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Earthquake response control effects of coupled structural systems 
incorporating a negative stiffness connector: Experimental and 
numerical investigation 
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A B S T R A C T   

Coupled vibration control (CVC) systems, which typically consist of two frames and connectors, such as stiffness and damping elements, can be used for the seismic 
protection of coupled or adjacent structures. This study aims to experimentally and numerically elucidate the response behavior and control effects of CVC structural 
systems comprising a mainframe and subframe incorporating passive negative stiffness (PNS) at the connection subjected to earthquakes. Shake table experiments 
were conducted using CVC system specimens incorporating a PNS device (PNSD) consisting of curved-leaf springs under dynamic excitations. A significant seismic 
response reduction for the mainframe of the CVC specimen under simulated waves was achieved by incorporating the PNSD at the connection. Moreover, a response 
simulation was performed using six-story CVC structure models connected by negative stiffness and viscous damping elements subjected to simulated and observed 
seismic wave inputs. The displacement and acceleration peak response of the mainframe using the numerical CVC models was lower than that of the uncontrolled 
model. Therefore, incorporating negative stiffness and viscous damping connectors into CVC systems can reduce the seismic response. This study contributes to the 
advancement of aseismic technologies for coupled or adjacent buildings utilizing the PNS.   

1. Introduction 

Coupled vibration control (CVC) structural systems typically consist 
of two frames and connectors, such as stiffness and damping elements. 
CVC systems with a proper connecting mechanism that depends on the 
structural properties of the two frames can be a solution for protecting 
coupled or adjacent structures against earthquakes [1–17]. To date, 
various CVC structures incorporating various connecting devices, 
including steel hysteresis dampers [3,4], fluid dampers [1,14], magne
torheological (MR) dampers [7,10,11,12], tuned mass damper inerters 
[13,17], viscous inertial mass dampers [15], and friction dampers [16], 
have been proposed and investigated to mitigate the response when 
subjected to seismic input motions. Passive [2,3,4,6,16], semi-active 
[7,10,11,12], and active [5,8] control methods for CVC systems have 
been studied theoretically, numerically, and experimentally, and the 
results have proved a potential effectiveness for the seismic protection of 
buildings. However, employing only zero or positive stiffness at the 
connectors of CVC systems to achieve an optimal tuning and obtain a 
better control performance may be difficult depending on the properties 
of the two frames [18]. 

In contrast to positive stiffness, negative stiffness generally generates 
a decreased (negative) restoration force as the displacement increases. 

The use of negative stiffness can be considered a potential response 
control strategy for buildings against dynamic disturbances, such as 
earthquakes. During the last few decades, many studies have been 
conducted to explore negative stiffness devices (NSDs) and structural 
systems containing NSDs [19–23]. Iemura et al. [19] used the self- 
weight of the structure and developed a negative-stiffness damper 
based on a slide bearing with a convex curve. Nagarajaiah et al. [20] and 
Sarlis et al. [21] studied a passive NSD based on a vertical preloaded coil 
spring placed between two chevron braces and a horizontal-gap spring 
assembly. Wang et al. [22] investigated a structural system with a 
negative-stiffness amplifying damper consisting of a passive NSD 
[20,21], positive-stiffness spring, and dashpot. Shirai et al. [23] pro
posed another passive NSD comprising curved-leaf springs. This passive 
NSD exhibited an initial negative stiffness created by the pre- 
compressed strain energy stored in the curved-leaf springs, followed 
by an increased second negative stiffness with the occurrence of snap- 
through buckling. However, these previous studies on NSDs explored 
the seismic response of individual, that is, nonadjacent or noncoupled, 
structural systems with NSDs. 

Few studies have been conducted on CVC structural systems con
nected by negative stiffness. Yamada et al. [24], Ikawa et al. [25], and 
Shimizu and Kurino [26,27] explored coupled structures linked by 
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negative or pseudo-negative stiffness using active or semi-active con
trols subjected to earthquakes. Longjam and Shirai [18,28] analytically 
and numerically investigated a coupled system formed by connecting 
two single-degree-of-freedom (SDOF) systems with negative stiffness. 
These studies [18,24–28] showed the potential effectiveness of CVC 
systems connected by negative stiffness. However, the response char
acteristics and control performance of passive NSDs as connecting ele
ments for CVC systems subjected to earthquakes have not been fully 
clarified. Moreover, there have been no experimental studies on seismic 
response control of CVC systems incorporating the passive NSD 
comprising curved-leaf springs as the connector. 

This study aims to experimentally and numerically elucidate the 
response behavior and control effects of CVC structural systems 
comprising a mainframe and subframe incorporating passive negative 
stiffness (PNS) at the connection subjected to earthquakes. Shaking table 
experiments were conducted using CVC system specimens consisting of 
an SDOF mainframe and SDOF subframe, which were connected by PNS 
devices (PNSDs) consisting of leaf springs. The dynamic responses under 
simulated earthquake motions and sinusoidal waves were obtained 
using experiments, and the response reduction effectiveness of PNSDs 
was investigated. In addition, a response analysis was conducted using 
six degrees-of-freedom (6DOF) CVC building models connected by PNS 
and damping elements to evaluate the response reduction effects when 
subjected to seismic motions. This study is an expansion of a previous 
work [29] that presents new experimental and numerical data and 
findings. This study contributes to the advancement of seismic protec
tion technologies for building structures utilizing the PNS in adjacent 
structural systems. 

2. Shake table experiments 

2.1. Theoretical foundation and specimen overview of experiments 

Kageyama et al. [2] derived a theoretical formula for optimal tuning 
and damping conditions for a CVC system with spring and viscous 
damping connectors. The theoretical formula of the optimal connection 
stiffness that minimizes the peak amplitude of the displacement transfer 
function for the mainframe can be expressed as: 

K0,opt =
(α − μ)( − 2 − μ + αμ)

2(1 + α)(1 + μ)2 K1 (1)  

where, K0,opt is the optimal connection stiffness, K1 is the stiffness of the 
SDOF mainframe, α is the stiffness ratio of the SDOF subframe to the 
SDOF mainframe, and µ is the mass ratio of the SDOF subframe to the 
SDOF mainframe. 

Also, Longjam and Shirai [18] showed a calculation result of the 
optimal connecting stiffness for various parameter combinations that 
require negative stiffness at the connecting portion. For example, in the 
case of µ = 0.5 and α = 1.0, a negative connection stiffness (i.e., K0,opt =

− 0.1111 K1) is required. Based on the above foundation, in the present 
shake table experiments, a target parameter combination of µ = 0.5 and 
α = 1.0 that requires negative stiffness at the connector was adopted in 
the basic design of the specimens. 

The shake table experiments were conducted using CVC system 
specimens with PNSDs. The specimen comprised a mainframe system 
and subframe system, which were connected by a PNSD, representing a 
simplified model for CVC building structures with a PNS element as the 
connector. Three controlled cases (CVC-1, CVC-2, and CVC-3) with 
different PNSDs (PNSD-1, PNSD-2, and PNSD-3) connecting the main
frame and subframe were examined. In addition, three uncontrolled 
cases were examined for comparison purposes; the first case had the 
mainframe alone (SDOF-MF), the second case had the subframe alone 
(SDOF-SF), whereas in the last case the mainframe and subframe were 
almost rigidly connected (CVC-R). 

2.2. Methods of experiments 

2.2.1. Coupled vibration control specimens and shake table 
Figs. 1 and 2 show the CVC system specimen with PNSD. A unidi

rectional shake table (maximum payload: 1000 N; maximum displace
ment: 100 mm; maximum acceleration: 1.0 G) was used in the 
experiments. The excitation direction of the shake table was in the X- 
direction. Each of the mainframe and subframe of the specimen was 
supported by a bearing (linear guide) in the X-direction placed on the 
shake table, connected by restoring members with positive stiffness to 
the shake table, and allowed to move in the X-direction; thus, it was 
behaving as an SDOF vibration system. The masses of the moving por
tions for the mainframe, MMF, and subframe, MSF, were 0.945 and 0.468 
kg, respectively. Thus, the mass ratio of the subframe to the mainframe 
was µ = MSF/MMF = 0.5. The mainframe and subframe were provided 
with a positive stiffness by connecting the tension coil springs in series 
and parallel. These coil springs functioned as positive stiffness restoring 
members without becoming loose in both the positive and negative sides 
in the X-direction because an initial tensile deflection was applied to 
them. After each excitation, the mainframe and subframe of the spec
imen were restored to neutral positions to remove residual displace
ments, and then the next excitation was performed. 

2.2.2. PNSDs 
In contrast to the positive stiffness produced by general springs with 

an increasing displacement, negative stiffness provides a negative 
restoring force that further increases the displacement. Shirai et al. [23] 
proposed a PNSD using curved-leaf springs. In addition, they examined 
the response behavior of an SDOF system incorporating a PNSD [23]. 
This study adopted PNSDs using curved-leaf springs, which were based 
on a PNSD presented in [23] with dimensional modifications. Unlike the 
previous study [23], PNSDs were used as the connecting element of the 
CVC structural system. Fig. 3 illustrates a conceptual diagram of the 
PNSD connector between the mainframe and subframe. The Y-direc
tional spacing between the mainframe and subframe was maintained 
constant, and the two curved-leaf springs of the PNSD were pre- 
compressed at the neutral position, as shown in Fig. 3(a). The dotted 
regions in Fig. 3(a) indicate the positions of the leaf springs, where snap- 
through buckling occurs, depending on the drift between the mainframe 
and subframe in the X-direction. When snap-through buckling occurs, 
forces are applied to the mainframe and subframe in a direction that 
further increases (or decreases) the drift between the mainframe and 
subframe, as shown in Fig. 3(b) and (c). Owing to the effects of geo
metric nonlinearity, PNSD can exert a negative restoring force, that is, 
negative stiffness. 

In the experiments, three PNSDs (PNSD-1, PNSD-2, and PNSD-3) 
were used and incorporated into CVC-1, CVC-2, and CVC-3. Table 1 
lists the specifications of the PNSDs. Fig. 4 shows the production 
drawings of the PNSDs before the bending process. The curved-leaf 
springs used in each PNSD comprised two outside plates and one in
side plate. The ends of the two outside plates were bent and bolted to the 
center of the inside plate such that leaf springs were built to attain an 
initial curvature. Two identical curved-leaf springs were prepared and 
placed bilaterally symmetrically for each PNSD. The material of the 
plate of the PNSDs was stainless steel SUS304. The masses of the plates 
of the curved-leaf spring portion (including the bolts at the center) for 
the PNSDs were 0.0036, 0.0056, and 0.0093 kg for PNSD-1, PNSD-2, and 
PNSD-3, respectively. Fig. 5(a)–(c) depicts photographs of PNSD-1, 
PNSD-2, and PNSD-3 incorporated between the mainframe and sub
frame. The inner span for each PNSD between the rigid beams of the 
mainframe and subframe was maintained constant at 146 mm in the Y- 
direction during the experiments. Thus, the curved-leaf springs of the 
PNSD were subjected to pre-compression in the Y-direction at the 
neutral displacement position. The initial and second stiffnesses for each 
PNSD were evaluated based on the results from sinusoidal wave input 
(frequency: 1.0 Hz, displacement amplitudes: 10–18 mm) when the 
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subframe (fixed to the shake table) and the mainframe were connected 
by the PNSD. The input displacement amplitudes of 10–18 mm were 
determined such that the range of response displacements included 
those before and after the onset of snap-through buckling of each PNSD. 
Fig. 5(d) shows the case when the mainframe and subframe were rigidly 
connected for comparison purposes. 

In the experiments, basically, both the mainframe and subframe 
were not fixed to the shake table and were allowed to move in the X- 
direction. The results of this configuration are described in Subsection 
2.3 excluding Subsection 2.3.2(b) and (c). However, as aforementioned, 
when evaluating the initial and second stiffnesses of the PNSDs, each 
PNSD was installed between the mainframe and subframe, the subframe 

was fixed to the shake table, and only the mainframe was allowed to 
move. The results of this configuration are presented in Subsection 2.3.2 
(b) and (c). 

2.2.3. Instrumentation 
In the experiments, the relative displacements from the shake table 

of the mainframe and subframe of the specimen were measured using 
two laser displacement meters attached to the shake table. The absolute 
accelerations for the shake table and the mainframe and subframe of the 
specimen were measured using strain gauge-type accelerometers with 
mass of 0.025 kg (excluding cable) and response frequency of DC–60 Hz 
or DC–100 Hz. The data-sampling frequency was 0.2 kHz. The obtained 

Fig. 1. Photograph of the plan view of a coupled vibration control (CVC) system specimen connected by a passive negative stiffness device (PNSD) mounted on a 
shake table. 

Fig. 2. Plan drawing of the CVC system specimen, PNSD, and shake table.  
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acceleration and displacement data were smoothed using a moving 
average (rectangular window: 0.035 s). 

2.2.4. Input motions used in the experiments 
In the experiments, sinusoidal and simulated earthquake waves were 

used as input motions. The sinusoidal waves had three different fre
quencies, 1.0, 1.5, and 1.2 Hz, which roughly corresponded to the nat
ural frequencies of SDOF-MF, SDOF-SF, and CVC-R, respectively. Each 
sinusoidal wave was composed of a five-cycle sine function for the 
steady portion, with displacement amplitudes in the range of 10–18 mm. 
Five waves, namely Waves S1–5, were adopted for the simulated 
earthquakes. For each simulated wave, input magnifications of 0.2, 0.3, 

0.4, 0.45, and 0.5 were used. Fig. 6(a) and (b) displays the time-history 
acceleration waveforms of the sinusoidal wave (frequency: 1.0 Hz, 
amplitude: 10 mm) and the simulated wave (Wave S5, input magnifi
cation: 0.45). The velocity response spectra for the five simulated waves 
(Waves S1–5, damping ratio: 0.05, input magnification: 0.45) are shown 
in Fig. 6(c). 

2.2.5. Free vibration measurement methods 
Free vibration measurements for the SDOF-MF, SDOF-SF, and CVC-R 

specimens were performed prior to the shake table experiments to 
ascertain their natural frequencies and damping ratios. Each specimen 
(SDOF-MF, SDOF-SF, and CVC-R) was individually subjected to free 
vibrations without employing PNSDs, that is, with only restoring 
members having positive stiffness. By releasing the mainframe (or sub
frame) after providing an initial displacement of 40 mm in the vibrating 
direction (X-direction), a free vibration was generated. The natural 
frequencies and damping ratios of the specimens were calculated based 
on the displacement time-history waveforms obtained from the free vi
bration measurements. The natural frequencies were computed using 
the time interval between the wave peak amplitudes. The damping ra
tios were determined using the logarithmic damping rate derived from 
the peak amplitude ratios of the waveforms. 

Fig. 3. Schematic of the PNSD: (a) at the neutral position; (b) at a deformed position (negative side); and (c) at a deformed position (positive side).  

Table 1 
Specification of the passive negative stiffness devices (PNSDs) used in the 
experiments.  

Device 
name 

Plate 
thickness 
(mm) 

Plate 
width 
(mm) 

Plate length 
(before bending) 
(mm) 

Inner span of device 
(when installed) 
(mm) 

PNSD-1  0.2  3.5 174 146 
PNSD-2  0.2  5.0 174 146 
PNSD-3  0.1  14.0 174 146  

Fig. 4. Production drawings of the PNSDs (before the bending process) used in the experiments: (a) PNSD-1 (plate thickness: 0.2 mm); (b) PNSD-2 (plate thickness: 
0.2 mm); and (c) PNSD-3 (plate thickness: 0.1 mm). 
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2.3. Experimental results 

2.3.1. Free vibration measurement results 
Table 2 lists the natural period and damping ratio for the SDOF-MF, 

SDOF-SF, and CVC-R specimens obtained using the free vibration mea
surements. Therefore, frequencies of the sinusoidal waves used in the 
shake table experiments, as presented in Subsection 2.2.4, were deter
mined. The relatively high damping ratio observed from the free vi
bration measurements was attributed to the resistance forces by the 
bearings (linear guides). The resistance forces by the bearings func
tioned to exert an approximately bilinear shape restoring force 

characteristic for the mainframe and subframe (Subsection 2.3.2). The 
resistance forces by the bearings were common to all specimens (SDOF- 
MF, SDOF-SF, CVC-1, CVC-2, CVC-3, and CVC-R) because the linear 
guides used for each specimen were identical. 

2.3.2. Results under sinusoidal wave inputs 
(a) Response without the PNSD. 
Fig. 7 depicts the response time-history acceleration of SDOF-MF and 

SDOF-SF, that is, the mainframe and subframe without PNSDs, under the 
sinusoidal waves (input displacement amplitude: 10 mm) at frequencies 
of 1.0 and 1.5 Hz, respectively. A gradually amplifying response 
occurred due to the resonance until approximately 6 and 5 s for the 
mainframe and subframe, respectively; subsequently, a damped free 
vibration response was observed. 

Fig. 8 depicts the response inertial force and displacement relation
ships for SDOF-MF and SDOF-SF under the sinusoidal wave inputs. The 
inertial force was calculated using the response acceleration and mass. A 
bilinear-shape hysteresis loop was observed because of the resistance of 
the linear guides and positive stiffness restoring force members. In 
addition, Fig. 8 includes a linear function computed using the least- 
squares method along with the decision coefficient R2. Stiffnesses of 
the positive stiffness restoring members for SDOF-MF and SDOF-SF were 

Fig. 5. Photographs of the side views of PNSDs installed between the mainframe and subframe of the specimen: (a) PNSD-1 (CVC-1); (b) PNSD-2 (CVC-2); (c) PNSD- 
3 (CVC-3); and (d) rigid connection (CVC-R). 

Fig. 6. Input motions used in the experiments: (a) time-history acceleration of the sinusoidal wave (frequency: 1.0 Hz, amplitude: 10 mm); (b) time-history ac
celeration of Wave S5 (input magnification: 0.45); and (c) velocity response spectra of Waves S1–5 (input magnification: 0.45, damping ratio: 0.05). 

Table 2 
Natural frequencies and damping ratios of specimens obtained from free vi
bration measurements.  

Specimen name Natural period 
(s) 

Natural frequency 
(Hz) 

Damping 
ratio 

SDOF-MF  0.953  1.05  0.15 
SDOF-SF  0.689  1.45  0.13 
CVC-R 

(Mainframe)  
0.833  1.20  0.17 

CVC-R (Subframe)  0.832  1.20  0.17  
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determined to be KMF = 0.0407 and KSF = 0.0403 N/mm, respectively. 
Thus, the stiffness ratio α = KSF/KMF of the specimens in these experi
ments was confirmed as α = 1.0. Moreover, the natural frequencies of 
SDOF-MF and SDOF-SF (without the PNSDs) were calculated to be 1.0 
and 1.5 Hz, respectively using the stiffnesses and masses. This result 
roughly agrees with the values obtained from the free vibration mea
surements presented in Table 2. The maximum section force (intercept) 
of the inertial force at the neutral displacement was approximately 0.24 
and 0.31 N for SDOF-MF and SDOF-SF, respectively, and these section 
forces were attributed to the resistance by the linear guides. 

(b) Evaluation of initial and second stiffnesses of the PNSDs. 
The initial and second stiffnesses of the PNSDs were investigated by 

setting each device (PNSD-1, PNSD-2, and PNSD-3) between the main
frame and subframe, where the subframe was fixed to the shake table 
and only the mainframe was allowed to move along the linear guide. The 
investigation used sinusoidal wave inputs with amplitudes in the range 
of 10–18 mm and a frequency of 1.0 Hz. Fig. 9 depicts the obtained 

response inertial force and displacement relationship of the vibrating 
system with PNSD-1. Moreover, to evaluate the contribution of PNSD-1, 
the subtracted force was calculated by subtracting the positive restoring 
force of the mainframe, that is, KMF times the displacement of the 
mainframe, from the inertial force, that is, the inertial force in Fig. 9. 

Fig. 10 shows the subtracted hysteresis loops obtained for PNSD-1. 
As shown in Fig. 10, a roughly constant negative stiffness was 
observed over a displacement range of ± 10 mm. As mentioned in 
Section 1, the previous study [23] reported that the passive NSD with 
curved-leaf springs exhibited an initial negative stiffness created by the 
pre-compressed strain energy stored in the curved-leaf springs, followed 
by an increased second negative stiffness with the occurrence of snap- 
through buckling. Considering this, it is inferred that the initial nega
tive stiffness within a displacement of ± 10 mm for PNSD-1 in the pre
sent experiments was owing to a pre-compression at the installation 
applied to the leaf springs. Moreover, an increased negative stiffness was 
generated by PNSD-1 at displacements of + 45 to + 51 mm. This 

Fig. 7. Time-history acceleration response under the sinusoidal wave (input amplitude: 10 mm) obtained from the experiments: (a) SDOF-MF (input frequency: 1.0 
Hz); and (b) SDOF-SF (input frequency: 1.5 Hz). 

Fig. 8. Response hysteresis loop under the sinusoidal wave (input amplitude: 10 mm) obtained from the experiments along with a linear approximation: (a) SDOF- 
MF (input frequency: 1.0 Hz); and (b) SDOF-SF (input frequency: 1.5 Hz). 

Fig. 9. Response hysteresis loops of the vibrating system (the mainframe with PNSD-1 and fixed-subframe) under the sinusoidal waves (frequency: 1.0 Hz) obtained 
from the experiments: (a) input amplitude: 10 mm; (b) input amplitude: 12 mm; (c) input amplitude: 13 mm; and (d) input amplitude: 15 mm. 
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increased negative stiffness may have resulted from snap-through 
buckling of the leaf springs of PNSD-1. Beyond a displacement of 
approximately + 58 mm, the negative stiffness reversed to a positive 
stiffness because of the tensile brace act of the leaf springs when the 
displacement reached their deformation limit of the leaf springs. 

The initial stiffness for the vibrating system was calculated using the 
least-squares approximation from the inertial force–displacement data 
within a displacement of ± 10 mm, as shown in Fig. 9. The initial 
stiffnesses of the vibrating system were obtained as 0.0352, 0.0355, 
0.0357, and 0.037 N/mm for input amplitudes of 10, 12, 13, and 15 mm, 
respectively, resulting in an average initial stiffness of Knet,ini = 0.03585 
N/mm. The initial stiffness of the device, Kpnsd,ini, for PNSD-1 was 
determined by subtracting KMF = 0.0407 N/mm from Knet,ini to be Kpnsd, 

ini = Knet,ini − KMF = − 0.00485 N/mm, exhibiting a negative stiffness. 
Similarly, the second stiffness of the vibrating system Knet,sec was 
calculated using the inertial force–displacement data under an ampli
tude input of 15 mm, as shown in Fig. 9(d), where snap-through buck
ling was observed most prominently, as illustrated in Fig. 10(d). The 
least-square approximation method used the data within a positive 
displacement in the range of 45–51 mm, where Knet,sec was approxi
mately 0.0308 N/mm. The second stiffness of the device Kpnsd,sec for 
PNSD-1 was computed as Kpnsd,sec = Knet,sec − KMF = − 0.0099 N/mm, 
which was approximately twice the initial negative stiffness Kpnsd,ini =

− 0.00485 N/mm. 
In addition, Figs. 11 and 12 display the response loops for the 

vibrating system with PNSD-2 and the subtracted loops of PNSD-2 under 
sinusoidal waves (amplitudes: 12, 13, 15, and 18 mm, frequency: 1.0 
Hz). Similarly, Figs. 13 and 14 show the response and subtracted loops of 
PNSD-3 subjected to sinusoidal waves (amplitudes: 10, 12, 13, and 15 
mm, frequency: 1.0 Hz). For obtaining a wide range of response 

displacement including before and after the onset of snap-through 
buckling, a different combination of input displacement amplitudes 
was used in PNSD-2 from those used in PNSD-1 and PNSD-3. The initial 
and second stiffnesses of PNSD-2 and PNSD-3 were assessed using the 
same methodology; Table 3 presents the results with the three PNSDs. In 
addition, the initial and second stiffness ratios calculated as Kpnsd,ini/KMF 
and Kpnsd,sec/KMF, respectively, for each PNSD are listed in Table 3. The 
second negative stiffness for PNSD-2 was approximately twice the initial 
negative stiffness. Moreover, approximately double the initial and sec
ond negative stiffnesses were obtained for PNSD-2 compared to those for 
PNSD-1, which was attributed to the larger plate width of PNSD-2 
compared with that of PNSD-1 (Table 1). However, although the 
initial stiffness for PNSD-3 exhibited a positive value, the second stiff
ness exhibited a negative value owing to the onset of snap-through 
buckling. 

(c) Section force in hysteresis loops with PNSDs. 
According to Figs. 10, 12, and 14, the maximum section force 

(intercept) of the subtracted force at the neutral displacement for the 
three PNSDs was roughly in the range of 0.15–0.31 N. A comparison 
between these section forces and that of SDOF-MF (approximately 0.24 
N) reveals that installing the PNSDs did not significantly increase the 
section force. Thus, the energy consumption, such as the friction be
tween the leaf springs of the PNSDs, was small. This indicates that the 
seismic response control effects achieved by the installation of the 
PNSDs in the shake table experiments were not due to energy absorption 
by the frictional force of the PNSDs, but due to the connection effects by 
negative stiffness. 

(d) Time-history response with the PNSDs. 
Fig. 15 shows the time-history displacement and acceleration of the 

mainframe for CVC-1 with PNSD-1 under sinusoidal wave input 

Fig. 10. Subtracted hysteresis loops for PNSD-1 under the sinusoidal waves (frequency: 1.0 Hz) obtained from the experiments: (a) input amplitude: 10 mm; (b) 
input amplitude: 12 mm; (c) input amplitude: 13 mm; and (d) input amplitude: 15 mm. 

Fig. 11. Response hysteresis loops of the vibrating system (the mainframe with PNSD-2 and fixed-subframe) under the sinusoidal waves (frequency: 1.0 Hz) obtained 
from the experiments: (a) input amplitude: 12 mm; (b) input amplitude: 13 mm; (c) input amplitude: 15 mm; and (d) input amplitude: 18 mm. 
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(frequency: 1.0 Hz, amplitude: 10 mm); in addition, it shows the 
waveform of the SDOF-MF without PNSD. Indeed, the vibrating period 
of the response displacement and acceleration waveforms for CVC-1 was 
lengthened compared with that without PNSD. This period lengthening 
was primarily attributed to the negative-stiffness effect of PNSD-1. 
Furthermore, a clear response reduction was observed in CVC-1 
compared to the case without PNSD. This response reduction was 
owing to the effect of avoiding resonance by period lengthening and 
increased damping by the CVC effect. Moreover, the time-history 
waveforms for CVC-2 and CVC-3 under sinusoidal wave inputs are 
shown in Figs. 16 and 17, respectively. A similar tendency to CVC-1 is 

observed for CVC-2, proving a significant response reduction and 
lengthening of the vibration period by incorporating PNSD-2. In 
contrast, a shortening of the vibration period for CVC-3 is observed after 
the installation of PNSD-3, which is due to the positive initial stiffness of 
PNSD-3 presented in Table 3. 

2.3.3. Results under simulated wave inputs 
Table 4 lists the peak displacement (PD) of the mainframe for each 

specimen (mean value of the five simulated waves) under each input 
magnification. In Table 4, PD1,MF, PD2,MF, PD3,MF, PDR,MF, and PDSDOF,MF 
represent the peak displacements of the mainframe for CVC-1, CVC-2, 

Fig. 12. Subtracted hysteresis loops for PNSD-2 under the sinusoidal wave (frequency: 1.0 Hz) obtained from the experiments: (a) input amplitude: 12 mm; (b) input 
amplitude: 13 mm; (c) input amplitude: 15 mm; and (d) input amplitude: 18 mm. 

Fig. 13. Response hysteresis loops of the vibrating system (the mainframe with PNSD-3 and fixed-subframe) under the sinusoidal waves (frequency: 1.0 Hz) obtained 
from the experiments: (a) input amplitude: 10 mm; (b) input amplitude: 12 mm; (c) input amplitude: 13 mm; and (d) input amplitude: 15 mm. 

Fig. 14. Subtracted hysteresis loops for PNSD-3 under the sinusoidal wave (frequency: 1.0 Hz) obtained from the experiments: (a) input amplitude: 10 mm; (b) input 
amplitude: 12 mm; (c) input amplitude: 13 mm; and (d) input amplitude: 15 mm. 
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CVC-3, CVC-R, and SDOF-MF, respectively. According to Table 4, the 
peak displacement of the mainframe for CVC-1, CVC-2, and CVC-3 is 
lower than that of SDOF-MF. Moreover, the peak displacement of CVC-2 
is lower than that of CVC-R, exhibiting a better displacement control 
effect. Similarly, Table 5 presents the peak acceleration (PA) of the 
mainframe for each specimen (mean value of the five simulated waves) 
under each input magnification. Furthermore, PA1,MF, PA2,MF, PA3,MF, 
PAR,MF, and PASDOF,MF represent the peak acceleration of the mainframe 
for CVC-1, CVC-2, CVC-3, CVC-R, and SDOF-MF, respectively. According 

to Table 5, the peak accelerations for CVC-1 and CVC-2 are lower than 
that of SDOF-MF. Moreover, the peak acceleration of CVC-1, CVC-2, and 
CVC-3 are lower than that of CVC-R, exhibiting a high acceleration 
control reduction effect. However, the peak acceleration of the main
frame for CVC-3 was close to that of CVC-R. 

The reduction indices of the peak displacement and acceleration of 
the mainframe for CVC-1 compared with those of SDOF-MF were 
calculated as RD1,MF = 1 − (PD1,MF/PDSDOF,MF) and RA1,MF = 1 − (PA1, 

MF/PASDOF,MF), respectively. Similarly, the reduction index for CVC-2 

Table 3 
Evaluated stiffness of PNSDs obtained from the experiments.  

Device name PNSD-1 PNSD-2 PNSD-3 

Displacement range for evaluation of the initial stiffness (mm) − 10 to + 10 − 10 to + 10 − 10 to + 10 
Initial stiffness of the device (N/mm) − 0.00485 − 0.009475 0.00755 
Initial stiffness ratio − 0.12 − 0.23 0.19 
Displacement range for evaluation of the second stiffness (mm) +45 to + 51 − 48 to − 42 − 42 to − 36 
Second stiffness of the device (N/mm) − 0.0099 − 0.0192 − 0.0061 
Second stiffness ratio − 0.24 − 0.47 − 0.15  

Fig. 15. Time-history response of the mainframe for CVC-1 with PNSD-1 and SDOF-MF without PNSD under the sinusoidal wave input (frequency: 1.0 Hz, input 
amplitude: 10 mm) obtained from the experiments: (a) displacement; and (b) acceleration. 

Fig. 16. Time-history response of the mainframe for CVC-2 with PNSD-2 and SDOF-MF without PNSD under the sinusoidal wave input (frequency: 1.0 Hz, input 
amplitude: 10 mm) obtained from the experiments: (a) displacement; and (b) acceleration. 

Fig. 17. Time-history response of the mainframe for CVC-3 with PNSD-3 and SDOF-MF without PNSD under the sinusoidal wave input (frequency: 1.0 Hz, input 
amplitude: 10 mm) obtained from the experiments: (a) displacement; and (b) acceleration. 
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was calculated as RD2,MF = 1 − (PD2,MF/PDSDOF,MF) and RA2,MF = 1 −
(PA2,MF/PASDOF,MF), whereas the reduction index for CVC-3 was calcu
lated as RD3,MF = 1 − (PD3,MF/PDSDOF,MF) and RA3,MF = 1 − (PA3,MF/ 
PASDOF,MF). Fig. 18(a) and (b) show the calculated reduction indices for 
the displacement and acceleration, respectively (mean value of the five 
simulated waves). The reduction indices for displacement show prom
ising results, particularly for CVC-1 and CVC-2. A comparison of the 
reduction indices in Fig. 18(a) reveals that PNSD-2 performs better than 
PNSD-1 and PNSD-3. Moreover, reasonable acceleration reduction 
indices for the mainframe were obtained for CVC-1 and CVC-2, espe
cially PNSD-2 achieved a better acceleration reduction, as presented in 
Fig. 18(b). 

Fig. 19 shows the response time-history displacement and accelera
tion of CVC-1 with PNSD-1 subjected to Wave S5 (input magnification: 
0.45). In addition, the responses of SDOF-MF without PNSD are 
compared. Fig. 19 shows that incorporating PNSD-1 reduces both the 
displacement and acceleration responses of the mainframe compared 
with SDOF-MF without PNSD over the main duration of the seismic 
excitation. Similarly, Figs. 20 and 21 depict the time-history response for 

the mainframe of CVC-2 with PNSD-2 and CVC-3 with PNSD-3, 
respectively, subjected to Wave S5 (input magnification: 0.45). A 
similar or better response reduction compared to CVC-1 (Fig. 19) was 
observed for CVC-2 (Fig. 20), whereas sufficient response reduction was 
not achieved for the mainframe of CVC-3, as shown in Fig. 21. 

Fig. 22 illustrates the reduction ratios of the peak response 
displacement and acceleration for the mainframe and subframe of CVC- 
1 under the simulated waves for each input magnification. The 
displacement reduction ratio is the ratio of the peak displacement for the 
mainframe (or subframe) of CVC-1 (mean value of the five simulated 
waves) to that of SDOF-MF (or SDOF-SF). Similarly, the acceleration 
reduction ratio is the ratio of the averaged peak acceleration of the 
mainframe (or subframe) of CVC-1 to that of SDOF-MF (or SDOF-SF). 
According to Fig. 22, the results exhibit a clear reduction in the 
displacement and acceleration responses for the mainframe of CVC-1 
compared to SDOF-MF for all input magnification. However, the 
displacement and acceleration reduction ratios of the subframe in CVC-1 
exceed unity, indicating an increase in the response of the subframe 
compared to SDOF-SF. In addition, Figs. 23 and 24 show response 

Table 4 
Peak displacements of the mainframe for CVC-R, SDOF-MF, CVC-1, CVC-2, and CVC-3 obtained from the experiments [mean value of the five simulated waves (Waves 
S1–5)].  

Input 
magnification 

Peak displacement for CVC- 
R (PDR,MF) (mm) 

Peak displacement for SDOF- 
MF (PDSDOF,MF) (mm) 

Peak displacement for CVC- 
1 (PD1,MF) (mm) 

Peak displacement for CVC- 
2 (PD2,MF) (mm) 

Peak displacement for CVC- 
3 (PD3,MF) (mm)  

0.20  10.61  12.47  12.17  8.85  10.72  
0.30  20.33  24.65  20.61  16.27  21.55  
0.40  30.35  37.32  29.57  25.02  34.52  
0.45  35.65  43.56  34.31  29.41  40.59  
0.50  40.17  50.60  40.47  33.55  47.78  

Table 5 
Peak accelerations of the mainframe for CVC-R, SDOF-MF, CVC-1, CVC-2, and CVC-3 obtained from the experiments [mean value of the five simulated waves (Waves 
S1–5)].  

Input 
magnification 

Peak acceleration for CVC-R 
(PAR,MF) (m/s2) 

Peak acceleration for SDOF-MF 
(PASDOF,MF) (m/s2) 

Peak acceleration for CVC-1 
(PA1,MF) (m/s2) 

Peak acceleration for CVC-2 
(PA2,MF) (m/s2) 

Peak acceleration for CVC-3 
(PA3,MF) (m/s2)  

0.20  0.747  0.669  0.540  0.449  0.702  
0.30  1.358  1.336  0.946  0.738  1.299  
0.40  1.983  1.776  1.312  1.226  1.966  
0.45  2.324  2.115  1.544  1.460  2.204  
0.50  2.607  2.417  1.829  1.766  2.506  

Fig. 18. Reduction indices of the peak response of the mainframe for CVC-1, CVC-2, and CVC-3 compared with SDOF-MF under the simulated waves for each input 
magnification (mean value of the five simulated waves) obtained from the experiments: (a) displacement reduction index; and (b) acceleration reduction index. 
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reduction ratios for CVC-2 and CVC-3, respectively. According to 
Fig. 24, although CVC-3 decreases the displacement reduction ratio to 
lower than unity for both the mainframe and subframe, the acceleration 
reduction ratio of the mainframe becomes larger than unity. This larger 
acceleration ratio in CVC-3 may be due to the positive initial stiffness 
before snap-through buckling of PNSD-3, as presented in Table 3, which 
challenges achieving a proper control tuning. According to Fig. 23, a 
significant decrease in displacement and acceleration is achieved for the 
mainframe of CVC-2. Moreover, for the subframe of CVC-2, the 
displacement and acceleration are clearly reduced except the displace
ment under the input magnification of 0.2. Therefore, CVC-2 yielded the 
most promising response control effects among the three PNSDs. 
Consequently, an effective response control for the mainframe against 
seismic excitations was achieved by incorporating PNSDs as the 
connector of the CVC system. 

3. Numerical simulations 

A time-history simulation was performed to explore the response 
behavior and assess the control effects of multistory CVC buildings 
incorporating negative stiffness at the connection when subjected to 
seismic ground motions. 

3.1. Simulation methods 

3.1.1. Numerical building models 
The simulation used the CVC-NV, CVC-V, UC-MF, and UC-SF models 

as numerical six-story building models. Fig. 25 shows the four numerical 
models. The CVC-NV model is a CVC system comprising a 6DOF main
frame structure, 6DOF subframe structure, and negative-stiffness spring 

and dashpot element as the connectors, as shown in Fig. 25(a). The CVC- 
V model is another CVC system comprising a mainframe, subframe, and 
dashpot element connector, as shown in Fig. 25(b). For the CVC models, 
the connecting elements were placed between the sixth floor of the 
mainframe and subframe, as illustrated in Fig. 25(a) and (b). The UC-MF 
and UC-SF models were uncontrolled systems, which were the main
frame alone, as shown in Fig. 25(c), and subframe alone, as shown in 
Fig. 25(d). As inherent damping, a viscous damping element was placed 
for each story of the mainframe and subframe such that a stiffness- 
proportional damping (damping ratio of 2% for the first vibrational 
mode) was obtained for each of the UC-MF and UC-SF models. The pa
rameters of the mainframe and subframe were identical among the four 
models. 

Two parameter combinations, namely Cases I and II, were examined 
based on the mass ratio µ’ and stiffness ratio α’. The mass ratio µ’ is 
defined as µ’ = mS

i /mM
i , where mS

i and mM
i denote the mass of the sub

frame and mainframe for the ith story, respectively. The stiffness ratio α’ 
is defined as α’ = kS

i /kM
i , where kS

i and kM
i denote the stiffness of the 

subframe and mainframe for the ith story, respectively. In Case I, a 
combination of α’ = 1.0 and µ’ = 0.5, was adopted, whereas in Case II, a 
combination of α’ = 0.2 and µ’ = 0.1 was used. Tables 6 and 7 list the 
structural properties of the mainframe and subframe for Cases I and II, 
respectively. A mass of 1000 t was set for each story of the mainframe for 
both Cases I and II. The mainframe stiffness for each story was linearly 
distributed in a proportion ratio in the range of 1.0–2.0, from the top to 
bottom stories, such that the first modal natural period of the UC-MF 
model was T = 0.72 s. Thus, the first modal natural period of UC-SF 
was 0.51 s for both Cases I and II. In addition, the combination of the 
stiffness and mass ratios used in Case I (α’ = 1.0 and µ’ = 0.5) was similar 
to that in the shake table experiments discussed in Section 2 (α = 1.0, µ =

Fig. 20. Time-history response of the mainframe for CVC-2 with PNSD-2 and SDOF-MF without PNSD subjected to Wave S5 (input magnification: 0.45) obtained 
from the experiments: (a) displacement; and (b) acceleration. 

Fig. 19. Time-history response of the mainframe for CVC-1 with PNSD-1 and SDOF-MF without PNSD subjected to Wave S5 (input magnification: 0.45) obtained 
from the experiments: (a) displacement; and (b) acceleration. 
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0.5). In addition, for making it easier to associate the structural 
parameter conditions and obtained results of the numerical CVC build
ing models (such as α’ and µ’) with those of the one-story CVC specimens 
of the shake table experiments (such as α and µ), the mainframe and 
subframe of the six-story models in the numerical simulation were 
connected at the sixth floors, which are closer to the equivalent height 
when the six-story mainframe and subframe are converted into the 
equivalent one-story systems. 

Table 8 lists the parameters of the negative-stiffness spring and 
dashpot elements at the connection of the CVC models in Cases I and II. 
In addition, the simulation targeted the control of the mainframe 
response and did not apply an optimization method to the parameter 
setting. 

3.1.2. Equation of motions 
The governing equation of motion for the six-story CVC system 

Fig. 21. Time-history response of the mainframe for CVC-3 with PNSD-3 and SDOF-MF without PNSD subjected to Wave S5 (input magnification: 0.45) obtained 
from the experiments: (a) displacement; and (b) acceleration. 
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Fig. 22. Reduction ratio of the peak response of the mainframe (or subframe) for CVC-1 to that of SDOF-MF (or SDOF-SF) under the simulated waves (averaged for 
the five simulated waves) obtained from the experiments: (a) displacement reduction ratio; and (b) acceleration reduction ratio. 
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Fig. 23. Reduction ratio of the peak response of the mainframe (or subframe) for CVC-2 to that of SDOF-MF (or SDOF-SF) under the simulated waves (averaged for 
the five simulated waves) obtained from the experiments: (a) displacement reduction ratio; and (b) acceleration reduction ratio. 
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consisting of a 6DOF mainframe and subframe can be expressed as [6,9]: 

Mẍ(t) + Cẋ(t) + Kx(t) = − M 1 ẍG(t) (2)  

where M is the mass matrix, C is the damping matrix, K is the stiffness 
matrix, t is the time, ̈x(t) is the relative response acceleration vector, ẋ(t)
is the response velocity vector, x(t) is the response displacement vector, 

ẍG(t) is the input acceleration, and 1 is a column vector of dimension 12, 
with all entries equal to 1. Moreover, ̈x(t), ẋ(t), and x(t) can be expressed 
as follows: 

ẍ(t) =
[

ẍM
1 (t)ẍ

M
2 (t)⋯ẍM

6 (t)ẍ
S
1(t)ẍ

S
2(t)⋯ẍS

6(t)
]T

(3)  
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Fig. 24. Reduction ratio of the peak response of the mainframe (or subframe) for CVC-3 to that of SDOF-MF (or SDOF-SF) under the simulated waves (averaged for 
the five simulated waves) obtained from the experiments: (a) displacement reduction ratio; and (b) acceleration reduction ratio. 

Fig. 25. Numerical building models: (a) CVC-NV model with a dashpot and negative stiffness spring connectors; (b) CVC-V model with a dashpot connector; (c) UC- 
MF model; and (d) UC-SF model. 

Table 6 
Properties of the 6DOF mainframe and subframe numerical models for Case I.   

Mainframe Subframe 

Story, i Mass, mM
i (t) Stiffness,kM

i 
(MN/m) 

Damping coefficient,cM
i 

(MNs/m) 
Mass, mS

i (t) Stiffness,kS
i 

(MN/m) 
Damping coefficient,cS

i 
(MNs/m) 

6 1000  790.9  3.625 500  790.9  2.563 
5 1000  949.1  4.350 500  949.1  3.076 
4 1000  1107.2  5.075 500  1107.2  3.589 
3 1000  1265.4  5.800 500  1265.4  4.101 
2 1000  1423.6  6.525 500  1423.6  4.614 
1 1000  1581.8  7.250 500  1581.8  5.127  
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ẋ(t) =
[

ẋM
1 (t) ẋM

2 (t) ⋯ ẋM
6 (t) ẋS

1(t) ẋS
2(t) ⋯ ẋS

6(t)
]T

(4)  

x(t) =
[

xM
1 (t) xM

2 (t) ⋯ xM
6 (t) xS

1(t) xS
2(t) ⋯ xS

6(t)
]T (5)  

where ẍM
i (t) and ẍS

i (t) represent the relative acceleration responses, 
ẋM

i (t) and ẋS
i (t) represent the velocity responses, and xM

i (t) and xS
i (t)

represent the displacement responses at the ith story for the mainframe 
and subframe, respectively. 

The mass matrix M for all four models (CVC-NV, CVC-V, UC-MF, and 
UC-SF) can be expressed as follows: 

M =

[
MM 0

0 MS

]

(6)  

MM =

⎡

⎢
⎢
⎣

mM
1 ⋯ 0

⋮ ⋱ ⋮
0 ⋯ mM

6

⎤

⎥
⎥
⎦ (7)  

MS =

⎡

⎢
⎢
⎣

mS
1 ⋯ 0

⋮ ⋱ ⋮
0 ⋯ mS

6

⎤

⎥
⎥
⎦ (8)  

where MM is the mass matrix for the mainframe, MS is the mass matrix 
for the subframe, mM

i is the mass of the ith story of the mainframe, mS
i is 

the mass of the ith story of the subframe, and 0 is a zero matrix of di
mensions 6 × 6. 

The stiffness matrix K for the uncontrolled models (UC-MF and UC- 
SF) can be expressed as follows: 

K =

[
KM 0
0 KS

]

(9)  

KM =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

kM
1 + kM

2 -kM
2 ⋯ 0

-kM
2 ⋱ ⋱ ⋮

⋮ ⋱ ⋱ -kM
6

0 ⋯ -kM
6 kM

6

⎤

⎥
⎥
⎥
⎥
⎥
⎦

(10)  

KS =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

kS
1 + kS

2 -kS
2 ⋯ 0

-kS
2 ⋱ ⋱ ⋮

⋮ ⋱ ⋱ -kS
6

0 ⋯ -kS
6 kS

6

⎤

⎥
⎥
⎥
⎥
⎥
⎦

(11)  

where KM is the stiffness matrix for the mainframe, KS is the stiffness 
matrix for the subframe, kM

i is the stiffness of the ith story of the main
frame, and kS

i is the stiffness of the ith story of the subframe. 
In addition, the damping matrix C for the uncontrolled models (UC- 

MF and UC-SF) can be expressed as follows: 

C =

[
CM 0
0 CS

]

(12)  

CM =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

cM
1 + cM

2 -cM
2 ⋯ 0

-cM
2 ⋱ ⋱ ⋮

⋮ ⋱ ⋱ -cM
6

0 ⋯ -cM
6 cM

6

⎤

⎥
⎥
⎥
⎥
⎥
⎦

(13)  

CS =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

cS
1 + cS

2 -cS
2 ⋯ 0

-cS
2 ⋱ ⋱ ⋮

⋮ ⋱ ⋱ -cS
6

0 ⋯ -cS
6 cS

6

⎤

⎥
⎥
⎥
⎥
⎥
⎦

(14)  

where CM is the damping matrix for the mainframe, CS is the damping 
matrix for the subframe, cM

i is the viscous damping coefficient for the ith 
story of the mainframe, and cS

i is the viscous damping coefficient for the 
ith story of the subframe. 

Moreover, the stiffness and damping matrices (K and C) for the CVC- 
NV and CVC-V models can be expressed as follows: 

K=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

kM
1 + kM

2 -kM
2 ⋯ ⋯ ⋯ ⋯ ⋯ 0

-kM
2 ⋱ ⋱ ⋱ ⋱ ⋱ ⋱ ⋮

⋮ ⋱ kM
5 +kM

6 + kC -kM
6 ⋱ ⋱ -kC ⋮

⋮ ⋱ -kM
6 kM

6 ⋱ ⋱ ⋱ ⋮
⋮ ⋱ ⋱ ⋱ kS

1 + kS
2 -kS

2 ⋱ ⋮
⋮ ⋱ ⋱ ⋱ -kS

2 ⋱ ⋱ ⋮
⋮ ⋱ -kC ⋱ ⋱ ⋱ kS

5 + kS
6 + kC -kS

6

0 ⋯ ⋯ ⋯ ⋯ ⋯ -kS
6 kS

6

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(15)   

C=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

cM
1 + cM

2 -cM
2 ⋯ ⋯ ⋯ ⋯ ⋯ 0

-cM
2 ⋱ ⋱ ⋱ ⋱ ⋱ ⋱ ⋮

⋮ ⋱ cM
5 +cM

6 +cC -cM
6 ⋱ ⋱ -cC ⋮

⋮ ⋱ -cM
6 cM

6 ⋱ ⋱ ⋱ ⋮
⋮ ⋱ ⋱ ⋱ cS

1 + cS
2 -cS

2 ⋱ ⋮
⋮ ⋱ ⋱ ⋱ -cS

2 ⋱ ⋱ ⋮
⋮ ⋱ -cC ⋱ ⋱ ⋱ cS

5 + cS
6 + cC -cS

6

0 ⋯ ⋯ ⋯ ⋯ ⋯ -cS
6 cS

6

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(16)  

where kC is the stiffness of the negative-stiffness connector and cC is the 
damping coefficient of the dashpot connector. 

In Equation (15), when kC 
< 0, negative stiffness is provided at the 

Table 7 
Properties of the 6DOF mainframe and subframe numerical models for Case II.   

Mainframe Subframe 

Story, i Mass, mM
i (t) Stiffness,kM

i 
(MN/m) 

Damping coefficient,cM
i 

(MNs/m) 
Mass, mS

i (t) Stiffness,kS
i 

(MN/m) 
Damping coefficient,cS

i 
(MNs/m) 

6 1000  790.9  3.625 100  158.2  0.513 
5 1000  949.1  4.350 100  189.8  0.615 
4 1000  1107.2  5.075 100  221.4  0.718 
3 1000  1265.4  5.800 100  253.1  0.820 
2 1000  1423.6  6.525 100  284.7  0.923 
1 1000  1581.8  7.250 100  316.4  1.025  
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connection. In Equation (16), when cC > 0, a dashpot is provided at the 
connection. Equations (2)–(14) were used for the uncontrolled models 
(UC–MF and UC–SF). Moreover, for the CVC-NV and CVC-V models, 
Equations (2)–(5) were used as the equation of motion, while the mass, 
stiffness, and damping matrices expressed by Equations (6)–(8), (15), 
and (16), were adopted. For the CVC-NV model incorporating both 
negative-stiffness spring and dashpot element connectors, kC 

< 0 in 
Equation (15) and cC > 0 in Equation (16) were set, as presented in 
Table 8. For the CVC-V model incorporating only dashpot element 
connectors, kC 

= 0 in Equation (15) and cC > 0 in Equation (16) were set, 
as presented in Table 8. 

3.1.3. Input motions and analysis conditions 
The numerical earthquake response simulation used three simulated 

waves and six observed records for the ground motions. The three 
simulated waves consisted of waves M1–3 adopted from the literature 
[30]. These simulated waves were prepared by fitting to the target 
response spectrum of the Japanese building seismic code. The present 
numerical simulation adopted the simulated waves as an example of 
input motions with a constant spectral velocity response region. The six 
observed records consisted of HKD 127 (K-NET Oiwake), HKD 128 (K- 
NET Hayakita), and HKD 180 (K-NET Sapporo) for each North–South 
(NS) and East–West (EW) component observed in the 2018 Hokkaido 
Eastern Iburi Earthquake [31,32,33]. Regarding the observed records, as 
an example of seismic observation waveforms with various spectral 
characteristics, the six input waveforms were adopted in the present 
numerical simulation. Table 9 and Fig. 26 show the peak ground ac
celeration and response velocity spectra for the input motions. 

In the time-history response simulation, the Newmark β method (β =
1/4) with a sampling frequency of 1.0 kHz was used in the numerical 
integration. The software MATLAB [34] was used in the numerical 
simulation. In addition, for comparative verification purposes, pre
liminary eigenvalue and seismic response analyses for the UC-MF, UC- 
SF, and CVC-V models were conducted using other structural analysis 
software as well as the present numerical simulation. Through a com
parison of the results, the validity of the present numerical simulation 
was confirmed. 

3.1.4. Evaluation criteria description 
In reference to the literature [35], the performance of the control 

effects for the CVC-NV and CVC-V models was assessed based on the 
evaluation criteria, J1 and J2, defined in Equations (17) and (18). 

J1 =
max|xi(t)|CVC

max|xi(t)|UC
(17)  

J2 =
max|ẍi(t) + ẍG(t)|CVC

max|ẍi(t) + ẍG(t)|UC
(18)  

where xi(t) is the relative response displacement to the ground at the ith 
story of the mainframe (or subframe), ẍi(t) is the response acceleration 
at the ith story of the mainframe (or subframe), the subscript UC denotes 
the uncontrolled models (UC-MF or UC-SF), and the subscript CVC de
notes the CVC models (CVC-NV and CVC-V). 

3.2. Simulation results 

3.2.1. Peak response for each story 
Figs. 27 and 28 illustrate the simulated peak story drift of the 

mainframe for each story of Cases I and II, respectively. Here, the peak 
response is the mean value for each input group (Waves M1–3, K-NET 
Oiwake EW and NS, K-NET Hayakita EW and NS, and K-NET Sapporo 
EW and NS). According to Figs. 27 and 28, the peak story drifts of the 
mainframe for the control models (CVC-NV and CVC-V) are significantly 
reduced compared with those of the uncontrolled model (UC-MF) for all 
input groups for both Cases I and II. In addition, Figs. 29 and 30 show the 
peak acceleration of the mainframe for Cases I and II, respectively 
(averaged for each input group). As shown in Figs. 29 and 30, the peak 
acceleration of the mainframe for the CVC-NV model is generally lower 
than that for the CVC-V and UC-MF models. 

3.2.2. Reduction indices 
Tables 10 and 11 list the reduction indices of the peak displacement 

and acceleration of the CVC models for Cases I and II. Here, the reduc
tion indices are the mean values for the three simulated wave inputs and 
six observed record inputs. Moreover, RDCVC-NV,MF and RDCVC-V,MF are 
the mainframe displacement reduction indices of the CVC-NV and CVC- 
V models, respectively. In addition, RACVC-NV,MF and RACVC-V,MF are the 
acceleration reduction indices of the mainframe for the CVC-NV and 
CVC-V models, respectively. RDCVC-NV,MF was calculated as RDCVC-NV,MF 
= 1 − (PDCVC-NV,MF/PDUC-MF), where (PDCVC-NV,MF/PDUC-MF) is the ratio 
of the peak relative displacement to the ground for each story of the 
CVC-NV model to that of the UC-MF model, which is averaged for all six 
stories. In addition, RDCVC-V,MF, RACVC-NV,MF, and RACVC-V,MF were 
calculated similar to RDCVC-NV,MF. According to Table 10, the displace
ment reduction index of the mainframe for the CVC-NV model (RDCVC- 

NV,MF) yielded better results than that of the CVC-V model (RDCVC-V,MF) 

Table 9 
Peak ground acceleration of the input motions for the numerical simulation.  

Wave type Input motion name Peak ground acceleration (m/s2) 

Simulated wave Wave M1  4.19 
Wave M2  3.80 
Wave M3  3.39 

Observed record (2018 Hokkaido Eastern Iburi Earthquake) HKD 127 (K-NET Oiwake) NS  10.04 
HKD 127 (K-NET Oiwake) EW  9.04 
HKD 128 (K-NET Hayakita) NS  5.56 
HKD 128 (K-NET Hayakita) EW  6.72 
HKD 180 (K-NET Sapporo) NS  1.43 
HKD 180 (K-NET Sapporo) EW  1.54  

Table 8 
Stiffness of negative stiffness spring (kC) and damping coefficient of dashpot element (cC) at the connecting portion in CVC models.   

Case I Case II 

Model name Stiffness,kC (MN/m) Damping coefficient, cC (MNs/m) Stiffness,kC (MN/m) Damping coefficient, cC (MNs/m) 

CVC-V 0  14.725 0  1.816 
CVC-NV − 15.27  2.364 − 9.797  0.467  
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for both Cases I and II. According to Table 11, a satisfactorily higher 
mainframe acceleration reduction index for the CVC-NV model (RACVC- 

NV,MF) was obtained compared with that of the CVC-V model (RACVC-V, 

MF). 

3.2.3. Evaluation criteria results 
The calculated J1 and J2 values for the roof, that is, i = 6 in Equations 

(17) and (18), for the mainframe and subframe of the CVC models for 
Cases I and II are illustrated in Figs. 31 and 32. Here, J1 and J2 of Cases I 
and II were averaged for each of the three simulated waves and six 
observed record inputs. The J1 and J2 of the mainframe for the CVC-NV 
and CVC-V models are less than unity, exhibiting a reasonable response 

reduction performance achieved in both CVC models, as shown in 
Fig. 31. Furthermore, the J1 and J2 of the mainframe for the CVC-NV 
model are clearly decreased or roughly comparable to those of the 
CVC-V model for both Cases I and II. However, the value of J1 and J2 of 
the subframe in the CVC-NV model is not clearly reduced, as presented 
in Fig. 32. 

The promising response control performances for the mainframe of 
the CVC-NV model discussed in Subsections 3.2.1–3.2.3 were attained 
with smaller viscous damping coefficient values (cC) at the connection 
compared to those of the CVC-V model (Table 8). This was attributed to 
the negative stiffness applied at the connection in the CVC-NV model. A 
previous study [18] using one-story CVC systems based on the transfer 

Fig. 26. Velocity response spectra of the input motions used in the numerical simulation (damping ratio: 0.05): (a) simulated waves; and (b) observed records.  

Fig. 27. Peak story drift of the mainframe for Case I obtained from the numerical simulation (averaged for each input group): (a) simulated waves (Waves M1–3); (b) 
K-NET Oiwake (EW and NS); (c) K-NET Hayakita (EW and NS); and (d) K-NET Sapporo (EW and NS). 

Fig. 28. Peak story drift of the mainframe for Case II obtained from the numerical simulation (averaged for each input group): (a) simulated waves (Waves M1–3); 
(b) K-NET Oiwake (EW and NS); (c) K-NET Hayakita (EW and NS); and (d) K-NET Sapporo (EW and NS). 
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function reported that the optimal viscous damping coefficient required 
for minimizing the peak amplitude of the displacement transfer function 
of the mainframe of CVC model with negative stiffness and dashpot was 
decreased compared to CVC model without negative stiffness (i.e., with 
only dashpot). The results of the reduced viscous damping in the CVC- 
NV model obtained from the present simulation using six-story CVC 

systems roughly correspond to the results reported in the literature [18]. 
Also, the obtained control performance for the mainframe of the CVC- 
NV model indicates the potential for effective seismic retrofitting of 
existing buildings by connecting to a newly built subframe structure 
using negative stiffness as the connecting element. 

Fig. 29. Peak acceleration of the mainframe for Case I obtained from the numerical simulation (averaged for each input group): (a) simulated waves (Waves M1–3); 
(b) K-NET Oiwake (EW and NS); (c) K-NET Hayakita (EW and NS); and (d) K-NET Sapporo (EW and NS). 

Fig. 30. Peak acceleration of the mainframe for Case II obtained from the numerical simulation (averaged for each input group): (a) simulated waves (Waves M1–3); 
(b) K-NET Oiwake (EW and NS); (c) K-NET Hayakita (EW and NS); and (d) K-NET Sapporo (EW and NS). 

Table 10 
Displacement reduction indices of the mainframe for the CVC-V and CVC-NV models obtained from the numerical simulation.   

Case I Case II 

Input motion Displacement reduction index for 
CVC-V (RDCVC-V,MF) 

Displacement reduction index for 
CVC-NV (RDCVC-NV,MF) 

Displacement reduction index for 
CVC-V (RDCVC-V,MF) 

Displacement reduction index for 
CVC-NV (RDCVC-NV,MF) 

Mean for the three 
simulated waves  

0.465  0.474  0.266  0.341 

Mean for the six 
observed records  

0.233  0.270  0.123  0.132  

Table 11 
Acceleration reduction indices of the mainframe for the CVC-V and CVC-NV models obtained from the numerical simulation.   

Case I Case II 

Input motion Acceleration reduction index for 
CVC-V (RACVC-V,MF) 

Acceleration reduction index for 
CVC-NV (RACVC-NV,MF) 

Acceleration reduction index for 
CVC-V (RACVC-V,MF) 

Acceleration reduction index for 
CVC-NV (RACVC-NV,MF) 

Mean for the three 
simulated waves  

0.221  0.370  0.191  0.292 

Mean for the six 
observed records  

0.089  0.205  0.077  0.107  
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4. Conclusions 

This study experimentally and numerically investigated the response 
behavior and control effects of CVC structural systems with a PNS spring 
as a connector subjected to dynamic excitations. Shake table experi
ments were conducted using CVC system specimens incorporating 
PNSDs consisting of curved-leaf springs. In addition, time-history 
earthquake response simulations were performed using six-story CVC 
building models connected by negative stiffness and viscous damping 
elements. The following conclusions were drawn:  

(1) In the shake table experiments, PNSD-1 and PNSD-2 exhibited an 
initial negative stiffness owing to the pre-compression effect, and 
the three PNSDs exhibited an increased second negative stiffness 
owing to the onset of snap-through buckling in the subtracted 
hysteresis loops of the PNSDs.  

(2) An effective response control performance for the mainframe 
under seismic excitations was attained by incorporating a PNSD 
as the connector of the CVC specimen.  

(3) The CVC specimen with PNSD-2 exhibited the most effective 
control performance among the three PNSDs for mitigating the 
response displacement and acceleration under the simulated 
wave input.  

(4) In the numerical simulations, both the CVC-NV and CVC-V 
models exhibited a reduced mainframe peak response displace
ment and acceleration compared to that of the uncontrolled 
model (UC-MF). 

(5) The peak response displacement and acceleration of the main
frame of the CVC-NV model clearly decreased or were roughly 
comparable to those of the CVC-V model. Thus, incorporating 
negative stiffness and viscous damping connectors into CVC 
systems is promising for reducing the seismic response.  

(6) The CVC-NV model reasonably performed with a smaller viscous 
damping coefficient value at the connection than that of the CVC- 
V model because of the negative stiffness incorporated into the 
CVC-NV model. 

Future research tasks include a comparison of the data obtained from 
the shake table experiments with numerical response simulation results. 
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Fig. 31. Evaluation criteria at the roof of the mainframe for the controlled models (averaged for each input of the six observed records and three simulated waves): 
(a) peak relative displacement responses (J1); and (b) peak absolute acceleration responses (J2). 

Fig. 32. Evaluation criteria at the roof of the subframe for the controlled models (averaged for each input of the six observed records and three simulated waves): (a) 
peak relative displacement responses (J1); and (b) peak absolute acceleration responses (J2). 
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