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A B S T R A C T

Failure analyses of reinforced concrete slabs under impact loading are essential to evaluate the impact resistance
of structures accurately; further, these analyses help reasonably design and construct engineering structures. In
this paper, we propose a novel three-dimensional (3D) coupled Eulerian-Lagrangian method to simulate pro-
jectile penetration into the reinforced concrete slab. In this method, the entire computational domain is covered
with Eulerian cells. The reinforcing bar is also covered with Lagrangian particles to avoid numerical oscillations.
The physical quantities of the Eulerian cells and Lagrangian particles are mapped to each other by their topo-
logical relationships. Different materials do not embed owing to the combination of the fixed cells and single-
valued mapping. Numerical simulations of projectile penetration into the concrete slab are compared with the
corresponding experimental data and previous numerical results to verify the effectiveness of the coupled
Eulerian-Lagrangian method. Then, the deformation history of the reinforcing bar, and the influence of initial
penetration velocity, reinforcing bar, and the uniaxial compressive strength and thickness of concrete on the
penetration performance are conducted. Numerical results demonstrate that the 3D Eulerian-Lagrangian method
can effectively simulate projectile penetration into the reinforced concrete slab.

1. Introduction

Concrete material is one of the most widely used materials in
structural engineering, and has a history of application for centuries.
Reinforcement bars or racks are implanted into concrete to form a
sturdy construction material with enhanced compressive and tensile
strength. Currently, many special engineering structures adopt concrete
or reinforced concrete in civil and military applications [1–3]. There-
fore, the research on projectile penetration into the reinforced concrete
has received considerable attention. Failure analyses of reinforced
concrete slab under impact loading are significant for an accurate
evaluation of the impact resistance of structures and their design and
construction [4,5].

Numerical simulations have become an important method for sol-
ving complex problems in engineering applications and scientific
computing [6–8]. They play a valuable role in providing tests and ex-
aminations for theories, offering insights into complex physics, and
assisting in the interpretation and the discovery of new phenomena
[9,10]. In addition, numerical simulations can break through the lim-
itations of experimental and theoretical research and can study the
variation laws of the physical quantities with different initial condi-
tions. Furthermore, it offers high efficiency with low cost than

experiment approaches. Numerical simulation of projectile penetration
into the reinforced concrete slab is challenging because of material
large deformation, multi-material interface treatment, high pressure,
high strain rate, and strong discontinuity. Coupled with an appropriate
interface capturing algorithm, the Eulerian method is quite attractive
for penetration problems, as it allows boundaries to flow through a
fixed cell while computing the flow field on the fixed cell. However, the
material deformation needs to be accurately monitored, often by using
the Lagrangian method for the deformation of the reinforcing bar
during the projectile penetration into the reinforced concrete slab.

Researchers used various techniques for the numerical simulation of
projectile penetration into the concrete slab. grdh [11] simulated a
projectile penetration of the fiber reinforced concrete slab at the initial
impact velocity 1500 m/s using the LS-DYNA with the Lagrangian
method and preliminary obtained the process of projectile penetration
into reinforced concrete. Subsequently, Huang et al. [12] further con-
ducted a numerical study on a projectile penetration of the reinforced
concrete slab. The crater diameters on the front and back surfaces of the
concrete slab and the residual velocities of projectiles were obtained,
and the influence of the reinforcement on the perforation of concrete
slab was also studied. Tham [13] used the AUTODYN with the Eulerian
method to simulate the maximum depth of penetration and the radial
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stress-time response of the concrete slab. Ning et al. [6] proposed a
multi-material Eulerian method for solving the 3D explosion and im-
pact problems. Kapahi et al. [14] presented a three-dimensional Eu-
lerian sharp interface using the Cartesian grid technique for simulating
high-speed multi-material impact problems. Thus, both the Eulerian
and Lagrangian methods can be used to simulate the penetration pro-
blem. However, dealing with penetration only by a single method is
ineffective. The Lagrangian method can accurately tracks the material
deformation process, but requires the remap framework to deal with
the mesh distortion problem. Conversely, the Eulerian method can ef-
ficiently deal with the mesh distortion problems using a fixed mesh, but
cannot accurately track the material deformation process. Subse-
quently, the coupled methods [15] are conducted to incorporate the
advantages of the Eulerian and Lagrangian methods and effectively
implement the numerical simulation of the penetration problem. Ma-
terial point method (MPM) [16] is one typical type of the coupled
methods. In the MPM method, the Lagrangian particles contain all the
physical quantities, and the Eulerian background cell is adopted to
calculate momentum equations and spatial derivatives [17–19].

Moreover, researchers have developed various coupling methods for
penetration problems. Ma et al. [20] incorporated the volume of fluid
(VOF) and particle-in-cell (PIC) methods, which can effectively solve
the two-dimensional problem of dynamic material fracture and failure
subjected to the penetration load. Subsequently, Ren et al. [21] im-
proved the particle method which can avoid numerical fluctuations by
means of particle mapping transportation within PIC. Attaway et al.
[22] coupled smoothed particle hydrodynamics (SPH) method with
FEM, in which distinct material regions are discretized with either SPH
particles or finite elements with a particle-to-surface contact algorithm
used to quantify subsequent material interactions. Drathi [23] pre-
sented an element-free Galerkin method to predict upper and lower
bounds of the impact resistance of concrete structures. Sherburn [24]
introduced a meshfree formulation under the reproducing kernel par-
ticle method for modeling the penetration and perforation of concrete,
the projectile-slab interaction and the material failure and fragmenta-
tion behaviors. Wu [25] proposed and applied a 3D smooth particle
Galerkin method to simulate projectile penetration into the concrete
slab, obtained the basic response characteristics of concrete to the
projectile, and captured the perforation and cratering process of con-
crete under high-speed impact in the numerical simulation.

The existing methods are rely on improving the Lagrangian or
Eulerian methods to simulate projectile penetration into the reinforced
concrete slab. The Lagrangian method is traditionally used to solve the
penetration problem. Two solutions have been developed to avoid cell
distortion in the large deformation: The first one is to re-divide the cell,
but the newly generated cell increases the amount of calculation.
Secondly, the erosion algorithm relies on the experience of the simu-
lation. The Eulerian method is suitable method for large deformations,
such as the penetration problem. However, accurate tracking and
dealing with the multi-material interface is required. The coupled
methods incorporated and improved the capabilities of current
methods, but they cause the numerical fluctuation, insertion between
different materials or high computational cost.

Currently, Lagrangian methods work well at multi-material inter-
faces, but cause issues during large deformations. While the Eulerian
method can readily accommodate large deformation, it cannot accu-
rately represent the free surface and multi-material interface. For the
numerical simulation of projectile penetration into the reinforced
concrete slab, the Eulerian method was utilized to deal with the un-
predictable large deformation, while the Lagrangian method was used
to precisely track the reinforcing bars in the reinforced concrete.
Therefore, considering the limitations of each method, combining the
strengths of the Eulerian and Lagrangian methods is required to study
the projectile penetration into the reinforced concrete slab.

In this paper, a 3D coupled Eulerian-Lagrangian method is proposed
to simulate projectile penetration into the reinforced concrete slab. In

this method, for the material which is not required accurately tracking,
the material covered with Eulerian cells, such as projectile and concrete
target; otherwise, the material covered with both Eulerian cells and
Lagrangian particles, such as reinforcing bar. Furthermore, the
Lagrangian particles are assumed a certain influence domain, and all
the Lagrangian particle influence domains in an Eulerian cell are closely
connected and cover the whole Eulerian cell, which can avoid numer-
ical oscillations because of finite particles. The physical quantities of
the Eulerian cells and Lagrangian particles are mapped to each other by
their topological relationships, which can avoid nonphysical embed
between different materials benefit from the single-valued mapping.
The MPI standard is adopted to implement large-scale computation.
Then, the numerical simulation of projectile penetration into the con-
crete and reinforced concrete slab are conducted. Numerical simula-
tions of penetration depth, displacement, velocity, and deceleration
were compared with the experimental data and those of other published
studies. Finally, the deformation history of reinforcing bar during the
penetration process, and the influence of initial penetration velocity,
reinforcing bar, and the uniaxial compressive strength and thickness of
concrete on the penetration performance are conducted. Our results
show that the 3D Eulerian-Lagrangian method can effectively and ac-
curately predict projectile penetration into the reinforced concrete slab.

2. Numerical method

Numerical simulation of projectile penetration into the reinforced
concrete slab can be challenging due to material large deformation,
multi-material interface treatment, parameter variation caused by high
pressure and strain rate, strong discontinuity, and new interface for-
mation upon material phase damage or transformation. The material
models are based on the continuity assumption to simplify this problem.

2.1. Governing equations

The Euler equations are written in tensor form by neglecting visc-
osity and heat conduction [26].:

∂
∂

+ ∇ =
ρ
t

ρu·( ) 0 (1)

∂
∂
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t ρ
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e σ εu· · : ˙
(3)

where t, u, σ, ε̇, ρ, and e is the time, velocity, stress tensor, strain rate
tensor, density, and specific internal energy, respectively.

The hydro-elasto-plastic model is adopted in this paper [6]. The
stress tensor is composed of the hydrostatic pressure and deviatoric
stress. The strain is composed of the elastic strain and plastic strain.
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In Eq. (4), PIij reflects the volume change of the material. The vo-
lume change is elastic with no change in shape and can be obtained by
the state equation; Sij changes only the shape of the material, reflects
the extent of the actual stress state of the material and deviates from the
uniform stress state. Numerical simulation of projectile penetration into
the reinforced concrete slab involves multiple materials. For the state
equations of these materials, the idea gas equation of state,

− νMie Gr¨neisen equation of state [27] and HJC equation of state
[28,29] are used to characterize the material properties of gas, metal
and concrete, respectively.
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2.2. Operator splitting algorithm

The operator splitting algorithm is adopted [6] to solve the gov-
erning equations in this paper. The governing equations are divided
into three directions x, y, and z. The conservation equations (Eqs. (1-3))
can be expressed uniformly as:

∂
∂

+ ∇ =
φ
t

φu H· (6)

where φ represents ρ, e, and u. Therefore, u · ∇φ and H are the con-
vection term and source term, respectively. Operator splitting in the
sense of physical effects refers to splitting the equation into the fol-
lowing forms:

∂
∂

=
φ
t

H (7)

∂
∂

+ ∇ =
φ
t

φu· 0 (8)

Eqs. (7) and (8) are named the Lagrangian phase and the Eulerian
phase, respectively. In the Lagrangian phase, the influence of pressure
and deviator stress are considered when calculating the change of ve-
locity and internal energy, and the Eulerian cell is allowed to distort
along with the material. In the Eulerian phase, the Eulerian cells deform
with the material, and then the redistributed variables of mass, mo-
mentum, and energy are calculated using the interface treatment
technology.

2.3. HJC concrete model

The HJC model was originally developed for impact computations
of concrete where the material experiences high pressure and strain
rates [30]. The HJC concrete model is an elastic-viscoplastic model
coupled with isotropic damage, where the response is separated into
hydrostatic and deviatoric contributions[31]. It should be pointed out
that the HJC model uses the elastic-perfectly plastic model to consider
the tensile strength of concrete without considering the effects of tensile
damage, strain-rate and fracture energy, which has certain limitations
for numerical simulation mainly based on tensile phenomena, e.g.
cratering and scabbing. Meanwhile, the HJC model was constructed in
total stress space without special attention to uniaxial unconfined
compression or tension, and the effects of strain-rate and inertia are not
distinguished. Therefore, some modified HJC model were proposed by
scholars in recent years. Polanco-Lorica et al. [31] proposed three
modifications to the HJC model, including the pressure-shear behavior,
the strain-rate sensitivity term and the damage description. Liu et al.
[32] proposed a modified HJC model, where the dynamic tensile be-
havior of concrete is described by the TCK model, while the dynamic
compressive behavior of concrete is still governed by the HJC model.
Islam et al. [33] proposed a modified HJC model by the improved and
simplified strain-rate effect term and equation of pressure-volume,
which requires smaller number of material parameters. Kong et al. [34]
proposed four modifications to the HJC model, including the modified
yield surface, introduction of the tensile damage, introduction of Lode-
angle dependency and modified strain-rate effect, where the strain-rate
effect adopts the semi-empirical equations for DIF of concrete-like
materials proposed by Xu et al. [35,36]. Xu et al. [37] developed a
computational constitutive model for concrete subjected to dynamic
loadings, which takes account of pressure dependency, strain hardening
and softening, strain rate effects, Lode effect and failures in both high
and low confining pressures, and this model can better predict the sizes
of both impact and scabbing craters than the modified K&C model and
the modified HJC model.

A credible and accurate materials model can more accurately de-
scribe the material behavior of concrete under different loading con-
ditions. However, the theoretical basis of the HJC model is relatively

simple and considers most of the important issues of concrete behavior.
Thus, the HJC model is widely used for impact problems because of its
relatively small number of material parameter requirements. Refs.
[38–44] also demonstrate the HJC model is a simple, effective and
accurate model for penetration studies. This concluded that the HJC
concrete model offers favorable trade-off between simplicity and ac-
curacy for large-scale computations. Therefore, the HJC model [30] is
adopted in this paper.

In this paper, the normalized equivalent stress [31] can be expressed
by the constitutive relation

= − + +σ A D BP C ε* [ (1 ) * ](1 ln ˙*)N (9)

where =σ σ f* / c is the normalized equivalent stress; =σ S S3
2 ij ij is the

von Mises equivalent stress, in which Sij is the stress deviator; fc is the
static uniaxial compressive strength of concrete; D is the damage vari-
able, resulting in reduction of the cohesive strength. In a complete
damaged state with =D 1, the concrete behaves as a granular material
characterized by a certain residual strength envelop [31]; =P P f* / c is
the normalized pressure; =ε ε ε˙ * ˙/ ˙0 is the normalized strain rate, where
ε̇0 is the reference strain rate; A, B, N, and C are the material constant,
they respectively represent the cohesion strength, pressure hardening,
pressure hardening exponent and strain-rate sensitivity coefficient. Due
to the lack of test data, Holmquist et al. [30] assumed that the cohesive
strength A as 0.75fc for quasi-static conditions ( =ε̇ 0.001) and de-
termined =A 0.79 by normalizing to =ε̇ 1.0. The B and N are de-
termined by fitting the triaxial compression test data without con-
sidering the influences of damage and strain-rate. The strain-rate
coefficient C is determined by the fitting the different uniaxial com-
pression test data of removing the pressure effect.

The HJC concrete model describes compression damage through the
equivalent plastic strain increment and the plastic volumetric strain
increment, and its evolution equation [30] is expressed as

∑=
+
+

D
ε μ

D P T
Δ Δ
( * *)

p p
D

1 2 (10)

where Δεp and Δμp are equivalent plastic strain and plastic volume
strain, D1 and D2 are material damage constants. The damage para-
meters are usually determined by a cylinder specimen subjected to
cyclic compression loadings. Due to the limited available test data, the
original damage parameters =D 0.041 and =D 1.02 referring to Ref.
[30]. =T T f* / c is normalized maximum tensile hydrostatic pressure,
where T is maximum tensile hydrostatic pressure, which is determined
by the specific test data. If the related test data are missing, E and T are
simply determined by the equations =E ρ f0.043 c0

3/2 1/2 and =T f0.62 c
1/2

referring to Ref. [45].
The HJC concrete model uses the three-stage state equations to

describe the relationship between hydrostatic pressure and volume
strain of concrete, which can be divided into the linear elastic, plastic
transition and compacted stages [30].
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In the unloading stage

J. Ning, et al. International Journal of Impact Engineering 144 (2020) 103647

3



=
⎧

⎨
⎩

− +P
μK

F K FK μ
K μ

linear elastic stage
[(1 ) ] plastic transition stage

compacted stage

elastic

elastic 1

1 (13)

where

=
−
−

F
μ μ
μ μ

max crush

lock crush (14)

where P is the hydrostatic pressure, and μ represents the volumetric
strain; Pcrush and μcrush are the critical pressure and the volumetric strain
when the gap in the material begins to close, respectively; Plock is the
critical pressure when the material gap is totally closed; Kelastic is the
elastic bulk modulus; μlock is the volumetric strain under Plock. −T D(1 )
is the stretching pressure limit; T is the tensile strength; D is the damage
degree of concrete. K1, K2 and K3, which are represented the concrete in
the full crushed state, are determined based on the Hugoniot data for
granite and quartz, and the locking pressure Pcrush is determined by
fitting the test data.

2.4. Multi-material interface treatment technology

In the Eulerian phase, the core is the multi-material interface pro-
cessing technology, which determines the sharpness of the interface
between different materials. Currently, the volume-of-fluid (VOF)
methods [46], piecewise linear interface construction (PLIC) methods
[47] and level-set methods [48] are the typical interface treatment
methods for multi-material interfaces. However, these methods are
difficult to deal with multi-material in 3D problems.

In this study, we adopted the fuzzy interface treatment method [26]
for the 3D multi-material interface treatment. In this method, the vo-
lume ratio of the material is used as the fuzzy weight coefficient, which
determines the transport of physical quantities between Eulerian cells.
Meanwhile, according to the priority in the weight of the transported
materials, the transport order can be formulated. Fuzzy interface
treatment can easily arrange mixture cells involving three or more
materials in three-dimensional regions with lower computational cost
compared to other interface treatment methods.

3. 3D coupled Eulerian-Lagrangian method

The 3D coupled Eulerian-Lagrangian method is proposed to accu-
rately track the deformation history of reinforcing bar during projectile
penetration into the reinforced concrete slab. In the 3D coupled
Eulerian-Lagrangian method, the Lagrangian particles are assumed a
certain influence domain, and all the Lagrangian particle influence
domains in a Eulerian cell are closely connected, covering the whole
Eulerian cell; thus, the technique avoids numerical oscillations due to
finite particles. The physical quantities of the Eulerian cell and
Lagrangian particles are mapped to each other by their topological
relationships to avoid nonphysical embed between different materials
benefit from the single-valued mapping.

3.1. Implementation process

The 3D coupled Eulerian-Lagrangian method consists of the fol-
lowing four steps:

Step 1: Lagrangian particle initialization
The Lagrangian particles are added to the Eulerian cells to track the

deformation of the reinforcing bars. The distribution principle is that all
the Lagrangian particle influence domains in an Eulerian cell are closely
connected and cover the whole Eulerian cell. In this study, the equi-
distant distribution is adopted, as shown in Fig. 1.

Lagrange particles η which is an integer and it’s greater than or
equal to 2 are arranged in each direction, thus, the total number of
Lagrangian particles in an Eulerian cell is =K η3.

= L L LLΔ [Δ , Δ , Δ ]P px py pz
T and = x y zXΔ [Δ , Δ , Δ ]E E E E

T are defined as

the step of the influence domain of Lagrangian particle and Eulerian
cell, respectively, where L L LΔ , Δ , Δpx py pz and x y zΔ , Δ , ΔE E E are the
corresponding step in each direction. Thus, LΔ P can be obtained by Eq.
(15).

=
η

L XΔ 1 ΔP E
(15)

= L L LL [ , , ]P px py pz
T and = x i y j z kX [ ( ), ( ), ( )]E E E E

T are defined as
the Lagrangian particle coordinate and Eulerian cell coordinates, re-
spectively, where the L L L, ,px py pz and x i y j z k( ), ( ), ( )E E E are the corre-
sponding central coordinate in the direction of x, y and z, respectively.
The = I I II [ , , ]T

1 2 3 is defined as the location index of the Lagrangian
particle in an Eulerian cell, it’s value relate to the distribution and η. For
the scenario in this paper, = − ∈I δ i2 1, [1, 3],i where the value of δ
is an integer of η[1, ]. The initial location coordinates of the Lagrangian
particle can be obtained from Eq. (16):

= − +
η

L X X I X1
2

Δ 1
2

·ΔP E E E
(16)

Then, the initialization physical quantities of the Lagrangian par-
ticle can be obtained by the following equation:

⎡
⎣⎢

⎤
⎦⎥

= ⎡
⎣⎢

⎤
⎦⎥

ρ
m

ρ
ρ V·

p

p p p

0

(17)

where ρp and ρ0 are the density of Lagrangian particle and Eulerian cell,
respectively; mp is the mass of Lagrangian particle;

= × ×V L L LΔ Δ Δp px py pz is the influence domain volume of Lagrangian
particle.

Step 2: Mapping physical quantities of Eulerian cells to Lagrangian
particles

Before each step loop, it is necessary to map the physical quantity of
the Eulerian cell to the Lagrangian particles based on the topological
relationship between the Eulerian cell and the particle influence do-
main. The topological relationship between the Lagrangian particles
influence domain and the Eulerian cell can be divided into 4 classes
according to the positional relationship between them, as shown in
Fig. 2, for a total of 27 relationships. Table 1 shows the specific clas-
sified information of the four classes.

Fig. 2 and Table 1 show that the most complex scenario for the
topological relationship is for class 4, where the Lagrangian particles
influence domain overlaps with 8 adjacent Eulerian cells. The over-
lapping volumes between the influence domain of a Lagrangian particle
and 8 adjacent Eulerian cells are defined as Vf, where f ∈ [1, 8].

For class 4, the overlapping volumes can be calculated as follows:
The index number of overlapping volumes in the adjacent Eulerian

cells is shown in Table 2. If LP > XE, the Eulerian cell index number
adopt +; otherwise, the Eulerian cell index number adopt −.

The Vf can be obtained:

=

⎡⎣
+ − + ⎤⎦

⎡⎣
+ − + ⎤⎦

⎡⎣
+ − + ⎤⎦

( )
( )
( )

V

L α l L x i l x

L β m L y j m y

L γ n L z k n z

· · Δ ( ) · Δ

· · · Δ ( ) · Δ

· · · Δ ( ) · Δ

f

px px E E

py py E E

pz pz E E

1
2

1
2

1
2

1
2

1
2

1
2 (18)

where α, β, γ, l, m, and n are constant coefficients, and their values are
-1 or 1. Table 3 gives the values of α, β, and γ in 8 adjacent Eulerian
cells. The values of l, m, and n can be calculated according to the to-
pological relationship between the Lagrangian particle and it located
Eulerian cell. If Lpx > xE, =l 1; otherwise, = −l 1; If Lpy > yE, =m 1;
otherwise, = −m 1; If Lpz > zE, =n 1; otherwise, = −n 1.

The overlapping volumes for classes 1, 2 and 3 can be calculated by
simplified class 4. For the scenario of class 1, as shown in Fig. 2(a), only
V1 has a value, and the rest are both equal to 0. V1 can be calculated by
Eq. (19):
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=V L L LΔ ·Δ ·Δpx py pz1 (19)

For the scenario of class 2, as shown in Fig. 2(b), only V1 and V5

have values, which can be calculated by Eq. (20):

= ⎡
⎣

+ − ⎛
⎝

+ ⎞
⎠

⎤
⎦

V L α l L x i l x L L· · 1
2

Δ ( ) · 1
2

Δ · Δ ·Δf px px E E py pz
(20)

For the scenario of class 3, as shown in Fig. 2(c), only V1, V2, V5 and
V6 have values, which can be calculated by Eq. (21):

=
⎡⎣

+ − + ⎤⎦

⎡⎣
+ − + ⎤⎦

( )
( )

V
L α l L x i l x L

L γ n L z k n z

· · Δ ( ) · Δ · Δ

· · · Δ ( ) · Δ
f

px px E E py

pz pz E E

1
2

1
2

1
2

1
2 (21)

The influence domains of all Lagrangian particles in the Eulerian
cell with the statistical cell index number D are combined and expressed
as ∑ = Vs

N
Ds1 . QP and QE are defined as the physical quantities of

Lagrangian particle and Eulerian cell, respectively. Based on the topo-
logical relationship as shown in Fig. 2, QE can be mapped to QP by
overlapping volumes, the specific equation is shown as follow:

∑=
∑= =

V

V
Q Qp

f

f

s
N

Ds1

8

1
Ef

(22)

Step 3: Lagrangian particle movement
The = u v wu [ , , ]p p p p

T and = u v wu [ , , ]E E E E
T are defined as the

Lagrangian particle velocity and Eulerian cell velocity, respectively.
The up can be obtained by the volume weighting Eq. (23).

∑=
=

V
V

u up
f

f

p
E

1

8

(23)

Then, the Lagrangian particle coordinates at the next time step are
given by

Fig. 1. Distribution of Lagrangian particles in Eulerian cells.

Fig. 2. Lagrangian particles influence domain located in the domain of Eulerian cell.

Table 1
Specific classified information of the four classes .

Classification
number

Cutting position
of Eulerian cell

Weighted
Eulerian cells
number

Types of topological
relationship

Class 1 - 1 1
Class 2 face 2 6
Class 3 edge 4 12
Class 4 vertice 8 8

Table 2
Eulerian cell index number of each overlapping volume .

Number of f Index Eulerian cell number

1 (i, j, k)
2 (i ± 1, j, k)
3 (i ± 1, j ± 1, k)
4 (i, j ± 1, k)
5 (i, j, k ± 1)
6 (i ± 1, j, k ± 1)
7 (i, j ± 1, k ± 1)
8 (i ± 1, j ± 1, k ± 1)
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= ++ tX X u ·ΔE E p
n 1 n (24)

Step 4: Physical quantities of Lagrangian particles map to the
Eulerian cells

After each time step, the position of the Lagrangian particle and the
topological relationship between the Lagrangian particle and the
Eulerian cell change. The new Vf can be obtained as the step 2.

Thus, the number of Lagrangian particles with influence domains in
the Eulerian cell is added to the statistical cell index number D and
record the index number of Lagrangian particles. The total number and
the index number of Lagrangian particles are ND and nD. The Vn → D is
defined as the overlapping volume of Lagrangian particle nD in the
Eulerian cell D. Thus, the physical quantity of Lagrangian particle nD
contributes to the Eulerian cell D can be obtained by the Eq. (25).

= →V
V

Q QDn
n D

p
P

(25)

The physical quantities of the cell D can be obtained by summing
the ND Lagrangian particles:

∑=
=

→V
V

Q QD
n

N
n D

p
p

1

D

(26)

After the above steps, the physical quantities of the Eulerian cell
transported between cells are performed by the movement of the
Lagrangian particles.

3.2. Parallelization of the 3D coupled eulerian-Lagrangian method

The 3D coupled Eulerian-Lagrangian method adopts Lagrangian
particles to simulate material flow in Eulerian cells. The Lagrangian
particle movement modifies the physical quantities of the adjacent
Eulerian cell due to the topological relationship between Lagrangian
particles and Eulerian cells. When a Lagrangian particle moves to a

process boundary, it requires communication between the processes,
and sends the physical quantities carried by the Lagrangian particle
from one process to another.

There were two types of variables in the program, one of which was
shared by all processes on the system, and the other one was private in a
single process. The shared variables are the same for all processes,
while the private variables may have different values in different pro-
cesses. All the shared variables should be broadcast to all processes;
however, only the private variables on the boundaries should be sent to
adjacent processes after updating.

In this study, we use private variables and shared variables com-
munication mode, as shown in Fig. 3. The private variables include
process ID, Eulerian cell ID, Lagrangian particle ID, and physical vari-
ables such as pressure,density, velocity,mass, and volume. The shared

Table 3
The values α, β, and γ of 8 adjacent Eulerian cells .

V1 V2 V3 V4 V5 V6 V7 V8

α -1 1 -1 1 -1 1 -1 1
β -1 -1 1 1 -1 -1 1 1
γ -1 -1 -1 -1 1 1 1 1

Fig. 3. Communication diagram of two variables.

Table 4
HJC model parameters with a compressive strength of 23.0 MPa [51] .

Density (g/cm3) 2.04 Smax 30.0

Shear modulus (GPa) 7.917 Pcrush (GPa) 0.007667
A 0.79 μcrush 0.00128
B 1.3871 Plock (GPa) 0.596
C 0.007 μlock 0.299
N 0.37625 D1 0.036
fc (MPa) 23.0 D2 1.0
T (MPa) 2.55 K1 (GPa) 85
EFMIN 0.01 K2 (GPa) -171
ε̇0 1 × 10-6 K3 (GPa) 208

Fig. 4. The geometry and calculation model of projectile.
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variables include total mass, total volume, total momentum of the
material, the position of the target, and the parameters of the EOS
(equation of state).

4. Numerical simulation of projectile penetration into the
concrete slab

In this section, all numerical examples are conducted by a four-node
cluster. Each node had two Intel E5620 CPUs; the memory is 32 G, and
every CPU get six cores in it. Experiment of ogive-nosed projectile
normal penetration into concrete slab was reported by Forrestal
[49,50].

4.1. Calculation model

The ogive-nosed projectile geometric parameters are =m 13.0 kg,
=d 76.2 mm, =CRH 3.0, and projectile material is 4340Rc45 steel.

The size of the concrete slab is × ×100cm 100cm 150cm, and the
average compressive strength is 23.0 MPa with a stander deviation of
2.4 MPa [50]. The material parameters of the HJC model for 23.0 MPa
concrete in Ref. [51] are adopted, and the specific parameters are
shown in Table 4. The geometry and calculation model of the projectile
is shown in Fig. 4. The projectile hardly deforms during penetration due
to the low impact velocity. Therefore, the projectile is treated as rigid
and does not deform during the penetration process in the numerical
simulation. The computational domain is × ×100 cm 100 cm 200 cm.

Fig. 5. Projectile penetration into the concrete slab with an initial impact velocity of 200.0 m/s.

Fig. 6. Numerical results of the projectile penetration into concrete with different initial impact velocities.
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The Eulerian cell step size is 4 mm, and totaling 31.25 million Eulerian
cells. The calculated time are 6 h, 9 h, 12 h, 14 h, 17 h, and 21 h for
initial impact velocity of 139.3 m/s, 200.0 m/s, 250.0 m/s, 283.7 m/s,
336.6 m/s, and 378.6 m/s, respectively. The projectile penetration into
the concrete slab with 31.25 million Eulerian cells took less than a day,
indicating that the proposed numerical method is very efficient.

4.2. Numerical results

Fig. 5 shows the projectile penetration into the concrete slab with an
initial impact velocity of 200.0 m/s. When the projectile impacts the
concrete slab, the high pressure is formed on the part of the concrete
surface, as shown in Fig. 5 (red area in the 2D graph). The high pressure
damages concrete, and forms the crushed zone. Then, the stress wave
energy attenuates with propagating outwards, and form the plastic zone
outside the crushed zone. When the stress amplitude is lower than the
stress of the elasticity limit of the concrete, the stress waveforms the
elastic zone. The fragments on the concrete and projectile interface
apparently flow with the penetration, and it forms a tunnel area in the
concrete. The numerical simulation is in good agreement with the ac-
tual physical phenomena. Fig. 6 shows the final 2D and 3D numerical
results of projectile penetration into concrete slabs with different initial
impact velocities.

4.3. Comparison of numerical results with the experimental data

The validation and capability of the numerical method are shown in
Fig. 7, with the results of empirical equations. The numerical results are
lower than those of experimental data, while the errors are smaller with
increased initial impact velocity. The results of WES (US. Waterway
Experiment Station) equation [52] are higher compared with the ex-
perimental data, and the errors are increase with the initial impact
velocity increasing. The results of NDRC (US. National Defense Re-
search Committee) equation [52] are close to that of the Forrestal’s
equation [53]. Their predictions at low initial velocities were consistent
with the experimental data, but the errors increase with impact velo-
city. Furthermore, in Fig. 7, we compare the depth of penetration ob-
tained from the present method, experimental data in Ref. [49], and the
numerical results in Ref. [40]. The results show that the numerical si-
mulation results obtained by the present method are in good agreement
with the experimental data. In all cases, the depth of penetration is both
slightly underpredicted by the present method and the numerical
method in Ref. [54]. When the initial impact velocity is lower than

250.0 m/s, the differences between the present method and the pre-
vious numerical method in Ref. [54] with the experimental data [49]
are the similar. However, with the increase of initial impact velocity,
the results predicted by the present method are closer to the experi-
mental data [49] than those predicted by the numerical method in Ref.
[54].

In Fig. 8, we compare the deceleration records obtained from the
present method, experimental data [49], the model predicted in Ref.
[49], and the numerical results in Ref. [54] with initial velocities of
139.3 m/s, 200.0 m/s, 250.0 m/s, 336.6 m/s and 378.6 m/s. The
comparison results show that the numerical simulation results by the
present method are consistent with the experimental data. In all cases,
the penetration duration values are slightly underestimated, and the
amplitude of deceleration values are slightly overestimated by the
present method and the numerical method in Ref. [54]. However, in the
ascent stage of deceleration, the results predicted by the present
method are closer to the experimental data than those of the numerical
method in Ref. [54] and the model in Ref. [49]. The penetration
duration predicted by the present method is longer than that predicted
by the numerical method in Ref. [54], except for the initial impact
velocity of 139.3 m/s, but slightly shorter than that predicted by the
model Ref. [49]. The amplitude of deceleration predicted by the present
method is lower than that predicted by the numerical method in Ref.
[54] and more consistent with the experimental data with the increase
of initial impact velocity.

Fig. 9 shows the impact velocity and displacement versus time at
different initial impact velocities. We compare the impact velocity and
displacement records obtained from the present method and the ex-
perimental data [49] at an initial impact velocity of 250.0 m/s. The
impact velocity and displacement are in good agreement with the ex-
perimental data before 2.0 ms. After that, the decrease rate of impact
velocity is slightly higher, whereas the increase rate of displacement is
lower the experimental data. The comparison of different initial impact
velocities shows that the impact velocity decrease and displacement
increase are approximately linear at the beginning of the penetration.
As the penetration continues, the decrease rate of impact velocity and
the increase rate of displacement decrease.

5. Numerical simulations of projectile perforation of reinforced
concrete slabs

In this section, all numerical examples are conducted by a eight-
node cluster. The performance of each node is the same as in Section 4.
The numerical simulation results are compared with the high-speed
photograph of the projectile perforation of the reinforced concrete and
the slab damage process to verify the validity of the numerical method.
Then, the effects of initial impact velocity, reinforcing bar, and the
uniaxial compressive strength and thickness of concrete on perforation
performance are discussed.

The comparative experiment from Ref. [4] was carried out. The
ogive-nosed projectile assume as rigid in the simulation, and its geo-
metric parameters are =m 9.7 kg, =d 100 mm, =CRH 1.2, respec-
tively, as shown in Fig. 10(a). The reinforced concrete slabs designed
for this experiment are shown in Fig. 10(b). In this simulation, the slab
model was the same as in the experiment. The average compressive
strength is 50.0 MPa with a standard deviation of 3.0 MPa [4], which is
basically consistent with the 48.0 MPa concrete. Thus, the material
parameters of the HJC model for 48.0 MPa concrete in Ref. [30] are
adopted, and the specific parameters are shown in Table 5. The re-
inforcing bars are described by the − νMie Gr¨neisen state equation
which is widely used in the dynamic behavior of metal materials under
high pressure and strain rate. The expression is as follow:

Fig. 7. Comparison of the present method with the empirical equations, pre-
vious numerical results [54]and experimental data [49] for depth of penetra-
tion versus initial impact velocity.
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where where P is the hydrostatic pressure; a is the νGr¨neisen gamma,

and a is the first order volume correction to γ0; = −μ ρ ρ/ 1,0 in which
ρ0 and ρ are the initial and local densities, respectively; c0 is sound
velocity; e is the local specific internal energy; constant s1, s2, s3 are the
fitting coefficients of relationship on the particle velocity and the shock
wave velocity. The material parameters are shown in Table 6.

Fig. 8. Comparison of the present method with previous numerical results [54] and experimental data [49] for deceleration versus time .
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5.1. Comparison of numerical results and experimental data

The pre-processing software PMESH-3D [55] which can quickly
generate Eulerian cells for complex large-scale problems is adopted to
conduct the mesh model. The computational model of the projectile
perforation of the reinforced concrete slab is shown in Fig. 11. The

Fig. 9. Comparison of the present method with experimental data [49] for impact velocity and displacement versus time.

Fig. 10. Projectile and reinforcing bars layout of the experiment [4].

Table 5
HJC model parameters with a compressive strength of 48.0 MPa [30] .

Density (g/cm3) 2.44 Smax 7.0

Shear modulus (GPa) 14.86 Pcrush (GPa) 0.016
A 0.79 μcrush 0.001
B 1.6 Plock (GPa) 0.8
C 0.007 μlock 0.1
N 0.61 D1 0.04
fc (MPa) 48.0 D2 1.0
T (MPa) 4.0 K1 (GPa) 85
EFMIN 0.01 K2 (GPa) -171
ε̇0 1 × 10-6 K3 (GPa) 208

Table 6
− νMie Gr ¨neisen state equation parameters of reinforcing bars.

Density (g/cm3) c0 r a s1 s2 s3

7.86 4600 2.0 0.43 1.33 0.0 0.0

Fig. 11. Computational model of the projectile perforation of the reinforced
concrete slab.
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concrete material does not display to observe better the distribution of
reinforcing bars inside the slab. The size of the calculation domain is

× ×2400 mm 2400 mm 1800 mm. The Eulerian cell step size is 3.0 mm,
totaling 384.0 million Eulerian cells. For the Eulerian cell with the re-
inforcing bar uniform distributed 64 Lagrangian particles, totaling
14.25 million Lagrangian particles. For this scenario, the computation
time is 210 hours. For the projectile penetration into the reinforced
concrete slab problem with 384.0 million Eulerian cells and 14.25

million Lagrangian particles, completing numerical calculations take
less than 10 days, indicating that the proposed numerical method is
very efficient. Because the developed program can complete the nu-
merical calculation of hundreds of millions of Euler cells and tens of
millions of Lagrangian particles, it can be applied to the calculation of
more complex and large-scale practical engineering problems.

The numerical and experimental results of the reinforced concrete
penetration are shown in Fig. 12. The front and back of the target have

Fig. 12. Comparison of numerical and experimental results of the penetration of the reinforced concrete slab.
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fewer concrete fragments in the numerical simulation than those in the
experiments. The main reasons for this error are as follows: (1) the
continuity hypothesis in the numerical simulation. The conservative
estimation is adopted to keep the code running, and it restricts the
concrete material, without free motion that exists in the experiments.
The material models are based on the continuity assumption, which
leads to a discrepancy with the test results. In the test, concrete is
broken after the projectile penetration of the reinforced concrete slab,
and complex interactions exist between the broken concrete. But in the
numerical simulation, concrete does not interact with each other after
failure; concrete is in a state of fragmentation and has no relation with
each other in initial catering and shear plugging stages; (2) Concrete is
a brittle material with low tensile strength, which causes the tensile
stress wave generated by the stress wave to be reflected on the rear face
of the concrete slab and to easily crush the concrete. However, in this
study, the HJC concrete model uses the elastic-viscoplastic model to
consider the tensile strength of concrete materials without considering
the effects of tensile damage and strain rate. The numerical simulation
of concrete splash smaller than the experimental value in the initial
catering and shear plugging stages. In addition, in the numerical cal-
culation of projectile penetration into the reinforced concrete slab, the
focus is on the penetration depth, penetration resistance, penetration
holes diameter, reinforcing bars deformation and its effect on pene-
tration resistance. The shape of the initial catering and shear plugging
area are not considered.

The numerical and experimental results of the reinforced concrete
damage are shown in Fig. 13. A damage mark that enables display and
evaluation of damage spread in concrete is added to the program. The

damage of the front target of numerical simulation was smaller than
that of the experimental results due to the continuity hypothesis. The
damage area on the target back almost covered the whole concrete
surface, which was consistent with the experimental results.

The numerical and experimental results of the reinforcing bar de-
formation are shown in Fig. 14. The reinforcing bars do not fracture in
the numerical simulation but is bulged out in the radial direction with
penetration and is consistent with the reinforcing bar deformation re-
sults in the experiments. The 3D data field of particles was output to
observe the reinforcing bar deformation with penetration, as shown in
Fig. 15.

5.2. Parameter analysis

5.2.1. Effect of the initial impact velocity of the projectile on penetration
performance

Based on the numerical simulation in Section 5.1, we studied the
residual velocity of the projectile perforation of concrete and reinforced
concrete with different initial impact velocities. In this Section, the
calculation mode, material parameters, and EOS are the same as those
used in Section 5.1. The initial impact velocity in the simulation was set
as 1200 m/s, 1300 m/s, 1400 m/s and 1500 m/s, respectively, to dis-
cuss the high impact velocity effect. The velocity-time curves of pro-
jectile penetration into concrete and reinforced concrete with different
initial impact velocity are shown in Fig. 16. Velocity attenuation curves
with different initial impact velocity are consistent, which indicate that
the effects of initial impact velocity on concrete and reinforced concrete
penetration are similar. The residual velocity of reinforced concrete
penetration increases from 450 m/s to 580 m/s, and that of concrete
penetration, from 550 m/s to 700 m/s, indicating that the reinforcing
bars have obvious resistance to the projectile penetration process.

5.2.2. Effect of the concrete uniaxial compressive strength on penetration
performance

The uniaxial compressive strength of concrete was set as 20 MPa,
40 MPa, 60 MPa, 80 MPa, and 100 MPa, respectively, in the simulation
to study its effect on the penetration. The material parameters of the
projectile and the size of the concrete slab in the simulation are con-
sistent with those used in the experiment [4]. The EOS and material
parameters of the reinforced concrete are consistent with those used in
Section 5.1.

The projectile penetrated reinforced concrete target of a 1.0 m at an
initial impact velocity of 1500 m/s, and the residual velocity versus
uniaxial compressive strength of concrete is shown in Fig. 17. The re-
sidual velocity is reduced with increased uniaxial compressive strength,
but the reduction degree was small, which is slightly inconsistent with
the actual situation. This inconsistency may be caused by the continuity
assumption. When the projectile impacted concrete with a high velo-
city, the concrete material entered the plastic state, which weakened
the effect of yield limit to the penetration resistance, and thus decreased
the effect of the uniaxial compressive strength on the residual velocity
of the projectile perforation of reinforced concrete.

Fig. 13. Comparison of numerical results and experimental results of reinforced
concrete slab failure.

Fig. 14. Comparison of numerical results and experimental results of reinforcing bars.
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5.2.3. Effect of the concrete slab thickness on penetration performance
In this part, the thicknesses of concrete are set as 1.0 m, 1.25 m,

1.5 m, and 1.75 m respectively, and all other conditions are the same as
the Section 5.1. The velocity-time curves of projectile penetration into
the different thickness of reinforced concrete with an initial impact
velocity 1500 m/s are shown in Fig. 18. Four curves have the same
trends and shapes. The velocity decreases steeply at the early stage and
steadily at the last stage. Comparisons of the residual velocities of the
projectile penetration into different slab thicknesses show that the slab

thickness has an important effect on the penetration performance. The
residual velocity decreases significantly with increased the target
thickness.

6. Conclusion

In this study, the failure analysis of the reinforced concrete slab
under impact loading was conducted using a 3D coupled Eulerian-
Lagrangian method, which can solve the problem of multi-material

Fig. 15. Deformation process of reinforcing bars.

Fig. 16. Velocity-time curves of projectile penetration into concrete and reinforced concrete with different initial impact velocity.
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interface processing in the Eulerian method by adding the Lagrangian
particles to the Eulerian background cells. The method overcomes nu-
merical fluctuation because of finite Lagrangian particles. Furthermore,
different materials do not embed by joining the fixed cell and single-
valued mapping. This method not only inherits the advantages of
Lagrangian method such as easy interface tracking, a simple algorithm,
and easy implementation, but also decreases the number of particles
effectively, shorten the computing time, and reduces the memory re-
quirement even with higher calculation precision.

Numerical results of projectile penetration into the reinforced con-
crete slab are consistent with the experimental data and with the pre-
vious numerical results. The novel 3D Eulerian-Lagrangian method can
effectively simulate projectile penetration into the reinforced concrete
slab and can accurately tracks the deformation history of the reinfor-
cing bars during the penetration. The velocity-time curves with dif-
ferent initial impact velocity are consistent; concrete and reinforced
concrete have similar attenuation curves, and reinforcing bar bars
provide resistance to the projectile penetration process. The residual
velocity after projectile perforation of the reinforced concrete slab de-
crease with uniaxial compressive strength and thickness of concrete.

It should be pointed out that a credible and accurate materials
model can more accurately describe the material behavior of concrete
under different loading conditions. The numerical simulation results in
this study are obtained based on the HJC model. As mentioned in
Section 2.3, there are some shortcomings in the HJC model, in future
research work, we will continue to study the modified HJC model and
other constitutive models, and select the most suitable model to obtain
better numerical results.
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