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ABSTRACT

The thermal conductivity, k, of nanoscale colloidal suspensions (also known as nanofluid), consisting of nanoparticles suspended in a base
liquid, is much higher than the thermal conductivity of the base liquid at very small volume fractions of the nanoparticles. However, experimental
results from various groups all across the world have shown various anomalies such as a peak in the enhancement of k with respect to
nanoparticle size, an increase as well as a decrease in the ratio of k of these colloidal solutions with the k of the base fluid with increasing
temperature, and a dependence of k on pH and time. In this paper, the aggregation kinetics of nanoscale colloidal solutions are combined with
the physics of thermal transport to capture the effects of aggregation on k. Results show that the observed anomalies reported in experimental
work can be well described by taking aggregation kinetics into account. Finally, we show that colloidal chemistry plays a significant role in
deciding the k of colloidal nanosuspensions.

Experimental data1-7 have shown that nanoscale colloidal
solutions, also known as nanofluids (NFs), have much higher
thermal conductivity (k) than can be predicted using classical
conduction models, such as the Maxwell-Garnett (MG)
model8-10 for well-dispersed particulate composites. Cur-
rently, there are two lines of thinking for explaining the
enhancement ink: (1) k is enhanced by microconvection
caused by the Brownian motion (BM) of the nanoparticles,8-12

and (2) k is enhanced due to the aggregation of the
nanoparticles leading to local percolation behavior.13-15 Both
these explanations fork are independent of one other,
whereas the colloidal literature clearly indicates that BM and
aggregation are related.16-17 Depending on the chemistry of
the system, rapid aggregation of particles can take place.
Figure 1 schematically shows aggregation. The probability
of aggregation increases with decreasing particle size, at
constant volume fraction, because the average interparticle
distance decreases, making the attractive van der Waals force
more important.16-17 Aggregation will decrease the BM due
to the increase in the mass of the aggregates, whereas it can
increasek due to percolation effects in the aggregates, as

highly conducting particles touch each other in the aggregate.
Existing BM microconvection models fork, however, do not
consider aggregation,8-12 and existing aggregation models
for k do not consider aggregation kinetics.13-15

Bordi et al.18 showed experimentally that the electrical
conductivity of colloids depends on the aggregation kinetics
of the system. Aggregation is a time-dependent phenom-
enon.15-17 Therefore, initially the particles will be well
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Figure 1. Schematic of well-dispersed aggregates. The aggregates
are characterized by their radius of gyration (Ra). Aggregates have
a higher mass than individual particles.
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dispersed att ) 0 (t ) time) and then will start to
agglomerate to form multiple aggregates as shown in Figure
1. Aggregates are characterized by their radius of gyration
(Ra) as shown in Figure 1. These individual aggregates will
have higher conductivity than the liquid; they can be
considered as the new “particles” with an effective radius
of Ra and they will enhance thek of the NF. However, this
enhancement will decrease as the aggregates continue to
agglomerate to make much bigger aggregates. Ast f ∞, all
the nanoparticles will agglomerate to form one large ag-
gregate, at which time the nanoparticles will not enhancek
further. Therefore, the enhancement ink due to aggregation
will be maximum for well-dispersed aggregates, somewhere
between the two extremes att ) 0 (no aggregation) andt f
∞ (complete aggregation). The NF aggregation models in
the literature have so far ignored this aspect. Ifφp is the
volume fraction of the primary particles,φint the volume
fraction of the particles in the aggregates, andφa the volume
fraction of the aggregates in the entire fluid, thenφp ) φintφa.
Note that the aggregate is described by a sphere of sizeRas
larger than the radius of a single nanoparticlesas shown in
Figure 1. The relationφp ) φintφa shows that, for a well-
dispersed system,φint ) 1, as there is only one particle in
each aggregate andφa ) φp, whereas for a completely
aggregated systemφa ) 1 andφint ) φp. The maximumk
due to conduction will occur between these two limits.

On the experimental front, various anomalies have been
reported. These anomalies include: (1) A maximum in the
enhancement ofk with respect to (wrt) the diameter of
nanoparticles.1 (2) The effect of aging.4 (3) An increase ink
by adding acid4 and a decrease ink with increasing pH.1 (4)
An increase ink wrt sonication time.6 (5) An effect of surface
treatment onk.7 (6) An increase in thek enhancement for
carbon nanotube (CNT) based NFs19 wrt temperature. The
increase in thek enhancement wrt temperature has been
associated with an increase in the BM of the nanoparticles,8-12

however for CNTs it seems unlikely that there will be any
significant BM. Various groups have also shown through
imaging that nanoparticles are well dispersed as well as
severely agglomerated, depending on particle type and
surface treatment.1-7,13-15

Modeling the Effects of Aggregation and Brownian-
induced Convection. In this paper, we develop a unified
model which combines the microconvective effects due to
BM with the change in conduction due to aggregation. For
simplicity, we have ignored the effects of thermal boundary
resistance between the particles and the fluid. Quantitative
comparison is made with the experimental data collected by
us on nanofluids made from different sizes of nanoparticles.
For some of the other anomalies, however, qualitative
comparisons are presented because most of the relevant
parameters have not been reported in the literature. This paper
resolves some of the conflicts that exist in the experimental
literature and also provides guidance to experimentalists for
future studies. Particles are assumed to be spherical and of
uniform size. The subscripts a and p denote variables related
to the aggregates and primary nanoparticles, respectively.

The Brownian velocity is given by

wherekB is the Boltzmann constant,T the temperature, and
m the mass, wherem ) mp ) 4/3πrp

3Fp for a well-dispersed
system, whererp is the radius of the primary particles and
Fp is the density of the nanoparticles, andm ) ma for an
aggregated system. Aggregates are characterized by their
radius of gyration,Ra, as mentioned earlier. Through the use
of the Smoluchowski model, the averageRa is given by20

wheretp is the aggregation time constant anddf the fractal
dimension of the aggregates. Previous studies have indicated
thatdf ranges from 1.75 to 2.5.16,17,21For a strong repulsive
barrier,df ≈ 2.5, which signifies reaction-limited aggregation,
whereas for a weak repulsive barrierdf ) 1.8 which signifies
diffusion-limited cluster-cluster aggregation (DLCCA).16-17

Waite et al.21 conducted a thorough study of aggregation of
nanosized alumina suspensions and found thatdf ranged from
1.8 to 2.3. Wang et al.13 have shown that in NF aggregation
is DLCCA, as the fractal dimensions are close to 1.8 which
signifies DLCCA. Therefore,df ) 1.8 is assumed for these
calculations, however the model is valid for anydf. The
number of particles in a single aggregate (Nint) is given by20

Therefore, the total mass of the particles in a single aggregate
is given by

The aggregation time constant is given by20

whereµ is the viscosity of the liquid andW the stability
ratio. This equation shows thattp decreases rapidly for
decreasing particle radiusrp, which means rapid aggregation
can take place for smaller particles. Note that only fortp f
∞ is the system stable and well dispersed. The stability ratio
W) 1 in the absence of a repulsive force and hydrodynamic
interactions between the nanoparticles, and in the presence
of a repulsive force,W > 1. Derjaguin-Landau-Verwey-
Overbeck (DLVO) theory is used to model the repulsive (VR)
and attractive (VA) potential energies between the nanopar-
ticles16,17to calculateW. VA between two spheres is modeled
using16

V ) x3kBT/m (1)

Ra/rp ) (1 + t/tp)
1/df (2)

Nint ) (Ra/rp)
df ) (1 + t/tp) (3)

ma ) mp(1 + t/tp) (4)

tp ) (πµrp
3W)/(kBTφp) (5)

VA ) -A/6[2rp
2/h(h + 4rp) + 2rp

2/(h + 2rp)
2 +

ln(h(h + 4rp)/(h + 2rp)
2)] (6)
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where A is the Hamaker constant andh the interparticle
distance.VR is modeled using16-17

whereεr is the relative dielectric constant of the liquid,ε0

the dielectric constant of free space,Ψ the ú potential, and
Λ the Debye parameter (inverse of the Debye length). Note
that eq 7 is valid forΛrp < 5, which means that it is valid
for a larger Debye length or smallerrp. This equation will
be valid for nanofluids in the absence of electrolytes such
as salt becauseΛ is small for water22 and becauserp is very
small for nanoparticles. However, various expressions for
VR for different and general values ofΛrp are readily
available in the colloidal literature. For water,22 Λ can be
written as

whereI is the concentration of ions in water which can be
related to the pH in the absence of salts such as NaCl, byI
) 10-pH for pH e 7 andI ) 10-(14-pH) for pH > 7. Ψ is
positive and increases with decreasing pH below the iso-
electric point (point of zero charge whereΨ ) 0) and is
negative and decreases with increasing pH above the
isoelectric point.23-25 Experimentally measuredΨ of alumina
for different pH has been used25 for these computations. Since
VR depends onΨ2, on either side of the isoelectric pointVR

is positive. At the isoelectric point, sinceΨ ) 0, there is no
repulsive barrier and rapid aggregation takes place.26 The
isoelectric pH for alumina23 is 9.1.W is given by26

where B(h) is the factor that takes the hydrodynamic
interaction into account. We have applied the widely used
expression forB(h)17,22,26by Honing et al.27

Equation 9 shows thatW is a strong function ofrp and
decreases rapidly with decreasingrp. SubstitutingW in the
expression fortp, it can be seen thattp is a strong function
of rp; it decreases with decreasingrp, andtp is also a function
of Ψ, pH, andΛ.

Figure 2 showstp for different radii of alumina nanopar-
ticles and indicates thattp decreases significantly with
decreasing nanoparticle size. The reason for this behavior is
because, at the same volume fraction, smaller particles are
closer together than larger particles, which leads to a higher
attraction due to van der Waals forces. Figure 2 also shows
tp for pH ) 5.0 and pH) 9.1 (the isoelectric point for
alumina). At pH) 9.1, tp is very small becauseΨ ) 0 for
alumina at this pH, making the repulsive energy zero. Figure

2 also shows thattp decreases with increasing temperature
because with increasing temperature BM increases, leading
to a higher probability for particles to aggregate.

In previous papers,8,9 we showed the enhancement ink
due to microconvection is related to a Brownian Reynolds
number given byRe ) 2VrFf/µ whereFf is the density of
the liquid andr is the radius of the particles. For an aggregate,
the effective radius,req, for the definition ofRe is given by
defining an equivalent sphere of the same volume as the
volume of the nanoparticles in the aggregate. Therefore, it
can be shown thatreq/rp ) (1 + t/tp)0.333. For completely
dispersed nanoparticles,r ) rp. The effectivek due to
convective enhancement is given by8,9

wherePr is the Prandtl number,kl the conductivity of the
base liquid, andA and m are constants determined from
experiments.8,9 For metal oxide nanoparticles (Al2O3 and
CuO),A was found to be 4× 104 andm ) 2.5 ( 15%. For
an aggregate,Reis calculated using the Brownian speed,V,
of the aggregate based on the mass of the aggregate andreq.

For modeling the contribution due to conduction for the
aggregated system, we have used the approach of Wang et
al.13 The conductivity of the aggregates is based on the
Bruggeman model, as it takes into account the percolation
effects due to direct contact between the particles. Therefore,
the conductivity of an aggregate (ka) is given by

whereφint (the volume fraction of particles in the aggregate)
is given by28 φint ) (Ra/rp)df-3 ) (1 + t/tp)(df-3)/df with the
condition that the maximum value ofφint ) 1 and the

VR ) 2πεrε0rpΨ
2 exp(-Λh) (7)

Λ ) 5.023× 1011(I)0.5/(εrT)0.5 (8)

W ) 2rp ∫0

∞
B(h) exp{(VR + VA)/kBT}/(h + 2r)2 dh (9)

B(h) )
6(h/rp)

2 + 13(h/a) + 2

6(h/rp)
2 + 4(h/a)

(10)

Figure 2. Dependence of aggregation time constant (tp) on
nanoparticle size, pH, and temperature. Note that theú potential
for alumina at pH) 9.1 is zero (the isoelectric point). Therefore,
tp is very small at pH) 9.1.

k/kl ) (1 + A × RemPr0.333
φ) (11)

(1 - φint)(kl - ka)/(kl + 2ka) + φint(kp - ka)/(kl + 2ka) ) 0
(12)
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minimum value ofφint ) φp, as discussed before. Onceka is
known from eq 12, the overall conductive contribution is
given by the M-G model34 where the volume fraction of
the aggregates is used. Therefore, the overall conductive
contribution is given by34

φa is calculated by the condition thatφp ) φintφa. For the
well-dispersed case,φint ) 1 andφa ) φp, and eqs 12 and
13 show thatk reduces to the M-G model for a well-
dispersed system.

Results and Discussion.Figure 3 shows the conduction-
based thermal conductivity forφp ) 0.05 as a function of
φint based on eqs 12 and 13. Figure 3 also shows the thermal
conductivity for a well-dispersed system by applying the
M-G model (eq 12), and clearly indicates that enhancement
due to conduction can increase due to aggregation as
compared with a well-dispersed system, depending on the
value ofφint as discussed earlier. The limiting value in Figure
3 (φint ) φp) is slightly higher than that from the M-G model
because of the percolation effects in the agglomerate.
Therefore, aggregation can enhance the conduction contribu-
tion only if the aggregates are well dispersed, not when one
large aggregate is formed. For various conditions forφp )
0.05 (different pH,t, T, rp), we have found that the maximum
in the conductive component (i.e., the enhancement due to
aggregation) ofk occurs atφint ≈ 0.35 andφa ≈ φp/0.35.
This means thatk due to conduction increases forφp < φint

< 0.35 and decreases for 0.35< φint < 1. At φint ) 1, the
nanoparticles are completely dispersed, and atφint ) φp, they
are completely aggregated.

The combined effects of convection and conduction using
the method from our earlier papers,8,9 where now the

conduction contribution includes aggregation, are presented
in Figure 4. The overall conductivity enhancement based on
our earlier work8,9 is given by: enhancement due to convec-
tion X enhancement due to conduction.k initially increases
with decreasingrp, reaches a peak, and then decreases due
to aggregation effects. This behavior wrt particle size was
also experimentally observed by Xie et al.1 for alumina
nanoparticles in ethylene glycol (EG). Figure 4 also shows
the combined convective and conductivek for a well-
dispersed system and demonstrates that the proposed model
reduces to the well-dispersed behavior for no aggregation.
For comparison,k/kl for a well-dispersed system considering
only conductive effects and ignoring convective effects is
also calculated using the M-G model8. k/kl based on a purely
conductive modelswithout considering aggregationsis in-
dependent of the size of the nanoparticles.

We performed a controlled experimental investigation to
observe the impact of decreasing particle size onk. Alumina
nanoparticles were purchased from Nanotechnologies Inc.
and suspended in the base fluid (water) using an ultrasoni-
cator. The temperature oscillation technique and the corre-
sponding experimental setup, described in detail in ref 29,
were applied to measure the thermal conductivity of nanof-
luids. We performed separate experiments to measure the
thermal conductivity of alumina-water nanofluids with
particle radii of 7.5, 10, 13.5, and 20 nm, all of them withφ

) 0.5%. Figure 4 shows the comparison between the
experimental data and the aggregation model withm) 2.125.
The pH of the solution was 5 to prevent rapid aggregation.

Figure 3. Effect of aggregation on the conductive contribution to
k. Due to aggregation, percolation in the aggregates can lead to
enhancement ink. This figure also shows that for a well-dispersed
system the model reduces to the M-G model.34

k/kl ) ([ka + 2kl] + 2φa[ka - kl])/([ka + 2kl] - φa[ka - kl])
(13)

Figure 4. Thermal conductivity as a function of nanoparticle radius.
Conduction-based M-G model for well-dispersed particles gives
k/kl ) 1.015 for all particle sizes. Reduction ink after the peak
takes place because of aggregation, leading to substantial reduction
in the convective component.
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The experimental data shown in Figure 4 were collected
approximately 24 h from the time of preparation of the
nanofluid samples. The data were taken at high temperatures
to increase the effect of Brownian convection. Data for some
of the other temperatures are not included for brevity. Figure
4 shows that the proposed model is in reasonable agreement
with the experimental data, and both the experimental data
and the model show a peak ink wrt to the size of the
nanoparticles.

Another point to notice from Figure 4 is that the maxima
in k shift to larger particle size with increasing temperature.
This is because the increase in temperature leads to an
increase in aggregation, sinceWdecreases due to the increase
in the thermal energy, making it easier for the particles to
overcome the repulsive barrier leading to aggregation at
larger particle sizes.

Lee et al.30 recently measuredk and Ψ for CuO/water-
based NF for different pH at very low volume fraction
(e 0.3%). Lee et al.30 reported that the nanoparticles were
already aggregated before they were mixed in water. The
size of the pristine aggregated nanoparticles was not known
in their study. Therefore, we have compared their experi-
mental data with the aggregation model only qualitatively.
Due to the very small volume fraction, the conduction
component is very small. Figure 5 shows the comparison
between the measuredk/kl and the Brownian Reynolds
number,Re) 2VreqFf/µ. Figure 5 indicates that bothk/kl and
Refollow the same trend. Around pH) 8, Ψ is very small,
leading to significant aggregation. To calculatetp, we have
used theW calculated by Lee et al.,30 however at pH) 11
they underestimatedW because of their data fitting. Thus,
for pH ) 11, we recalculatedW.

Figures 6 and 7 show the effect ofT on thek enhancement.
Figure 6 shows thatk/kl increases with increasing temperature
depending onrp, which is in line with experimental data from
two groups (Das et al.1 and Chon et al.3), however Masuda

et al.1 reported adecreasein k/kl wrt T. Likewise, Figure 7
shows that, forrp ) 16 nm,k/kl decreaseswith increasing
T. This is because atT ) 25 °C,φint ) 0.35 (k/kl is maximum

Figure 5. Effect of pH on thermal conductivity. Both the Brownian
Reynolds number and thermal conductivity follow the same trend.
At pH ) 8 and 10, theú potential is very small leading to a
significant reduction in the repulsive force which results in
substantial aggregation.

Figure 6. Effect of temperature on conductivity (k/kl) for relatively
large particles (rp ) 20, 25 nm). Results show that, depending on
the size of the nanoparticles, the conductive contribution tok can
also increase with temperature which is not possible for well-
dispersed particles (k/kl ) 1.15 for well-dispersed particles according
to the M-G model for all temperatures). The trend and the
magnitude of the results are consistent with the data from Das et
al.3

Figure 7. Effect of temperature on conductivity (k/kl) for relatively
small particles (rp ) 10, 16 nm). Results show that, depending on
the size of the nanoparticles, the relative conductivity can decrease
with temperature which is not possible for well-dispersed particles.
The trend and the magnitude of the results are consistent with the
data by Masuda et al.2 Note that individually neither the conduction
nor the convection model for well-dispersed particles will ever show
any decrease ink/kl with increasing temperature. The probability
of aggregation increases with increasing temperature due to the
reduction in the aggregation time constanttp (Figure 2).
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at thisφint as mentioned earlier), atT ) 35 °C, φint ) 0.12,
and atT ) 45 °C and 55°C, φint ) 0.05. This shows that
the system is completely aggregated atT ) 45 and 55°C,
optimally aggregated for conduction atT ) 25 °C, and more
than optimally aggregated forT ) 35 °C. For rp ) 10 nm,
there is no change ink/kl due to significant aggregation and
no enhancement due to convection. Therefore, the conductive
and conductive+ convective curves overlay each other.

Wen and Ding7 observed thatk/kl increased withT for
CNT-based NF. For CNT, BM will be negligible. Typical
conduction-based models without considering aggregation
will give k/kl independent ofT, however Figure 6 shows that
depending on the particle size the conductive effect (here
for rp ) 20 nm) onk/kl can also increase with temperature.
This can again be explained based on the value ofφint at
different temperatures. Although the conductive model has
been developed for spherical particles, the same physics can
be applied for CNT-based NF.

Since VR depends onΨ2, any error inΨ can lead to
significant error in the location of the maximum of thek
enhancement, however the general trend will still remain the
same. We recommend that any experimental work should
always report (1)Ψ, (2) pH, (3)t after which the experiments
were conducted, and (4) the size distribution of nanoparticles
for fair comparison and modeling. Significant aggregation
will also lead to significant sedimentation, which we have
ignored here. Significant sedimentation will also affect the
aggregation process. We have ignored the thermal boundary
resistance (interface resistance), however it can be incorpo-
rated in calculating the thermal conductivity of the aggregate
using the model by Every et al.31 for a percolating system.
The conductive contribution tok is not important for a very
small volume fraction, which makes the impact of interface
resistance negligible.

The aggregation considered in this paper is for a stationary
system, which is also known as perikinetic aggregation.32

Convective heat transfer coefficient of nanofluids have also
shown unusual behavior.33 Aggregation kinetics changes
drastically in flowing situations, where it is called orthoki-
netic aggregation. Orthokinetic aggregation can change the
convective performance of nanofluids and will be explored
in future reports.

In experimental studies, it might also be possible that, due
to colloidal forces, particle deposition can take place on the
surface of the measuring device, which can lead to erroneous
measurement and conclusions. Deposition kinetics can
change the experimental conclusions. Particle deposition
kinetics can also be modeled using established models from
colloidal literature.32

In conclusion, we have combined aggregation kinetics
based on colloidal chemistry with the physics of thermal

transport to explain the thermal conductivity of nanofluids.
Through this work, we have demonstrated that, apart from
the physical properties such as thermal conductivity of the
liquid, viscosity of the liquid, thermal conductivity of the
nanoparticles, and density of the nanoparticles, the effective
thermal conductivity of the colloidal nanosuspensions in a
liquid depends on chemical parameters such as the Hamaker
constant, theú potential, pH, and ion concentration. We have
also shown that the conductive component of the thermal
conductivity ratio can also increase with temperature depend-
ing on the chemistry of the solution. This behavior is not
feasible without including the effects of chemistry and
aggregation.
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