upon in the field of social sciences and mathematics education.
However, when referring to empirical evidence for the effects of cog-
nitive load theory, cognitive theory of multimedia learning, and the
integrated model of text and picture comprehension, one should bear in
mind that such evidence is usually based on rather short experimental
situations (i.e., instructional message design; see Mayer, 2014; van
Merriénboer & Kester, 2014). Therefore, the relevance for longitudinal
classroom interventions (i.e., instructional curriculum design; see van
Merriénboer & Kester, 2014) may be challenged, as it seems question-
able whether time constrains typically used in experimental studies
appear in realistic situations, or how students' offloading due to taking
notes in classroom situations affects the validity of those effects (de
Jong, 2010). Moreover, one can think of additional differences between
such experimental situations and real classroom practice that may have
an effect, such as, the presence of a teacher, an authentic learning en-
vironment, and unobtrusive research during classroom education. Thus,
the question can be asked whether following these guidelines can be
beneficial for teaching fraction concepts within real school contexts.

1.3. Potential benefits from interactive learning environments

With digital media in educational contexts emerging as technology
develops further and is more easily accessible, the media debate in-
itiated by R.E. Clark (1994) and Kozma (1994) more than 25 years ago
seems still important when investigating effects of educational
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technology. In line with Kozma (1994), we argue that educational
technology can provide certain features which offer potential benefits
for classroom practice, as cognitive load in complex learning scenarios
may be lowered using appropriately designed and well-integrated in-
teractive and adaptive learning environments on touchscreen devices
(e.g., Moreno, 2004; Moreno et al., 2006; Wilson, 2002). In this article,
we focus on three aspects of technological implementation that have been
shown to be beneficial for learning: embodiment, adaptivity and feed-
back.

The underlying idea of the embodied cognition theory can be traced
back to Piaget's theory of developmental psychology, “which empha-
sized the emergence of cognitive abilities out of a groundwork of sen-
sorimotor abilities” (Wilson, 2002, p. 625). We follow the idea of a
“simple” embodied cognition theory (A. Clark, 1999), which is con-
sidered to be in line with a classical theoretical framework of cognitive
science: embodiment is expected to affect the inner organization and
processing of knowledge (e.g., Ballard, Hayhoe, Pook, & Rao, 1997).
Within this theory, one aspect that promotes the use of touchscreen
devices is that gestures congruent to the context are expected to be
beneficial for the development of elaborated concepts—especially in
the field of mathematics (Alibali & Nathan, 2012). For example, cutting
through pizza in terms of swiping over a touchscreen can be considered
a congruent gesture (cf. Fig. 3b later in this article), while cutting
through pizza by clicking and pointing with a mouse on a computer can
be considered an incongruent gesture. In fact, Black, Segal, Vitale, and
Fadjo (2012) could show that first and second graders obtained better
results in addition tasks after learning the rules of addition on an iPad
compared to students who worked with the same software on a com-
puter. They argue that the difference in the learning outcome might be
justified by how students handle the two different digital devices:
Students operate iPads by using natural gestures while the input via a
mouse is more or less artificial. This argumentation follows the claim
that cognitive demands can be offloaded onto the environment (Wilson,
2002): referring to the given example of cutting pizza, we argue that
cutting and sharing pizza using hands-on activities on touchscreen de-
vices can result in lower cognitive load during the acquisition of the
part-whole concept than using a mouse on a computer, since the con-
gruent gestures used on touchscreen devices are analogous to the
mental processes of partitioning and distributing, while clicking and
pointing with a mouse are artificial processes. Regarding this, we see
potential benefit in using such interactive learning environments de-
signed (and developed) to make explicit use of touchscreen technology,
as depicted within the given example of “sharing pizza” given above.

Adaptivity of digital learning environments can be described as an
automatic variation of parameters of the learning environment—e.g.,
task difficulty—based on students' responses while working within the
environment—e.g., correct or false answers—(Leutner, 2004). It is ar-
gued that an adaptive adjustment of task difficulties can lower cognitive
load (e.g., Moreno et al., 2006). For the case of fractions, where con-
ceptual changes seem necessary, adaptive task difficulty might play a
crucial role: if tasks are too easy, students might lack the necessity to
overcome their concepts of natural numbers—especially when tasks are
solvable by using natural number concepts. If tasks are too hard, they
might not illustrate new-to-learn concepts in an intelligible and plau-
sible way. Here, adaptive task difficulty can be used to match students'
individual needs—resulting in better outcomes when students work
with adaptive learning environments than with traditional instruction
(Hillmayr et al., submitted for publication; Arroyo et al., 2014; Cheung
& Slavin, 2013; Ma et al., 2014; Steenbergen-Hu & Cooper, 2014), and
accounting for a potential expertise reversal effect (Kalyuga, 2007).

Feedback can be conceptualized as external feedback given to a
student by a teacher or a digital learning environment as a direct re-
action to his or her solution of a specific task—i.e., task-level feedback
(Hattie & Timperley, 2007). Such feedback can be corrective—i.e.,
merely stating “correct” or “incorrect”—or explanatory—i.e., giving
explanations for possible misconceptions relying on the individual
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answer (Hattie & Timperley, 2007). Research suggests that individual
explanatory feedback can support students in closing subject-related
gaps, in overcoming misconceptions, and in developing elaborated
concepts (Hattie & Timperley, 2007). We follow the idea of Moreno
(2004) that such feedback can additionally lower cognitive load. Here,
fractions are a suitable topic for building interactive learning environ-
ments with individual feedback, since problems and common errors are
well known and documented over the last decades (e.g., Behr,
Wachsmuth, & Post, 1985; Obersteiner et al., 2015; Stafylidou &
Vosniadou, 2004). Moreover, both individual feedback and adaptivity
are key features of intelligent tutoring systems, which have proven to
have an overall moderate to high positive effect on students' learning,
as reported by recent meta-analyses (Hillmayr et al., submitted for
publication; Cheung & Slavin, 2013; Ma et al., 2014; Steenbergen-Hu &
Cooper, 2014).

1.4. The present studies

One serious issue of many studies on the use of features of educa-
tional technology in schools is the lack of software explicitly developed
to support the curriculum (Kucirkova, 2014). Here, digital curriculum
resources (Pepin et al., 2017)—such as electronic textbooks—offer one
way to overcome this essential shortcoming. In line with these authors,
we introduced a framework for the development of interactive learning
environments relying on three pillars: content, instructional design, and
the technological implementation of interactive aspects and scaffolds
that are known to be beneficial for learning. This framework was in-
itially given in Fig. 1 and theoretically founded within an inter-
disciplinary context (i.e., mathematics education, educational psy-
chology, instructional design) throughout Section 1.

Yet, making the content one main aspect in the development, edu-
cational research should make distinctions between effects of the design
of the content (e.g., tasks and explanations of mathematical concepts)
and effects regarding its technological implementation within digital
learning environments (e.g., interactivity, adaptivity, and feedback)
possible, as reliable empirical evidence whether students really can
benefit from features that educational technology can provide seems
crucial for decisions concerning media in education (R.E. Clark, 1994;
Kozma, 1994; Kucirkova, 2014). This question seems of explicit im-
portance, since several studies supporting the benefit of such features
rely on rather short experimental designs (i.e., instructional message
design), challenging their external—or ecological—validity (see
Kucirkova, 2014 for iPads; and de Jong, 2010 for cognitive load
theory).

With regard to the framework introduced in Fig. 1, we developed an
electronic textbook on basic fraction concepts, integrating interactive
and adaptive scaffolds for the use on iPads (eBook). This eBook draws
on intuitive and perceptual abilities with non-symbolic representations
of fractions and links them to symbolic fractions, following an elabo-
rated fractions curriculum, as described in detail within Section 2.2.1.
In order to distinguish between effects of the curriculum and effects of
interactive and adaptive scaffolds—i.e., interactive explanatory tasks
making specific use of touchscreen technology, adaptive task difficulty,
and individual explanatory feedback implemented into the eBook—a
paper-based textbook was created as a one-to-one copy with identical
explanations and the same exercises. Relying on our framework (cf.
Fig. 1), we ask:

1. Are interactive and adaptive scaffolds and/or an elaborated frac-
tions curriculum beneficial for establishing fraction concepts during
regular classroom instruction when compared to traditional class-
room settings?

2. Do potential benefits of interactive and adaptive scaffolds and/or an
elaborated fractions curriculum have different effects on the devel-
opment of procedural and conceptual knowledge of fractions?

3. Do potential effects of interactive and adaptive scaffolds and/or an
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elaborated fractions curriculum on the development of fraction
concepts differ for low-achieving and high-achieving students?

We assume the curriculum to have a general positive effect on the
development of conceptual knowledge of fractions (see Section 1.1),
which may again inform procedures. As we do not focus on only one
feature educational technology can provide within a rather short ex-
periment, but on a combination of different features within a content-
specific learning environment for the use in a rather longitudinal in-
tervention (i.e., real classroom scenarios), assessing the effectiveness of
the scaffolds within school contexts seems a valid question. Here, we
assume the scaffolds to be more beneficial for low-achieving than for
high-achieving students, as they may deal with more misconceptions
resulting in the need for more individualized learning paths and more
interactive depictions to support them in developing fraction con-
cepts—which may be phrased as an expansion of the expertise reversal
effect (Kalyuga, 2007) on interactive and adaptive scaffolds.

2. Method

Both classroom intervention studies were conducted as cluster
randomized controlled trials with classrooms as clusters. They followed
the same pre-post-control, constructive research design with two
treatment groups and one control group learning basic fraction con-
cepts: The Scaffolded Curriculum group (abbreviated in tables and figures
as Scaffolded Curriculum) worked with our newly-developed interactive
environment on iPads. We created this digital learning environment as
a interactive textbook, which will be described in detail below (see
Section 2.2). Students from the Scaffolded Curriculum group were able
to benefit both from the developed material and the use of interactive
and adaptive scaffolds—as features of educational technology—during
the intervention. The Curriculum group (abbreviated in tables and fig-
ures as Curriculum) worked with the same material as a paper-based
book. Hence, students from the Curriculum group received the same
guidance and were therefore able to benefit from the developed ma-
terial but not from the use of educational technology features. In order
to control for effects of this material, the Traditional group (abbreviated
in tables and figures as Traditional) used conventional textbooks, where
the teachers were free to choose how to achieve the administered
educational objectives (see Section 2.4 for a detailed description).

Therefore, the three intervention groups differed first in whether
they were exposed to our newly-designed elaborated fractions curri-
culum, i.e., a holistic material to learn basic fraction concepts, which
was developed taking account of both insights into students' learning of
fractions from a mathematics education perspective and guidelines to
design learning environments from an instructional psychology per-
spective. They also differed in whether they worked with interactive
and adaptive scaffolds in a digital learning environment, which was
able to give feedback to students' answers and made use of hands-on
activities to foster fraction concepts. This constructive research design
is summarized in Table 1.

2.1. Sample

In total, N = 1005 sixth grade students from German (Bavarian)
public schools took part in our two studies. To investigate effects on

Table 1
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both high-achieving students and low-achieving students, we included
sixth-graders from different school tracks from the three-track public
school system in Bavaria, Germany. Study 1 included 745 (46% female)
high-achieving students from German Gymnasium (i.e., the highest
school track with students showing above the average grades in
grade4). Study 2 included 260 (42% female) low-achieving students
from German Hauptschule or Mittelschule (i.e., the lowest school track
with students showing below the average grades in grade 4). In general,
differences in mathematical achievement in standardized tests between
students from these two school tracks are very high: e.g., Gotz, Lingel,
and Schneider (2013) report differences at the end of grade 6 as high as
d = 2.68 using the DEMAT 6+; and Silzer, Reiss, Schiepe-Tiska,
Prenzel, and Heinze (2013) find very large differences in the mathe-
matical competency of fifteen-year-olds in PISA 2012 between those
school tracks. Therefore, the a priori operationalization of high-
achieving and low-achieving students made for the present studies
seems meaningful. We will provide additional validation of this oper-
ationalization in terms of differences in pretest scores and posttest
outcomes within the present studies in Section 3.

Both studies followed the same research design: Only after teachers
agreed in taking part in the study, whole classes were assigned to one of
the three intervention groups randomly, while taking care not to con-
centrate certain groups on specific schools. We were able to provide the
equipment necessary for the Scaffolded Curriculum group (i.e., tablet
PCs and management container for storing and charging the tablet PCs)
for six classrooms with up to 33 students for each study. Regarding
these restrictions, we first assigned classrooms to the Scaffolded
Curriculum group randomly and split the remaining classrooms equally
to the Curriculum group and the Traditional Group. The resulting
number of students in each group for high-achieving and low-achieving
students can be seen in Table 2, where sample sizes for the pretest and
the posttest are reported separately, since not all students took part in
both tests for different reasons. As this procedure led to an unbalanced
design, we chose a statistical method of analysis that takes this into
account, appropriately (see Section 2.6), and report post-hoc power
analyses for each reported effect (see Section 3).

2.2. Material

The development of our learning environment followed the frame-
work that is summarized in Fig. 1 and presented throughout Section 1.

2.2.1. Content

On the basis of the reported findings on how students learn and
should learn fractions we created an elaborated fractions curriculum to
teach basic fraction concepts (Content in Fig. 1). This curriculum cov-
ered (1) the part-whole concept with one and many wholes, using
iconic, continuous, discrete as well as symbolic representations (Behr
et al., 1983); (2) fraction magnitude as an intuitive understanding of
the “size” of unique parts (Meert et al., 2010); (3) expanding and
simplifying fractions exemplified as divisions becoming more refined or
coarser (Lamon, 2012); (4) fractions on the number line (Kieren, 1976);
(5) fractions representing more than one whole and mixed numbers;
and (6) comparing fractions using a variety of strategies (Clarke &
Roche, 2009). Thus, the four basic arithmetical operations—i.e.,
adding, subtracting, multiplying and dividing fractions—are not in the

Overview of the constructive research design of both studies with graduated treatment in two treatment groups and one control group.

Intervention groups
designed holistic material to learn basic fraction concepts

Elaborated fractions curriculum: Students were exposed to newly

Interactive and adaptive scaffolding: Students worked with an interactive and
adaptive digital learning environment with feedback and hands-on activities

Traditional No
Curriculum Yes
Scaffolded Curriculum Yes

No
No
Yes
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Table 2

Number of students participating in the pretest and posttest during the inter-
vention, given for both studies: high-achieving students (study 1 , left) and low-
achieving students (study 2, right).

Study 1: High-achieving Study 2: Low-achieving

students students
Intervention groups Pretest Posttest Pretest Posttest
Scaffolded Curriculum 156 159 105 107
Curriculum 318 320 64 71
Traditional 263 266 82 82
Total 737 745 251 260

scope of the reported studies. A validity check of the elaborated frac-
tions curriculum, performed a priori with regards to the mandatory
curriculum for grade six in Bavaria, Germany, ensured that students
within all three intervention groups were exposed to the same six
content domains mentioned. Yet, our elaborated fractions curriculum
focusses primarily on conceptual knowledge of fractions while tradi-
tional textbooks focus largely on procedural knowledge of fractions. We
want to clarify this with three examples: Firstly, the elaborated frac-
tions curriculum focusses on a conceptual understanding of expanding
and reducing fractions as refining and coarsening of a given division
(both in iconic and symbolic representation, see Fig. 2d for a widget),
while the prevalent approaches present in traditional textbooks focus
on the mere arithmetic procedure of multiplying or dividing enu-
merator and denominator by the same natural number—yielding no
appropriate learning opportunities to overcome a NNB regarding re-
presentation, as argued in Section 1.1. Secondly, we exemplify the cur-
ricular differences with the content of comparing fractions: The ela-
borated fractions curriculum focusses on a variety of strategies that
need to be chosen appropriately with regard to the given pair of frac-
tions (Clarke & Roche, 2009), e.g., benchmarking to 1 when comparing
7/6 vs. 8/9 (Reinhold, Reiss, Hoch, Werner, & Richter-Gebert, 2018). In
contrast, the prevalent approach present in traditional textbooks is
finding a common denominator and then comparing the fractions re-
ferring solely to their numerators—which may yield no appropriate
learning opportunities to overcome a NNB regarding size, as applying
the common misconception “the fraction with the larger enumerator is
the larger fraction” to the resulting pair of fractions after finding a
common denominator results in correct solutions, yet may not in-
troduce the necessary conceptual change.

Regarding the cited literature on teaching and learning fractions our
elaborated fractions curriculum allowed students to explore non-sym-
bolic fractions (e.g., circle diagrams depicted as pizzas, or tape dia-
grams) before introducing more formal representations (e.g., fractions
on the number line; symbolical representation of fractions), as pro-
viding intuitive pathways to core fraction concepts (Behr et al., 1983)
was our first key goal in the development of the material. In addition,
we paid special attention to include teaching rationales and tasks that
do yield appropriate learning opportunities to overcome an NNB, ac-
cording to the literature in Section 1.1 and as depicted in the two ex-
amples given above. We close with a third example, concerning the task
of challenging the dimension of density within the NNB: The task to
represent a fraction in continuous circle or bar diagrams does not allow
for counting strategies, but can support the concept of fraction mag-
nitude (Meert et al., 2010)—and, therefore, may be beneficial for a shift
from thinking about fractions as discrete numbers to an age-appropriate
interpretation of density and continuity (i.e., “being not discrete”).
Moreover, we assume that exposing students to representation tasks
with both prepartitioned and continuous diagrams—i.e., relying on and
suppressing counting strategies—can introduce cognitive conflict and
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therefore may elaborate their concept of density (Merenluoto &
Lehtinen, 2004).

2.2.2. Instructional design

We designed our material with regard to the implications of cog-
nitive load theory, cognitive theory of multimedia learning, and in-
tegrated model of text and picture comprehension for developing va-
luable learning environments (Instructional Design in Fig. 1). Here, we
understand iconic representations of fractions as pictures and symbolic
representations of fractions as text—thus assuming that these different
representations of fractions can be processed in different cognitive
structures. Therefore, we assume that teaching fractions using both
non-symbolic and symbolic representations can lead to better learning
outcomes than using solely symbolic representations (multimedia
principle). Furthermore, we think of exercises that focus on the tran-
sitions between various non-symbolic and symbolic representations of
fractions as fruitful tasks to develop conceptual knowledge of fractions
(e.g., Behr et al., 1983). Yet, as such tasks yield high element inter-
activity resulting in high intrinsic cognitive load, we assume that they
are of high cognitive demand for students—which ascribes importance
to reducing extraneous cognitive load in the learning environment.
Thus, lowering extraneous cognitive load was the second key goal in
the development of our material.

2.2.3. Technological Implementation

We created our digital learning environment as an electronic text-
book (eBook) for use on tablet PCs using iBooks Author (Apple Inc.,
2017) for the framework and CindyJS (von Gagern, Kortenkamp,
Richter-Gebert, & Strobel, 2016) as the programming environment for
the interactive content (Technological Implementation in Fig. 1). This
eBook (Hoch et al., 2018) allowed for hands-on activities and included
a total of 90 interactive and adaptive exercises (i.e., Widgets). Referring
to findings portrayed above, we assume that tangible hands-on activ-
ities and tutoring with adaptive task difficulty as well as individual
feedback can reduce cognitive load in learning tasks—and therefore
lower the high cognitive demand of learning basic fraction con-
cepts—especially for low-achieving students.

As the learning environment was developed mainly for the use
within real classroom scenarios, we designed widget-based adaptivity,
since teachers would most frequently choose the widget to work with
for the students. We implemented levels of increasing difficulty for each
widget, based not on empirically measured task difficulties, but on
evidence-based difficulty-generating characteristics of the specific task
type, as illustrated for number line tasks: Variation in length (i.e.,
number line of length 1 or longer) and equivalence (i.e., unit segment is
separated into segments according to the exact value of the denomi-
nator of the to-represent fraction, or not) can be seen as difficulty-
generating characteristics for number line tasks (Novillis-Larson, 1980).
Each widget generates sets of tasks within one level of difficulty, ran-
domly. Students have to complete these sets before they are allowed to
proceed to the next-higher difficulty level. Tasks answered incorrectly
have to be repeated until a heuristically determined threshold of correct
answers is reached. For a detailed description of the technical devel-
opment of adaptivity within the eBook, see Hoch, Reinhold, Werner,
Richter-Gebert, & Reiss (2018).

Feedback is designed and technologically implemented for each
widget, based on student-specific or task-specific characteristics. We
provide an example for both kinds of explanatory feedback: Firstly, in
iconic representation tasks, feedback for an incorrect answer is given
based on students' answers, e.g., the correct solution will be shown, and
the fraction the student depicted will be named, in addition. Secondly,
in comparison tasks, feedback for an incorrect answer is given based on
an algorithm choosing an appropriate strategy, e.g., for 7/6 vs. 8/9
benchmarking to 1 would be suggested by the algorithm, while for 4/9
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vs. 3/5, benchmarking to 1/2 would be suggested—regardless of the
students' answer. For a detailed description of the technical develop-
ment of feedback within the eBook, see Hoch et al. (2018).

Different aspects of interactivity are integrated within the eBook.
One of them are exploratory tasks to get involved with basic fraction
concepts. For example, students are asked to “distribute pizza” using
congruent gestures—as described in Section 1.3—or “use sliders” to
explore what happens to the iconic representation of a given fraction,
when the enumerator or the denominator is changed, or the fraction is
raised. A second aspect of interactivity integrated in certain widgets is
self-regulated graded assistance, where students can choose to get con-
structive hints for solving the problem—referring to the problem
completion effect (Paas, 1992).

To summarize: making use of the touchscreen technology, and im-
plementing adaptivity and automatic individual feedback as scaffolds
was the third key goal in the development of our material. The eBook
was designed for landscape-use on 12.9” iPads. Textbook pages were
shown in a two-column layout. Widgets were programmed to run in
full-screen mode and could be started by touching them on a textbook
page. To give a brief insight in the learning environment, examples are
given in Fig. 2, where a typical two-column textbook page and three
typical widgets (distributing pizza, part-whole concept in symbolical
representation, and expanding fractions in iconic representation) are
shown.

s Fractions on the number line

Exercise 62 &

Push the fraction o the correct spot on the numbes line

@ Remember

1f the division isn't exact enough, it has to be made
more fine:

Exercise 63 é

Fig. 2. Sample views of the interactive learning environment “ALICE:fractions”
to teach basic fraction concepts for use on iPads (Hoch, Reinhold, Werner,
Reiss, & Richter-Gebert, 2018).

Fig. 2. (continued)
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Fig. 2. (continued)
What number was the fraction expanded by? o
0

Expanded by:

e

Fig. 2. (continued)

2.2.4. Paper-based version

After developing the eBook, a paper-based version of the learning
environment was created as a near-to-exact copy of the digital textbook.
For that, we printed 5-6 items from each of the 90 widgets into the two-
column layout of the textbook and kept instructions and the sequence of
the exercises identical: The content consists of short book texts as well
as summarizations in formulas giving generic examples. Thus, we as-
sumed that students working with the paper copy version could still
benefit from the expertise we put into the content and the instructional
design of our material (i.e, elaborated fractions curriculum), but would
not be able to additionally benefit from the technological features im-
plemented (i.e., interactive and adaptive scaffolds). The digital version
is available in English (Hoch et al., 2018), the paper copy version is
availabe in the German original (Hoch, Reinhold, Werner, Reiss, &
Richter-Gebert, 2018).

2.3. Instruments

In order to control for effects of prior knowledge of fractions, a
pretest (10 items, McDonald's w = 0.827, 95%CI [0.812, 0.843]; inter-
rater reliability 0.885 < k < 0.986) was conducted before the inter-
vention. Since the Bavarian curriculum covers fractions in grade six,
students in both studies did not learn about fractions before the inter-
vention. For this reason, this pretest focused on every-day fractions
(e.g., 1/2, or 3/4) and contained items adapted from an existing
German fraction test (Padberg, 2002). Two generic items from the
pretest can be seen in Fig. 3. Here, students had to name the fraction 3/
4 and had to color 1/3 of a continuous tape diagram.
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Task 6 Determine what fraction of the circles is colored in gray.

X X 2@

Task 9 Color in one third of the bar.

Fig. 3. Sample items from the pretest with focus on the part-whole concept of
fractions on a discrete set of items (top) and fraction magnitude on a continuous
tape diagram (bottom).

To measure knowledge of fraction concepts after the intervention, a
two-dimensional posttest (38 items total; inter-rater reliability
0.812 < k < 1.00) was developed as a second test instrument. Here,
items focused on the part-whole concept, expanding and simplifying
fractions, and comparing fractions and were constructed based on the
following rationale: On the Procedural Knowledge scale (18 items;
® = 0.879, 95%CI [0.868, 0.888]) students had to operate with frac-
tions in symbolical representation and no transition between re-
presentations was necessary (e.g.: “Write the missing numbers into the
boxes.“; see Fig. 4, Task 7). In items within the Conceptual Knowledge
scale (20 items; w = 0.867, 95%CI [0.856, 0.877]) operating with

Task 7 Write the missing numbers into the boxes.

a) = = b)

]
R 3

Task 5 The depicted fraction should be simplified by 2. Check the correct picture.

[}
£ [}
m} m}

Fig. 4. Sample items from the posttest with focus on expanding and simplifying
fractions assessed as procedural knowledge (top) and conceptual knowledge
(bottom).
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iconic representations of fractions, or transitions between non-symbolic
and symbolic representations were necessary (e.g.: “The depicted
fraction should be simplified by 2. Check the correct picture.; see
Fig. 4, Task 5).

We assumed that procedural knowledge items can be solved using
basic arithmetics with natural numbers and without an elaborated
conceptual understanding of fractions (e.g., dividing 28 by 4 in Task 7a;
Fig. 4). In contrast, we think that solving conceptual knowledge items
requires such elaborated conceptual understanding of fractions (here:
simplifying fractions as the given division becoming coarser), especially
when common misconceptions of simplifying fractions (here: sub-
tracting two parts, or dividing by 2) are given as distractors. We hereby
follow commonly accepted argumentations regarding the use of re-
presentations in the field of mathematics education (e.g., Behr et al.,
1983; Bruner, 1960; Duval, 2006; Lesh, 1981; Padberg & Wartha,
2017).

2.4. Procedure

Study 1 was conducted at the beginning of the school year 2016/
2017 and study 2 was conducted at the beginning of the school year
2017/2018. Schools and teachers could decide whether they partici-
pated in the intervention study or not on a voluntary basis before they
were randomly assigned to the three different intervention groups.

The classroom intervention studies covered the first four weeks of
the school year. Due to several school-dependent reasons, the total
number of mathematics lessons during these four weeks differed
slightly between the classrooms (M = 15.48 lessons of 45min each,
SD = 2.03). Only topics concerning fractions were taught during these
lessons. As the variance in total instruction time can assumed to be
relevant for students’ outcome, we incorporated instruction time on
fractions in the following analyses (see Appendix A).

The pretest was conducted in the first 15 minutes of the first lesson,
the posttest (55 minutes) was conducted after the four-week interven-
tion. Students took both tests anonymously on a voluntary basis and
with the informed consent of their parents.

During the intervention, students from the Scaffolded Curriculum
group worked with the eBook on iPads. Teachers in this group were
advised to use the eBook for at least half of their instruction time, to
make use of the given introductions for each topic and to let their
students study with the interactive exercises. Students from the
Curriculum group worked with the paper copy version during class-
room instruction. Teachers in this group were also advised to make use
of the given introductions for each topic and to use the exercises in the
paper copy version of the learning environment. Because of this set-up,
we assume that students within the Curriculum group did not have
access to the scaffolds and features implemented into our interactive
learning environment—e.g., feedback and adaptivity in the Curriculum
group may be provided by the teachers on a classroom-level, yet feed-
back and adaptivity in the Scaffolded Curriculum group may also be
provided by teachers on a classroom-level, but will be provided by the
eBook on a student-level. Students and teachers from the Traditional
group did not receive any of our material before and during the inter-
vention. Teachers in this group were only advised with educational
objectives for the four-week classroom instruction, to ensure the
teaching of the same content during the intervention across all three
groups. They chose their material and their method of introducing
fractions on their own.

Both the Bavarian Ministry of Education and the responsible local
education authority approved the studies.

2.5. Implementation check
In both studies, we conducted the same 90-minutes teacher training

before the intervention to advise the teachers with the educational
objectives for the four weeks of instruction. Furthermore, each teacher
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was handed an 18-page booklet with detailed information on the aim of
the research project, the educational objectives (i.e., the part-whole
concept, expanding and simplifying fractions, fractions on the number
line, fractions representing more than one whole, mixed numbers; and
comparing fractions), and ideas on how to use the developed material
(eBook and paper copy) in mathematics classrooms.

Teachers were interviewed after the intervention to check whether
the teachers gave their lessons within their classes as intended (e.g.,
covering all topics, total instruction time):

For the Traditional group, we consider the implementation to be
adequate, when the educational objectives given were all addressed
during the intervention. Teachers within the Traditional group stated
that this was achieved.

For the Curriculum group, we consider the implementation to be
adequate, when the educational objectives given were all addressed
during the intervention, when our exploratory introductions were used
to start with new topics, and when all 90 tasks (i.e., the printed version
of the widgets in the eBook) were worked on at least once. Teachers
within the Curriculum group stated that this was realized.

For the Scaffolded Curriculum group, we consider the im-
plementation to be adequate, when the educational objectives given
were all addressed during the intervention, when our exploratory in-
troductions were used to start with new topics while using the eBooks'
interactive content, and when all 90 widgets were worked on at least
once with recourse to the eBooks' scaffolds. Teachers within the
Scaffolded Curriculum group stated that this was realized.

For students from the Scaffolded Curriculum group, we have in-
formation about their use of the eBook during the intervention in form
of process data (e.g., total number of items worked on, solution rates for
each widget, total time on task), additionally. For the purpose of this
paper, we used this rather large pool of additional information solely to
verify whether the eBook was used during classroom instruction. Since
an adequate analysis of this process data would exceed the framework
of this article and would focus on only one of the three treatment
groups (i.e., the Scaffolded Curriculum group), we will not refer to
information about how the eBook was used during the intervention
within this article. For a description of potential benefits of process data
for research purposes, see Hoch et al. (2018) or Goldhammer,
Naumann, Rolke, Stelter, and T6th (2017).

We interviewed teachers from both experimental groups about the
learning environment (e.g., applicability in real classroom contexts,
curricular validity, etc.), and asked teachers from the Scaffolded
Curriculum group about the integration of tablet PCs into their class-
room practice (e.g., easiness of use, additional preparation time,
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student-device-interaction, etc.). The teachers' statements were positive
in general, and no salience that would affect the results of the inter-
vention from our point of view were reported. Thus, considering the
teacher training, the detailed booklet, the teacher interviews, and the
process data, we concluded that the teachers in all three intervention
groups implemented the treatment as intended.

2.6. Data and statistical analyses

Generalized linear mixed models (GLMM) were used to estimate
differences between the three intervention groups in answering the test
items, as they have several advantages over other statistical methods
(e.g., handling of unbalanced designs and nested structures of the
sample, see Brauer & Curtin, 2018, and handling of dichotomous data,
see Anderson, Verkuilen, & Johnson, 2010). Four separate analyses
were conducted for study 1 (high-achieving students, both procedural
and conceptual knowledge) and study 2 (low-achieving students, again
both procedural and conceptual knowledge). The full models contained
fixed effects for the predictor variable Group (factor, using the Tradi-
tional group as the baseline for the model) and for the control variables
Prior knowledge (number of items solved in the pretest, centered at
grand mean), Gender (—0.5 = female; 0.5 = male), and Instruction time
(number of fraction lessons, centered at grand mean). The models al-
lowed for random intercepts for Students, Classrooms and Items. Like-
lihood-ratio tests for different models (i.e., from baseline models to full
models, see Table 3) were conducted to determine appropriate models
for the different analyses while considering the nested structure of the
data (students within classrooms). We chose the final models regarding
both those likelihood-ratio tests and post-hoc power analyses (see
Appendix A). All analyses were conducted in R (R Development Core
Team, 2008) using the Ime4 package (Bates, Machler, Bolker, & Walker,
2015).

Estimates are given as log-odds which can be transformed into
probabilities of obtaining a correct answer. In consequence of the data
preparation described above, the Intercept describes the estimated
probability of getting a right answer on an item of average difficulty
from an average student within the Traditional group, i.e., a student
who had no access to interactive and adaptive scaffolds and was not
taught with regards to our elaborated fractions curriculum. Differences
between the intervention groups were investigated via post hoc ana-
lyses using Tukey contrasts. For that, the multcomp package (Hothorn,
Bretz, & Westfall, 2008) was used.

From our point of view there is no canonical way to calculate or
report standardized effect sizes for group differences in GLMMs.

Table 3
Overview of the models used for the prediction of the effects of the intervention.
Fixed effects Model 0 Model 1 Model 2 Model 3 Model 4 Model 5
Intercept yes yes yes yes yes yes
Predictor variables
Intervention groups no yes yes yes yes yes
Control variables
Prior knowledge no no yes yes yes yes
Gender no no no no yes yes
Instruction time no no no no no yes
Random effects Model 0 Model 1 Model 2 Model 3 Model 4 Model 5
Student yes yes yes yes yes yes
Item yes yes yes yes yes yes
Classroom no no no yes yes yes

Note. See Appendix A for a complete overview of the model selection procedure for all four analyses (high-achieving students and low-achieving
students, both for procedural knowledge and conceptual knowledge of fractions).
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Therefore, we report unstandardized within-study effect sizes (Pek &
Flora, 2018; Wilkinson & Task Force on Statistical Inference, 1999) for
all comparisons of the intervention groups: We compare the likelihood
of students from one group to solve an item in the test correctly to the
likelihood of students in another group as a quotient, relative to the
less-likely-to-solve group. We further report post-hoc power analyses
for those effects between intervention groups, calculated via Monte
Carlo Simulation with the simr package (Green & MacLeod, 2016).

As can be seen in Tables 2 and 1% of the high-achieving students
and 16% of the low-achieving students did not take part in the pretest.
Their missing values for the control variable Prior knowledge were es-
timated using multivariate imputation by chained equations. Here, a
random sample from the observed values was imputed using the mice
package (Buuren & Groothuis-Oudshoorn, 2011). It should be noted
that dropping the results of these students completely from the analyses
would not alter the results, but would reduce the power of the analyses
substantially.

3. Results

We report analyses of the pretest results for both studies at first.
Results of the posttest are reported for study 1 and study 2 separately
before differences between high-achieving and low-achieving students
are given.

3.1. Prior knowledge of fractions

First, we checked whether high-achieving and low-achieving stu-
dents, girls and boys, and students from the three different intervention
groups differed in terms of prior knowledge of fractions before the in-
tervention. We used the pretest as a measure of this prior knowledge.
Table 4 summarizes the results from the pretest for high-achieving
students (left) and low-achieving students (right), respectively. Here,
the mean number of items solved in the pretest are reported separately
for the total sample, female and male students, and different inter-
vention groups.

For our a priori appraisal of high-achieving and low-achieving stu-
dents to be eligible, we expected the high-achieving students to have
more prior knowledge of fractions than the low-achieving students be-
fore the intervention. As can be seen in Table 4, the data is in line with
our expectation: high-achieving students solved on average 4.84 of the
10 items in the pretest, whereas low-achieving students only got a mean
number of 2.28 items correct. Thus, there was a significant and large
effect of the a priori achievement grouping—operationalized through
different school tracks of the German three-track public school

Table 4

Results from the pretest for high-achieving students (study 1, left) and low-
achieving students (study 2, right); reported separately for the total sample,
female and male students, and the different intervention groups.

Study 1:
High-achieving students

Study 2:
Low-achieving students

M SD N M SD N

Total 4.84 2.88 745 2.28 2.02 260
Gender®

Female 4.36 2.78 342 2.21 2.04 110

Male 5.27 2.91 393 2.33 2.01 150
Intervention groups

Scaffolded Curriculum 4.92 2.91 159 2.55 2.18 107

Curriculum 4.96 2.92 320 2.17 1.96 71

Traditional 4.65 2.82 266 2.02 1.81 82

Note. Scale of Pretest: 0-10; M = Mean number of items solved, SD = Standard
deviation. 10 high-achieving students did not report their gender.

10
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system—on the pretest scores, t(645.45) = 15.66, p < .001, d = 0.95,
95%CI [0.81, 1.10], in favor of the high-achieving students. Therefore,
we concluded that our operationalization of high-achieving and low-
achieving students is appropriate.

To interpret possible gender differences in the effects of interactive
and adaptive scaffolds, we investigated whether girls and boys differed
in the pretest. High-achieving boys solved on average one item more
than high-achieving girls, whereas differences for low-achieving stu-
dents seem negligible (see Table 4). In fact, there was a significant but
small effect of gender on the pretest score for high-achieving students, t
(726.24) = —4.32,p < .001, d = 0.32, 95%CI [0.17, 0.47], while the
effect was not significant for low-achieving students, ¢t
(232.95) = —0.46, p = 0.64. These differences between girls and boys
should be kept in mind when interpreting the results for high-achieving
students.

Most important for the interpretation of these cluster randomized
classroom studies, the three different intervention groups should be
comparable in terms of prior knowledge of fractions for both high-
achieving students and low-achieving students. While the Curriculum
group reached the highest pretest scores in the high-achieving sample,
the Scaffolded Curriculum group showed the highest pretest results in
the low-achieving sample (see Table 4). However, these differences in
pretest scores were not significant for both high-achieving students, F
(2,742) = 0.90, p = .41, and low-achieving students, F(2, 257) = 1.74,
p = .18. Hence, we concluded that the Scaffolded Curriculum group,
the Curriculum group and the Traditional group had comparable prior
knowledge of fractions before the intervention in both the high-
achieving and the low-achieving sample.

3.2. Study 1: Effects on high-achieving students

We asked whether the scaffolds and/or the curriculum had a posi-
tive effect on students' development of fraction knowledge. In parti-
cular, we checked whether students who had access to interactive and
adaptive scaffolds (students from the Scaffolded Curriculum group) or
only to our elaborated fractions curriculum (students from the
Curriculum group) showed a higher probability of getting correct an-
swers in the posttest on fractions than students taught with traditional
material (students from the Traditional group). Parameter estimates
based on the GLMMs for both procedural and conceptual knowledge of
fractions in the high-achieving sample are given in Table 5 (left). Es-
timates are given for the predictor variables (intervention groups) as
well as control variables (prior knowledge, and gender). They are re-
ported as log-odds in Table 5 and are transformed into estimated
probabilities in the following paragraphs; levels of significance are in-
dicated with asterisks. Results differed for procedural and conceptual
knowledge in the high-achieving sample.

3.2.1. Procedural knowledge of fractions for high-achieving students

The estimated probability for getting a correct answer on an average
item in the procedural knowledge scale of the posttest for an average
student from our high-achieving sample was 70%, 95%CI [57.8, 79.4].
This baseline represents the results for students in the Traditional
group. The log-odds for getting a correct answer varied between stu-
dents (Var = 0.74), classrooms (Var = 0.07), and items (Var = 1.06).
Here, no significant differences between the three intervention groups
were found, with students from the Scaffolded Curriculum condition
showing an estimated probability of 70%, 95%CI [57.9, 80.4], and
students from the Curriculum condition showing an estimated prob-
ability of 75%, 95%CI [63.8, 83.1], for getting a correct answer in the
procedural knowledge scale of the posttest, all ps > .05. Thus, we
conclude that neither our elaborated fractions curriculum nor inter-
active and adaptive scaffolds did lead to better procedural knowledge of
fractions in the high-achieving sample.

There was a significant effect of prior knowledge of fractions on
solving procedural knowledge items in the posttest, p < .001, with
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Table 5
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Parameter estimates based on the generalized linear mixed models for posttest data (both procedural and conceptual knowledge); reported separately for high-

achieving students (study 1, left) and low-achieving students (study 2, right).

Study 1: High-achieving students

Study 2: Low-achieving students

Procedural knowledge

Conceptual knowledge

Procedural knowledge. Conceptual knowledge

Fixed effects Est. SE Eff. Est. SE Eff. Est. SE Eff. Est. SE Eff.

Intercept 0.84* 0.26 0.75%** 0.18 —1.91%** 0.33 —1.20%** 0.24
Predictor variables

Traditional —Scaffolded Curriculum 0.03 0.17 - 0.62%* 0.15 18% 0.50%* 0.15 54% 0.55%** 0.12 48%

Traditional —Curriculum 0.24 0.14 - 0.68%** 0.13 19% 0.01 0.17 - 0.24 0.13 -

Curriculum —Scaffolded Curriculum -0.21 0.17 - -0.07 0.15 - 0.49%* 0.16 54% 0.31* 0.13 21%
Control variables

Prior knowledge 0.22%* 0.01 0.01 0.10% 0.03 0.11%** 0.03

Gender - 0.07 - -
Random effects Var. SD Var SD Var. SD Var SD
Student 0.74 0.86 0.44 0.66 0.59 0.77 0.39 0.62
Item 1.06 1.03 0.46 0.68 1.73 1.31 0.94 0.97
Classroom 0.07 0.26 0.06 0.25 - -

Note. Study 1: High-achieving students (Procedural knowledge: 13410 observations, 745 students, 29 classrooms, 18 items; Conceptual knowledge: 14900 ob-
servations, 745 students; 29 classrooms; 20 items); Study 2: Low-achieving students, i.e., students in lowest school track (Procedural knowledge: 4680 observations,
260 students, 18 items; Conceptual knowledge: 5200 observations, 260 students; 20 items). Predictor variables: differences between groups are given as post hoc
Tukey contrasts. Control variables are centered at grand mean of the sample. Est. = Estimates are given as log-odds. Eff. = Within-study effect sizes are given as
relative differences in estimated probabilities for solving an item correctly between intervention groups. Var = Variance, SE = Standard error, SD = Standard

deviation. Levels of significance: *p < .05, **p < .01, ***p < .001.

solving one additional item in the pretest resulting in a 6.3% more
likely correct answer on a procedural knowledge item in the posttest.
Gender and instruction time had neglectable effects on procedural
knowledge for the high-achieving sample (Appendix A).

3.2.2. Conceptual knowledge of fractions for high-achieving students

The estimated probability for getting a correct answer on an average
item in the conceptual knowledge scale of the posttest for an average
student from our high-achieving sample was 68%, 95%CI [59.8, 74.9].
Again, this baseline represents the results for students in the Traditional
group. The log-odds for getting a correct answer varied between stu-
dents (Var = 0.58), classrooms (Var = 0.06), and items (Var = 0.74).
We expected that students from the Scaffolded Curriculum group would
show the highest probability in solving items from the posttest since
they could benefit from both the interactive and adaptive scaffolds on
tablet PCs and our elaborated fractions curriculum to develop fraction
concepts. In fact, students from the Curriculum group had an estimated
probability of 81%, 95%CI [74.7, 85.4], to answer conceptual knowl-
edge items from the posttest correctly, whereas students from the
Scaffolded Curriculum group reached a slightly lower estimated prob-
ability of 80%, 95%CI [72.6, 85.1]. Post-hoc Tukey tests showed sig-
nificant differences between the Scaffolded Curriculum group and the
Traditional group, p < .001, post-hoc power of 98%, 95%CI [97.0,
98.9], and between the Curriculum group and the Traditional group,
p < .001, post-hoc power of 100%, 95%CI [99.6, 100.0]: Students
from the Scaffolded Curriculum group were 18% more likely and stu-
dents from the Curriculum group were 19% more likely to answer a
conceptual knowledge item correctly than students from the Traditional
group. Yet, no significant difference between the treatment groups
could be found in the high-achieving sample, p = .90. These results
suggest that our holistic material to teach initial fraction concepts was
helpful to teach high-achieving students both in the scaffolded version
on tablet PCs and the paper-based version. Yet, no additional benefit
from interactive and adaptive scaffolds on tablet PCs was found.

As expected, higher prior knowledge of fractions resulted in sig-
nificantly better conceptual knowledge for high-achieving students in
the posttest, p < .001. Being able to solve one additional item in the
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pretest before the intervention led to a 6.7% higher estimated prob-
ability to give a correct answer in a conceptual knowledge item within
the posttest.

Bearing in mind that high-achieving boys turned out to be better
than girls in terms of prior knowledge of fractions before the inter-
vention, it seems noteworthy that high-achieving girls outperformed
high-achieving boys after the intervention significantly, p < .01. Girls
were 7.5% more likely to solve a conceptual knowledge item in the
posttest than boys. Hence, the results suggest that female high-
achieving students did not only close up to male high-achieving stu-
dents, but developed better initial fraction concepts than male students.
Instruction time had a neglectable effect on conceptual knowledge for
the high-achieving students (Appendix A).

3.3. Study 2: Effects on low-achieving students

Analyses were likewise conducted for the low-achieving sample.
Parameter estimates based on the GLMMs for the low-achieving stu-
dents (again, both procedural knowledge and conceptual knowledge)
are given in Table 5 (right) for posttest data. Estimates are also reported
as log-odds. Here, we equivalently investigated whether the use of
scaffolds and/or the curriculum lead to better fraction knowledge when
compared to traditional classroom instruction. For the low-achieving
sample, results for procedural and conceptual knowledge are similar.
Here, gender and instruction time had neglectable effects on both
scales, and classroom-level random intercepts are not considered
(Appendix A).

3.3.1. Procedural knowledge of fractions for low-achieving students

For the low-achieving sample, the estimated probability for getting
a correct answer on an average procedural knowledge item for an
average student from the Traditional group was 13%, 95%CI [7.2,
22.1]. The log-odds varied between students (Var = 0.59) and items
(Var = 1.73).

Being taught with our elaborated fractions curriculum for initial
fraction concepts (i.e., taught in the Curriculum condition) resulted in
an estimated probability for getting a correct answer of, again, 13%,
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95%CI [7.2, 22.3]. Yet, working with our interactive and adaptive
learning environment on tablet PCs (i.e., taught in the Scaffolded
Curriculum condition) increased the probability of solving a procedural
knowledge item to 20%, 95%CI [11.4, 31.5]. Post-hoc Tukey tests
showed that the differences between the Scaffolded Curriculum group
and the Traditional group was significant, p < .01, resulting in a 54%
higher chance of solving a procedural knowledge item in the posttest,
post-hoc power of 90%, 95%CI [87.9, 91.7]. Yet, no significant differ-
ence between the Curriculum group and the Traditional group could be
found in the low-achieving sample, p =.99. Students from the
Scaffolded Curriculum group outperformed students from the
Curriculum group, yielding a 54% higher chance of solving a proce-
dural knowledge item in the low-achieving sample, p < .01, post-hoc
power of 87%, 95%CI [84.9, 89.1]. These results suggest that scaffolds
during working with digital devices in mathematics classrooms can
increase short-term learning outcomes on a procedural knowledge level
for low-achieving students.

Higher prior knowledge of fractions resulted in significantly better
procedural knowledge achievement in this low-achieving sample,
p < .001. Here, students who solved one more item in the pretest were
9.0% more likely to solve procedural knowledge items in the posttest.
This improved performance seems noteworthy since the estimated
probability for solving posttest items is altogether low for low-achieving
students.

3.3.2. Conceptual knowledge of fractions for low-achieving students

For low-achieving students, the estimated probability for getting a
correct answer on an average conceptual knowledge item for an
average student from the Traditional group was 23%, 95%CI [16.0,
32.4]. The log-odds varied between students (Var = 0.39) and items
(Var = 0.94).

Students from the Curriculum group had a slightly higher estimated
probability for getting a correct answer of 28%, 95%CI [19.4, 37.9].
Again, students in the Scaffolded Curriculum group had the highest
estimated probability for solving a conceptual knowledge item of 34%,
95%CI [25.0, 45.1]. Post-hoc Tukey tests showed that the difference
between the Scaffolded Curriculum group and the Traditional group
was significant, p < .001, resulting in a 48% higher chance of solving a
conceptual knowledge item, post-hoc power of 99%, 95%CI [98.6,
99.7]. Again, no significant difference between the Curriculum group
and the Traditional group could be found in the low-achieving sample,
p = .18. Students from the Scaffolded Curriculum group outperformed
students from the Curriculum group, yielding a 21% higher chance of
solving a conceptual knowledge item, p < .05, post-hoc power of 73%,
95%CI [70.0, 75.6]. In contrast to the high-achieving sample, these
results suggest that interactive and adaptive scaffolds used in mathe-
matics classrooms combined with our elaborated fractions curriculum
can lead to better conceptual knowledge of fractions in low-achieving
students, while the curriculum alone seems insufficient.

Higher prior knowledge of fractions also resulted in significantly
better conceptual knowledge achievement of low-achieving students,
p < .001, with students who solved one more item in the pretest being
8.7% more likely to solve a conceptual knowledge item in the posttest.

3.4. Differences between low-achieving and high-achieving students

We asked whether the effect of interactive and adaptive scaffolds
and/or an elaborated fractions curriculum on students learning frac-
tions in grade 6 differed between high-achieving and low-achieving
students. In regard to cognitive load theory and cognitive theory of
multimedia learning we assumed that the use of scaffolds while
learning fractions could be beneficial for both high-achieving and low-
achieving students, but the impact for low-achieving students could be
higher due to a possible expertise-reversal effect. We combined insights
from both samples to answer this question. The results from the posttest
for high-achieving and low-achieving students—and both procedural
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Fig. 5. Estimated probabilities for solving procedural knowledge items (left)
and conceptual knowledge items (right) in the posttest compared for the dif-
ferent intervention groups, represented for high-achieving students and low-
achieving students separately. Estimates and 95%ClIs are given.

knowledge and conceptual knowledge—are summarized in Fig. 5. Here,
the estimated probabilities to give a correct answer in the posttest are
represented as points in the diagram for students from the different
intervention groups, with 95% confidence intervals also given. Proce-
dural knowledge is shown on the left, and conceptual knowledge is
shown on the right part of the figure. The colored lines represent the
high-achieving and the low-achieving sample.

As can be seen in Fig. 5, the results were mostly in line with our
assumptions, yet a differentiated look on the effects seems insightful:
For high-achieving students, both experimental groups showed com-
parable and higher conceptual knowledge of fractions after the inter-
vention compared to the Traditional group. Using our elaborated
fraction curriculum to develop initial fraction concepts both with and
without interactive and adaptive scaffolds on tablet PCs seemed to have
a comparable positive effect on student outcomes. Yet, the results
suggest that there is no difference in high-achieving students' proce-
dural knowledge of fractions between the three intervention groups.
However, in the low-achieving sample the Scaffolded Curriculum group
proved significantly better in both procedural and conceptual knowl-
edge of fractions than the Curriculum group and the Traditional group
after the intervention.

4. Discussion

The goal of the present studies was to identify effects of an elabo-
rated fractions curriculum and interactive and adaptive scaffold-
s—technologically implemented into an eBook—on students learning of
fraction concepts in real classroom situations. For that, we proposed a
framework for the development of interactive and adaptive digital
learning environments exemplified for the topic of fractions (see Fig. 1).
This framework suggests grounding the developmental process of ade-
quate learning environments on three pillars: Content (i.e., the subject
matter that is addressed, here: basic fraction concepts; see Section 1.1),
Instructional Design (i.e., psychological theories about learning with
multimedia, here: cognitive load theory, cognitive theory of multimedia
learning, integrated model of text and picture comprehension; see
Section 1.2), and Technological Implementation (i.e., features educational
technology can provide, here: interactivity and explicit use of
touchscreen technology for building up embodied tasks, adaptivity,
feedback; see Section 1.3). Following this framework, the designed
learning environment can enable the distinction between effects of
theory-grounded material design and its technological implementation
in research contexts. We will discuss the results from both studies,
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limitations of the studies, and implications for classroom instruction as
well as further research.

4.1. Effects of educational technologies' features on students' learning of
fraction concepts

The results suggest that an interactive and digital learning en-
vironment with adaptive scaffolds can be used to convey concepts of
fractions. Yet, we found evidence that effects of features that educa-
tional technologies can provide on students' development of fraction
concepts are complex and, therefore, no general answer seems appro-
priate.

The findings from the present studies can be considered reliable
empirical evidence that for low-achieving students interactive and
adaptive scaffolds framed within a theory-grounded material can lead
to better procedural and conceptual fraction knowledge during regular
classroom instruction than traditional teaching and learning scenarios:
Students working with our newly-developed interactive learning en-
vironment on iPads showed significantly higher procedural and con-
ceptual knowledge of fractions than the students working with tradi-
tional material. Yet, an elaborated fraction curriculum implemented in
a paper-based book with regards to the multimedia principle (Butcher,
2014) does probably not lower cognitive load sufficiently in the com-
plex learning of fractions to be beneficial for low-achieving students: No
positive effect of the use of only the elaborated fractions curriculum in a
paper-based book was found for low-achieving students, as no sig-
nificant differences between the Curriculum group and the Traditional
group were found after the intervention. It seems that low-achieving
students needed to work with interactive and adaptive content together
with automatic feedback—presented on tablet PCs—to be able to ben-
efit from the material. Hence, interactive hands-on activities, adaptive
task difficulty and individual feedback have proven to successfully
support low-achieving students in developing fraction concepts.

In contrast, the findings of study 1 reveal that high-achieving stu-
dents did in fact profit from our elaborated fractions curriculum in a
paper-based book, but did not benefit additionally from features that
educational technology can provide: Both experimental groups out-
performed the Traditional group in conceptual knowledge items in the
posttest, while no significant difference between the two treatment
groups and for procedural knowledge were found.

These differences between high-achieving and low-achieving stu-
dents are in line with findings from cognitive load theory and cognitive
theory of multimedia learning: Researchers report different effects be-
tween students with different prior knowledge when using instructional
material that is intended to lower cognitive load in complex learning
tasks (Blayney, Kalyuga, & Sweller, 2009; Kalyuga, 2007; Mayer &
Pilegard, 2014; Sweller et al., 2011). However, these studies mostly
made use of relatively short interventions (de Jong, 2010). Our inter-
pretation of the results of the present studies reflects these findings: We
conclude that using iconic representations of fractions to address the
necessity to revise established conceptions about natural numbers did
lower cognitive load. While this was beneficial for high-achieving stu-
dents with higher prior knowledge, intrinsic load in these complex
learning tasks was probably still too high for low-achieving students.
Hence, cognitive load had to be lowered additionally to support low-
achieving students in building up fraction concepts. Here, interactive
material, hands-on activities, adaptive task difficulty, and individual
feedback have obviously provided lower cognitive load, as also sug-
gested by works from other authors (Arroyo et al., 2014; Black et al.,
2012; Cheung & Slavin, 2013; Ma et al., 2014; Mayer & Moreno, 2003;
Moreno, 2004; Moreno et al., 2006; Steenbergen-Hu & Cooper, 2014).
This additional decrease in cognitive load seemed not to be necessary
for high-achieving students, but was essential for students from the low-
achieving sample. This suggests that specific features educational
technologies can provide when designed adequately can in fact lead to
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better fraction knowledge within real classrooms scenarios when
compared to traditional classroom instruction, especially for low-
achieving students.

4.2. Limitations of these studies

Our studies show differences in the outcomes of low-achieving
students and high-achieving students. Yet, our operationalization of
high-achieving and low-achieving students—as students from the
highest and lowest school track of the German (and with more detail:
the Bavarian) public-school system—may be considered a limitation,
since a priori no additional cognitive covariates were assessed to clas-
sify the students before the intervention. With regard to differences
between these school tracks in standardized assessment of mathematics
(Gotz et al.,, 2013; Salzer, Reiss, Schiepe-Tiska, Prenzel, & Heinze,
2013) and the large effects found in the pretest as well as both scales of
the posttest within our studies, we assume this operationalization is
appropriate. However, future research might seek to replicate the
findings using different operationalizations of high-achieving and low-
achieving students, e.g., standardized cognitive covariates.

In addition, these differences between low-achieving and high-
achieving students lead to new questions that need further investigation
and cannot be answered based on our studies: as appropriate feedback
as well as adaptive task difficulty have shown to be beneficial for the
learning process in different studies (Arroyo et al., 2014; Cheung &
Slavin, 2013; Ma et al., 2014; Steenbergen-Hu & Cooper, 2014), one
must ask why these aspects had no effect on high-achieving students in
the experiment—and how they worked for low-achieving students.
Regarding this, it can be asked whether students use feedback or
whether they chose the next task immediately. Here, process data
(Goldhammer et al., 2014) may be a reasonable way to address this: by
looking at the data captured by the devices—e.g., time on task or the
period of time that feedback was displayed (see Hoch et al.,
2018)—insights into students' working routines with the devices can be
investigated. For the present studies, it seems possible that high-
achieving students did not use feedback, as the tasks had been easy for
them. In addition, these routines—i.e., feedback, adaptivity—seemed to
work well for low-achieving students. This opens up new questions
about whether this only is a matter of prior knowledge or if other
moderators for the effectiveness of interactive and adaptive scaffolds
can be found. Regarding this, additional research is needed to identify
possible learning types that can benefit more from learning with in-
teractive and adaptive scaffolds than others.

Another aspect that might have influenced the outcome is the lack
of experience both teachers and students had with using educational
technology as an instrument for learning. Since none of the partici-
pating schools had their own devices, teachers as well as students
worked with educational technology—providing interactive and adap-
tive scaffolds for each student—in the classroom for the very first time.
Regarding the outcomes for high-achieving students, 90 minutes of
teacher training for teachers who never used educational technology on
a student level in their classrooms before may be considered in-
sufficient. However, since there was a positive effect for low-achieving
students, we conclude that the training prepared teachers for utilizing
the features implemented into the eBook in their classroom beneficially
and that the eBook was developed in a way that students could use it
during their lessons.

As both studies took place in real classroom scenarios, it could be
argued that instruction cannot be considered identical between dif-
ferent classrooms. On the other hand, it seems necessary to conduct
studies using interactive and adaptive scaffolds within schools to pro-
vide ecologically valid evidence for possible benefits (Kucirkova, 2014;
see also; de Jong, 2010) since they are where mathematics lessons take
place. We argue that the benefits for educational research on interactive
and adaptive scaffolds within real classroom settings and the relatively
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high sample size of both studies overcome the potential shortcomings of
different instruction in different classrooms, that are taught by different
teachers.

Regarding study 2, 260 students did not allow us to consider the
nesting within classrooms to full extent within our model due to power
restrictions. As we were not able to provide the hardware necessary to
implement the Scaffolded Curriculum condition in more than six
classrooms per study, this was a restriction we needed to accept. Yet,
the comparisons of different models within Appendix A—allowing for a
classroom random intercept in study 2—may put this potential short-
coming into perspective: directions of the effects are not altered when
controlling for nestedness within classrooms.

4.3. Research on digital media in real classroom scenarios

We focus on the development of fraction concepts within this ar-
ticle. As this is reflected in the suggested framework for developing
interactive and adaptive learning environments (Fig. 1) within the
Content dimension, and both Instructional Design and Technologically
Implementation do not focus on fractions—or mathematics—specifically,
we think that our results may be generalized to the acquisition of
mathematical knowledge—and knowledge developed in school con-
texts—in general.

Regarding this, we would like to propose the application of the
suggested framework for future research in various contents: as por-
trayed in this article, we suggest that the development of interactive
and digital learning environments should focus on both the content and
instructional design, producing high-quality material explicitly devel-
oped to support the curriculum, as requested as well by other authors
(e.g., Kucirkova, 2014; Pepin et al., 2017). With regard to the results of
our studies, research on the effect of specific features of educational
technology should address both, effects of the developed material and
its technological implementation, distinctively. These methodological
approaches can help gaining insights into the subtle effects of inter-
active and adaptive scaffolds in students’ learning within school con-
texts, as can be seen in the different results for high-achieving and low-
achieving students in our studies. In addition, such methodological
approaches may underpin key aspects of the media debate (R.E. Clark,
1994; Kozma, 1994): implementing educational technology should not
focus on the mere digital device, but on how specific features (e.g.,
embodied hands-on activities, adaptivity, feedback) are integrated in
interactive learning environments. However, this approach is not
common in educational research, and only few other articles can be
found using similar research designs (e.g., Lichti & Roth, 2018; Starbek,
Starci¢ Erjavec, & Peklaj, 2010; Tatli & Ayas, 2013).

4.4. Implications for classroom instruction

Our results suggest that students can benefit from an elaborated
fractions curriculum (i.e., using non-symbolic fraction representations
to inform both concepts and procedures; tasks explicitly designed to
yield appropriate learning opportunities to initiate conceptual change;
focusing on representation, density, and size before focusing on opera-
tions) while acquiring fraction concepts. Here, we want to emphasize
the use of iconic representations of fractions—both prepartitioned and
continuous, i.e., allowing for counting strategies and suppressing
them—to teach basic concepts of rational numbers. This demand has a
long tradition in mathematics education (e.g., Behr et al., 1983; Hart,
1989; Lamon, 2012; Post, Cramer, Behr, Lesh, & Harel, 1993). Yet,
fractions instruction in curriculums and in schools still focuses largely
on arithmetic procedures but not on conceptual understanding of
fractions and rational numbers (Vamvakoussi et al., 2011), which can
lead to common errors in handling fractions (Resnick et al., 1989). Our
results suggest that a teaching approach using a more elaborated frac-
tions curriculum—as described in this article—can support students,
especially in developing conceptual knowledge of fractions.
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Furthermore, we support the use of well-informed interactive and
adaptive scaffolds built in appropriately designed digital learning en-
vironments to teach fraction concepts—and other mathematical con-
cepts—in schools, regarding the results of our studies. We found evi-
dence that especially low-achieving students benefit from interactive
learning environments that work adaptive and give feedback, while
there was no negative effect for high-achieving students. Moreover,
non-cognitive measures were not investigated within both studies.
Here, research has shown that motivation, self-efficacy and anxiety
towards mathematics can be altered positively using appropriately
designed features of educational technology (Hillmayr et al., submitted
for publication; Hilton, 2018; Hung, Sun, & Yu, 2015; Moyer-
Packenham et al., 2015; Riconscente, 2013; Schuetz, Biancarosa, &
Goode, 2018). Regarding the results, well-informed and adequately
developed digital material should be considered a fruitful supplement
for mathematics classrooms, with tablet PCs offering a suitable in-
tegration into school contexts.

5. Conclusion

The findings from the present studies can be considered reliable
empirical evidence that interactive and adaptive scaffolds implemented
as features of educational technology can lead to higher-developed
fraction concepts in students during regular classroom instruction than
traditional teaching and learning scenarios, especially for low-
achieving students. Regarding the content, we suggest that a holistic
curriculum for basic fraction concepts should consist of much more
than just the presentation of arithmetical procedures: it should not
focus solely on symbolic fraction arithmetic that might appear mean-
ingless to many students, but yield appropriate learning opportunities
for initiating necessary conceptual change. The results suggest that an
interactive and adaptive learning environment that demands constant
transition between different representations of fractions can be used to
convey an elaborated concept of fractions. Moreover, research on
education technologies should consider the differentiation between
learning material and its realization with technology, as different users
may react differently to both aspects—what is an important feature for
classroom work.
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Appendix A. Model Selection

We compared six different models for each of the four analyses, as depicted in Table 3 within the main article. Model 0 is the baseline model,
containing a fixed intercept and random effects for students and items. In Model 1, intervention group is added as a fixed factor, with the Traditional
group as the baseline, giving estimates of the treatment effect with no statistical controls. In Model 2, prior knowledge is added as a fixed effect. In
Model 3, a classroom random intercept is added. In Model 4, gender is added as a fixed effect. In Model 5, instruction time is added as a fixed effect,
as classes varied slightly in the number of lessons during the four weeks’ intervention.

We conducted likelihood-ratio tests for those models to determine appropriate models for the different analyses. Results are given for high-
achieving students and procedural knowledge (Table A1) and conceptual knowledge (Table A2), as well as for low-achieving students and procedural

knowledge (Table A3) and conceptual knowledge (Table A4), separately, where the models selected for analysis are highlighted in gray.

Table A.1

Parameter estimates based on different generalized linear mixed models for procedural knowledge within the high-achieving group (study 1), given from a baseline

model to a full model.

Model 0 Model 1 Model 2 Model 3 Model 4 Model 5

Fixed effects Est. (SE) Est. (SE) Est. (SE) Est. (SE) Est. (SE) Est. (SE)
Intercept 0.95 (0.25) 0.79 (0.25) 0.84 (0.25) 0.84 (0.26) 0.83 (0.26) 0.82 (0.26)
Predictor variables

Traditional — Scaffolded Curriculum - 0.07 (0.12) 0.02 (0.11) 0.03 (0.17) 0.03 (0.17) 0.06 (0.17)

Traditional — Curriculum - 0.32 (0.10) 0.25 (0.09) 0.24 (0.14) 0.25 (0.14) 0.26 (0.14)

Curriculum — Scaffolded Curriculum - —0.25 (0.12) —0.24 (0.10) —0.21 (0.17) —-0.22 (0.17) —0.20 (0.16)
Control variables

Prior knowledge - - 0.22 (0.01) 0.22 (0.01) 0.22 (0.01) 0.22 (0.01)

Gender - - - - —0.05 (0.08) —0.05 (0.08)

Instruction time - - - - - 0.03 (0.03)
Random effects Var. (SD) Var. (SD) Var. (SD) Var. (SD) Var. (SD) Var. (SD)
Student 1.23 (1.11) 1.20 (1.10) 0.81 (0.90) 0.74 (0.86) 0.74 (0.86) 0.74 (0.86)
Item 1.06 (1.03) 1.06 (1.03) 1.06 (1.03) 1.06 (1.03) 1.06 (1.03) 1.06 (1.03)
Classroom - - - 0.07 (0.26) 0.07 (0.26) 0.06 (0.25)
Likelihood-ratio test X? X2 X2 X2 x? x?

- 10.28%* 221.50%%* 17.07%** 0.31 0.92

Note. 13410 observations, 745 students, 29 classrooms, 18 items. Predictor variables: differences between groups are given as post hoc Tukey contrasts. Control
variables are centered at grand mean of the sample. Est. = Estimates are given as log-odds. Var = Variance, SE = Standard error, SD = Standard deviation.
X? = Likelihood ratio test used for model comparison. Levels of significance: *p < .05, **p < .01, ***p < .001. We chose model 3.

Table A.2

Parameter estimates based on different generalized linear mixed models for conceptual knowledge within the high-achieving group (study 1), given from a baseline

model to a full model.

Model 0 Model 1 Model 2 Model 3 Model 4 Model 5

Fixed effects Est. (SE) Est. (SE) Est. (SE) Est. (SE) Est. (SE) Est. (SE)
Intercept 1.17 (0.16) 0.74 (0.16) 0.78 (0.16) 0.76 (0.18) 0.75 (0.18) 0.75 (0.18)
Predictor variables

Traditional — Scaffolded Curriculum - 0.63 (0.11) 0.57 (0.09) 0.59 (0.16) 0.62 (0.15) 0.62 (0.16)

Traditional — Curriculum - 0.70 (0.09) 0.63 (0.08) 0.65 (0.13) 0.68 (0.13) 0.68 (0.13)

Curriculum — Scaffolded Curriculum - —0.07 (0.11) —0.06 (0.09) —0.06 (0.15) —0.07 (0.15) —0.06 (0.15)
Control variables

Prior knowledge - - 0.21 (0.01) 0.21 (0.01) 0.22 (0.01) 0.22 (0.01)

Gender - - - - —0.21 (0.07) —0.21 (0.07)

Instruction time - - - - - 0.00 (0.03)
Random effects Var. (SD) Var. (SD) Var. (SD) Var. (SD) Var. (SD) Var. (SD)
Student 0.97 (0.99) 0.86 (0.93) 0.52 (0.72) 0.45 (0.67) 0.44 (0.66) 0.44 (0.66)
Item 0.45 (0.67) 0.45 (0.67) 0.46 (0.67) 0.46 (0.68) 0.46 (0.68) 0.46 (0.68)
Classroom - - - 0.07 (0.26) 0.06 (0.25) 0.06 (0.25)
Likelihood-ratio test X? X2 X2 X2 x? x?
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Table A.2 (continued)
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Model 0

Model 1 Model 2 Model 3 Model 4 Model 5
Fixed effects Est. (SE) Est. (SE) Est. (SE) Est. (SE) Est. (SE) Est. (SE)
- 63.85%%* 265.64*** 26.30%** 10.09** 0.02

Note. 14900 observations, 745 students; 29 classrooms; 20 items. Predictor variables: differences between groups are given as post hoc Tukey contrasts. Control
variables are centered at grand mean of the sample. Est. = Estimates are given as log-odds. Var = Variance, SE = Standard error, SD = Standard deviation.
X? = Likelihood ratio test used for model comparison. Levels of significance: *p < .05, **p < .01, ***p < .001. We chose model 4.

Table A.3

Parameter estimates based on different generalized linear mixed models for procedural knowledge within the low-achieving group (study 2), given from a baseline

model to a full model.

Model 0

Model 1 Model 2 Model 3 Model 4 Model 5

Fixed effects Est. (SE) Est. (SE) Est. (SE) Est. (SE) Est. (SE) Est. (SE)
Intercept —1.70 (0.32) —1.94 (0.33) —1.91 (0.33) —1.91 (0.36) —1.93 (0.36) —1.96 (0.36)
Predictor variables

Traditional — Scaffolded Curriculum - 0.55 (0.15) 0.50 (0.15) 0.51 (0.23) 0.52 (0.23) 0.55 (0.24)

Traditional — Curriculum - 0.01 (0.17) 0.01 (0.17) 0.05 (0.25) 0.03 (0.26) 0.07 (0.29)

Curriculum — Scaffolded Curriculum - 0.54 (0.16) 0.49 (0.16) 0.46 (0.24) 0.50 (0.24) 0.48 (0.25)
Control variables

Prior knowledge - - 0.10 (0.03) 0.10 (0.03) 0.09 (0.03) 0.09 (0.03)

Gender - - - - 0.28 (0.12) 0.28 (0.12)

Instruction time - - - - - —0.03 (0.09)
Random effects Var. (SD) Var. (SD) Var. (SD) Var. (SD) Var. (SD) Var. (SD)
Student 0.70 (0.84) 0.63 (0.79) 0.59 (0.77) 0.52 (0.72) 0.49 (0.70) 0.49 (0.70)
Item 1.72 (1.31) 1.73 (1.31) 1.73 (1.31) 1.74 (1.32) 1.74 (1.32) 1.74 (1.32)
Classroom - - - 0.08 (0.29) 0.09 (0.30) 0.09 (0.30)
Likelihood-ratio test X? x? X? x? X2 x?

- 17.27%%* 10.57** 7.24%* 5.09* 0.12

Note. 4680 observations, 260 students, 16 classrooms, 18 items. Predictor variables: differences between groups are given as post hoc Tukey contrasts. Control
variables are centered at grand mean of the sample. Est. = Estimates are given as log-odds. Var = Variance, SE = Standard error, SD = Standard deviation.
X? = Likelihood ratio test used for model comparison. Levels of significance: *p < .05, **p < .01, ***p < .001. We chose model 2.

Table A.4

Parameter estimates based on different generalized linear mixed models for conceptual knowledge within the low-achieving group (study 2), given from a baseline

model to a full model.

Model 0

Model 1 Model 2 Model 3 Model 4 Model 5

Fixed effects Est. (SE) Est. (SE) Est. (SE) Est. (SE) Est. (SE) Est. (SE)
Intercept —0.91 (0.22) —1.23 (0.24) —1.20 (0.24) —1.19 (0.25) —1.19 (0.25) —1.24 (0.25)
Predictor variables

Traditional — Scaffolded Curriculum - 0.61 (0.13) 0.55 (0.12) 0.55 (0.16) 0.55 (0.16) 0.60 (0.16)

Traditional — Curriculum - 0.25 (0.14) 0.24 (0.13) 0.25 (0.18) 0.26 (0.18) 0.35 (0.19)

Curriculum — Scaffolded Curriculum - 0.36 (0.13) 0.31 (0.13) 0.30 (0.17) 0.29 (0.17) 0.25 (0.16)
Control variables

Prior knowledge - - 0.11 (0.03) 0.10 (0.03) 0.11 (0.03) 0.11 (0.03)

Gender - - - - —0.08 (0.10) —0.09 (0.10)

Instruction time - - - - - —0.06 (0.06)
Random effects Var. (SD) Var. (SD) Var. (SD) Var. (SD) Var. (SD) Var. (SD)
Student 0.51 (0.72) 0.44 (0.66) 0.39 (0.62) 0.36 (0.60) 0.36 (0.60) 0.36 (0.60)
Item 0.94 (0.97) 0.94 (0.97) 0.94 (0.97) 0.94 (0.97) 0.94 (0.97) 0.94 (0.97)
Classroom - - - 0.03 (0.18) 0.03 (0.17) 0.02 (0.15)
Likelihood-ratio test x? x? X2 x? X2 x?
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Table A.4 (continued)

Model 0 Model 1 Model 2 Model 3 Model 4 Model 5
Fixed effects Est. (SE) Est. (SE) Est. (SE) Est. (SE) Est. (SE) Est. (SE)
- 23.04%** 18.55%** 3.01 0.62 1.05

Note. 5200 observations, 260 students, 16 classrooms, 20 items. Predictor variables: differences between groups are given as post hoc Tukey contrasts. Control
variables are centered at grand mean of the sample. Est. = Estimates are given as log-odds. Var = Variance, SE = Standard error, SD = Standard deviation.
X? = Likelihood ratio test used for model comparison. Levels of significance: *p < .05, **p < .01, ***p < .001. We chose model 2.

Model selection was performed with regards to a tradeoff between the nested structure of the data due to the cluster random sampled design
(students within classrooms), and the potential power of the analysis (as sample size was restricted due to available hardware, described in detail
within Section 2.1): considering a classroom level random intercept will lead to severe loss of power in the analyses.

First, we excluded Instruction time as a fixed effect with regards to the results: neither did the inclusion of instruction time lead to significantly
more suitable models in any of the four analyses, nor was the effect size (i.e., the log-odd) large enough to be interpretable (see Tables A.1, A.2, A.3
and A.4). Therefore, it seems reasonable to conclude that slightly more or less lessons during the intervention did not alter the students' outcomes.

For study 1 (high-achieving students), post-hoc power analyses suggested that the sample size was large enough to control for classroom level
random intercepts within the analyses, appropriately. We relied on the likelihood ratio tests—suggesting gender to be of specific interest for
conceptual knowledge only—and thus, we chose model 3 for the analysis of procedural knowledge in the high-achieving sample (see Section 3.2.1)
and model 4 for the analysis of conceptual knowledge in the high-achieving sample (see Section 3.2.2).

Yet, for study 2 (low-achieving students), post-hoc power analyses suggested the sample size to be not large enough to consider classroom level
random intercepts and yield enough power to interpret effects between the intervention groups. Considering the consistent direction of the effects
throughout models 2 to 5, the comparable effect sizes (i.e., log odds), and the rather small classroom variance compared to student and item variance
for both procedural and conceptual knowledge (see Tables A.3 and A.4), as well as the non-significant likelihood ratio test when including classroom
level nestedness for conceptual knowledge items (see Table A.4) , we see the exclusion of a classroom level random intercept as an appropriate
decision for low-achieving students. Thus, we chose model 2 for the analysis of both procedural knowledge (see Section 3.3.1) and conceptual
knowledge (see Section 3.3.2) in the LST sample.
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