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Abstract: Installation of stone column is a viable, cost effective, and environmentally friendly ground-improvement technique. Columns are
made of compacted aggregate and are installed in weak soil as reinforcements to increase the shear resistance of the soil mass and, accordingly,
its bearing capacity. While a single stone column mostly fails by bulging, a group of stone columns together with the surrounding soil may fail
by general, local, or punching shear mechanism, depending on the soil/columns/geometry of the system. The mode of failure of the reinforced
ground could be identified based on the ground geometry and strength parameters of both stone column and soft soil. This paper presents an
analytical model to predict the bearing capacity of soft soil reinforced with stone columns under rigid raft foundation subject to general shear-
failure mechanism. The model utilizes limit-equilibrium method and the concept of composite properties of reinforced soil. The proposed the-
ory was validated for the case of bearing capacity of footings on homogenous soil and via the laboratory and numerical results available in
the literature for this case. Design procedure and charts are presented for practicing purposes.DOI: 10.1061/(ASCE)GM.1943-5622.0000393.
© 2014 American Society of Civil Engineers.

Author keywords: Stone columns; Ground improvement; Bearing capacity; General shear failure; Limit equilibrium; Analytical model;
Design theory; Geotechnical engineering.

Introduction

Stone columns generally are used as a soil-improvement technique
to increase the bearing capacity and to reduce settlement of foun-
dations on cohesive soft soil, to reduce liquefaction potential of
cohesionless material under seismic loading, and to stabilize natural
slopes and embankments. Furthermore, installation of the stone
columns provides a shorter drainage pathway for the native soil
resulting in an increase in the rate of consolidation and, accordingly,
an acceleration of the settlement. Reviews of available works on
modeling, testing, and analysis of soft soils reinforced with stone
column were reported by McCabe et al. (2009), Mokhtari and
Kalantari (2012), andNajjar (2013).McCabe et al. (2009) stated that
the behavior of stone columns has yet to be captured fully by an-
alytical and numerical techniques.

Hughes and Withers (1974) and Balaam and Booker (1981)
utilized the concept of unit cell to predict the capacity of single stone
column, which assumes that each column in the group has a tributary
domain of the surrounding soil. The domain has a cylindrical shape
with a rigid exterior wall and, therefore, there is no shear stress or
lateral deformation on the outside boundaries of the cell (i.e., no
interaction between columns within the group). The bulging failure
mechanism was adopted to predict the capacity of a single column;
then the capacity of a group of stone columns was taken as the total
capacities of the individual columns in the group.

Madhav and Vitkar (1978) developed a theoretical model to
predict the bearing capacity of single stone column or a granular
trench using the upper-bound limit method of analysis and the
general shear-failure mechanism. Based on the results of an ex-
perimental investigation, Barksdale and Bachus (1983) proposed an
approximate approach, utilizing the undrained shear strength of the
surrounding soil to predict the bearing capacity of the system. Priebe
(1995) was the first to introduce the general shear-failure pattern and
the equivalent width of foundation to predict the group capacity
using the angle of shearing resistance of unreinforced ground and an
averaged value of the cohesion of the assumed equivalent foundation
width. Bouassida et al. (1995) developed a lower-bound solution of
the composite cell model to estimate the capacity of a group of stone
columns. Priebe (1995) developed a method to estimate the amount
of settlement for end-bearing stone columns. Priebe (2005) proposed
a similar method for floating stone columns. Ellouze et al. (2010)
criticized the Priebe method for being inferior to other simple design
methods for analyzing stone-column foundations.

Lee and Pande (1998) introduced the homogenization method,
which assumes that the granular material of the column is scattered
uniformly throughout the soil mass. They used finite-element tech-
nique for the composite material to predict the bearing capacity and
settlement of the system.

Hu (1995) conducted experimental investigation on the capacity
of a group of stone columns. He reported that bulging failure pattern
suggested by Hughes and Withers (1974) was not observed during
testing owing to the columns interaction within the group during
loading. Furthermore, he concluded that shear-failure mechanism of
the combined columns/soil system was the collapse pattern for the
reinforced soil mass. Wehr (1999) and Muir Wood et al. (2000)
investigated the performance of groups of stone columns using
finite-element analysis. They confirmed the group interaction
reported by Hu (1995). Using homogenization technique and ap-
plying finite-element technique, Lee and Pande (1998) reported that
their numerical model compared well with the laboratory study
conducted by Hu (1995). Investigations by McKelvey et al. (2004)
showed that punching failure was more pronounced in the case of
shorter stone columns. Numerical modeling conducted by Shahu
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andReddy (2011) on ground reinforced by stone columns confirmed
Hu’s observation with respect to the failure mechanism.

Bouassida et al. (2009) presented a model to estimate the bearing
capacity of foundations reinforced by floating columns. Kaliakin et al.
(2012) conducted a numerical model to study the behavior of geo-
synthetic encased stone columns in soft soil. They examined the
shortcomings of different constitutivemodels, and emphasized the need
of constitutive models that could capture accurately the volume change
that occurs within the granular soil. Utilizing numerical simulation,
Asgari et al. (2013) investigated the efficiency of stone columns to
improve liquefiable soil layer. They concluded that the stone-column
technique is an effective ground-improvement method to reduce the
lateral deformation in a sand stratum due to seismic activity.

Hanna et al. (2013) presented a numerical model to examine the
interaction of a group of stone columns. They reported that bulging
failure of individual stone columns was not observed for soil having
the area replacement ratio higher than 10%. Furthermore, the
combined column/soil system failed in general, local, or punching
shear-failure modes, depending on the geometry of the system and
the soil characteristics. They reported that general shear failure was
observed at higher area replacement ratios, which implies a re-
duction in column spacing and higher column diameter/foundation
width ratio; otherwise local or punching shear failuremay take place.
They presented charts to identify the mode of failure for a given
column/soil/geometry condition. Hu et al. (1997) reported no sig-
nificant ground improvement for the area-replacement ratio of less
than 10%. Furthermore, an area-replacement ratio greater than 35%
is difficult to achieve owing to technology limitations. Stuedlein and
Holtz (2013) reported that none of the analytical methods available
in the literature are entirely satisfactory for a wide range of con-
ditions. Also, Stuedlein and Holtz (2014) observed a similar trend
for the estimation of the settlement of ground reinforced by stone
columns, based on available theoretical methods.

Analytical Model

Fig. 1 presents the modes of failure that may take place in ground
reinforced with stone columns, namely, general, local, or punching
shear failure. As reported by Hanna et al. (2013), the mode of failure
depends on the soil/column/geometry conditions.

In general shear failure, the surrounding soil moves horizontally
and vertically beyond the reinforced area, making the columns bulge
(only in the center columns) and buckle (in the exterior columns).

In developing the analytical model, the failure mechanism for
a group of stone columns subjected to general shear failure was ide-
alized in the present investigation in three zones as follows (Fig. 2):
1. Zone 1 is made of a wedge shape (block ABC), located

immediately under the foundation and making an angle c
with the horizontal axis (i.e., the soil surface). Following the
classic theories for bearing capacity of shallow foundation, it is
assumed that the wedge ABC moves together with the footing
during loading.

2. Zone 2 consists of two log-spiral sections (curves CD and CF),
which are originated at the lower point of thewedge (i.e., point C
in Fig. 2). Owing to the discontinuity of the materials at the
boundaries between the composite system and the soft soil,
divergence of the log-spiral curves was noted. Consequently,
each log-spiral section ismade of two parts: one part iswithin the
composite soil and the other part is in the surrounding soft soil.

3. Zone 3 is known as the passive Rankine section, where the
failure surfaces are made of planes (DE and FG). This zone
connects the log-spiral part to the ground surface.

Because of symmetry, only half of the failure mechanism was
analyzed; equilibrium equations were written for each section; and

the passive forces due to the unit weight, cohesion, and surcharge
pressure were considered separately.

Referring to Fig. 3, the sum of moments around point O1 is

SMO1 ¼ 00W1l1 þW2l2 þ Pg

h
cos

�
c2wcomp

�B
3

þ sin
�
c2wcomp

��B
3
tanc2 y1

�i

¼ F cos dða ×AH2 y1Þ (1)

whereW1 5 weight of material in the log-spiral block O1CH given
by

W1 ¼ gcomp
r21 2 r20

4 tanwcomp
(2)

In Fig. 3, the lines O1C and O1H are arcs of the log-spiral defined
as r0 and r1, respectively. From the geometry, r0 and r1 were cal-
culated as

r0 ¼ B
2 sin u1

(3)

and

r1 ¼ B
2 sin u1

eu1 tanwcomp (4)

Substituting Eqs. (3) and (4) into Eq. (2), the following equation
can be written:

W1 ¼ gcomp
B2

�
e2u1 tanwcomp 2 1

�
16 sin2u1 tanwcomp

(5)

Furthermore, the weight of the triangle ACO1 is given by

W2 ¼ 1
2
gcomp

B
2
y1 (6)

where

y1 ¼ Bðtanc2 cot u1Þ
2

(7)

Substituting Eq. (7) into Eq. (6) gives

W2 ¼ gcomp
B2ðtanc2 cot u1Þ

8
(8)

The lever arm l1 and l2 are calculated as (Hijab 1956)

l1 ¼
2B tanwcomp

3 sin u1
�
9 tan2wcomp þ 1

��
e2u1 tanwcomp 2 1

�
�
h
e3u1 tanwcomp 2

�
3 tanwcomp sin u1 þ cos u1

�i
(9)

l2 ¼ B
6

(10)

The height AH is

AH ¼ H1 ¼ B
2 sin u1

�
tanc sin u12 cos u1 þ eu1 tanwcomp

�
(11)

Substituting Eq. (5) and Eqs. (7)–(11) into Eq. (1) gives
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gcomp
B3

24 sin3u1
�
9 tan2wcomp þ 1

� he3u1 tanwcomp 2
�
3 tanwcomp sin u1 þ cos u1

�iþ gcomp
B3ðtanc2 cot u1Þ

48

þ Pg

�
cos

�
c2wcomp

�B
3
þ sin

�
c2wcomp

��B
3
tanc2

Bðtanc2 cot u1Þ
2

�	
¼ F cos d

h
a ×H12

B
2
ðtanc2 cot u1Þ

i
(12)

It can be noted that the ultimate bearing capacity of the foundation
system reaches aminimum value when the resistance forceF is at its
optimum value (i.e., ∂F=∂y5 0), where y is a value related to the
angle u1 (Kumbhojkar 1993).

By differentiating Eq. (12) with respect to u1 and equating the
result to zero, the critical value of u1 and F can be estimated.

For the soft-soil section, by taking moments of all forces around
point O2 gives (Fig. 4)

SMO2 ¼ 0→
q1 coswc

2
AD

�
2
3
AD2AO2

�
þW3l3

¼ W4l4 þ F sin d × x2 þ F cos dða ×AH2 y2Þ (13)

Fig. 1. Failure mechanisms of a group of stone columns in soft soil (Adapted from Hanna et al. 2013, © ASCE)
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Fig. 2. Idealized failure mechanism

Fig. 3. Forces acting on the composite-soil section (case of: w� 0, g� 0, q5 0, c5 0)

Fig. 4. Forces acting on the soft-soil section (case of: w� 0, g� 0, q5 0, c5 0)
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where W3 5 weight of the material in the log-spiral block O2HD

W3 ¼ gc
r23 2 r22
4 tanwc

(14)

The lines O2H and O2D are arcs r2 and r3 of the log-spiral. Con-
sidering the geometry of the problem

r2 ¼ H1 cos up

sin u2
(15)

r3 ¼ H1 cos up

sin u2
eu2 tanwc (16)

Therefore

W3 ¼ gcH
2
1 cos

2up

4 tanwc sin
2u2

�
e2u2 tanwc 2 1

�
(17)

The weight, W4, of the wedge AHO2 is given by

W4 ¼ gc ×AH × x2
2

(18)

where

x2 ¼ 2H1 cos up cosðup þ u2Þ
sin u2

(19)

thus

W4 ¼ 2gcH
2
1 cos u

p cosðup þ u2Þ
2 sin u2

(20)

The resultant force on planAD of the stresses in the passive Rankine
zone ADE (Fig. 4) can be written as follows (Silvestri 2003):

q1 ¼ gc AD sin up tanð902 upÞ (21)

The lever arms l3 and l4 were determined as

l3 ¼ 4H1j cos up tanwc

3 sin u2ð9 tan2wc þ 1Þðe2u2 tanwc 2 1Þ (22)

where

j ¼ e3u2 tanwcð3 tanwc cos u
p2 sin upÞ þ sinðup þ u2Þ

2 3 tanwc cosðup þ u2Þ (23)

and

l4 ¼ 22H1 cos up cosðup þ u2Þ
3 sin u2

(24)

Furthermore

y2 ¼ 2H1 sin up cosðup þ u2Þ
sin u2

(25)

AO2 ¼ 2H1 cosðup þ u2Þ
sin u2

(26)

AD ¼ H1

sin u2



cos upeu2 tanwc 2 cosðup þ u2Þ

�
(27)

Substituting Eqs. (11), (17), and (19)–(27) into Eq. (13) gives

gc ×H
3
1 sin u

p tanð902 upÞcoswc

3 sin3u2



cos u p eu2 tanwc2 cosðu p þ u2Þ

�2
.

h
1
2
cosðup þ u2Þ þ cos upeu2 tanwc

i
þ gc × j ×H

3
1 cos

3 up

3 sin3u2ð9 tan2wc þ 1Þ

¼ gcH
3
1 cos

2 up cos2ðup þ u2Þ
3 sin2u2

2
F ×H1

2
sin d cos up cosðup þ u2Þ

sin u2
2 cos d

�
aþ sin up cosðup þ u2Þ

sin u2

�� 	
(28)

Similar to the procedure followed for the composite-soil section, the force F is optimized with respect to u2.
For the wedge (ABC) section (Fig. 5), it can be written as

Ww ¼ B2

4
gcomp tanc (29)

Considering the equilibrium of the soil wedge ABC gives

qgu ¼ 2Pg

B
cos

�
c2wcomp

�
2B

4
gcomp tanc (30)

The capacity component due to unit weight of the foundation system (qgu) is obtained by combining Eqs. (12), (28), and (30)

qgu ¼ 1
2
gcomp ×B ×Ng (31)

where
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Ng ¼ 2 cos
�
c2wcomp

� F
gcompB2 cos d

�
ða2 1Þ × ðtanc2 cot u1Þ þ

�
a × eu1 tanwcomp

sin u1


�

1
3
cos

�
c2wcomp

�þ sin
�
c2wcomp

��1
3
tanc2

tanc2 cot u1
2



8>>><
>>>:

2

1
12 sin3u1

�
9 tan2wcomp þ 1

� 
e3u1 tanwcomp 2
�
3 tanwcomp sin u1 þ cos u1

��
2

tanc2 cot u1
24

1
3
cos

�
c2wcomp

�þ sin
�
c2wcomp

��1
3
tanc2

tanc2 cot u1
2



9>>>=
>>>;

2
tanc
2

(32)

and

F
B2 ¼ gc

H2
1 sin u

p tanð902 upÞcoswc

3B2 sin2u2



2cosðu p þ u2Þ þ cos u p eu2 tanwc

�2
×
h
1
2
cosðup þ u2Þ þ cos upeu2 tanwc

i
cos d½a × sin u2 þ sin up cosðup þ u2Þ�2 sin d cos up cosðup þ u2Þ

8><
>:

þ
j ×H2

1 cos
3up

3B2 sin2u2ð9 tan2wc þ 1Þ2
H2
1 cos

2up cos2ðup þ u2Þ
3B2 sin u2

cos d½a × sin u2 þ sin up cosðup þ u2Þ�2 sin d cos up cosðup þ u2Þ

9>=
>; (33)

The equilibrium equations were written to establish the bearing-
capacity components owing to surcharge and cohesion (noted qu9)
for the composite-soil and the soft-soil sections separately.

By taking moment of all forces around point O1 (Fig. 6)

SMO1 ¼ 0→P9
h
B
4
cos

�
c2wcomp

�þ sin
�
c2wcomp

�

�
�
B
4
tanc2 y1

�i
þ ccompACy1 cosc

¼ F9 cos dðm ×AH2 y1Þ þ ccomp

2 tanwcomp

�
r21 2 r2o

�
(34)

Substituting Eqs. (3), (4), (7), and (11) into Eq. (34)

P9
h
1
4
cos

�
c2wcomp

�þ 1
2
sin

�
c2wcomp

��2tanc
2

þ cot u1
�i

þ ccomp
Bðtanc2 cot u1Þ

4
¼ F9 cos d

2

h
2m ×H1

B
2 ðtanc

2 cot u1Þ
i
þ ccompB

8 sin2u1 tanwcomp

�
e2u1 tanwcomp 2 1

�

(35)

This equation was optimized by ∂F9=∂u1 5 0 to determine the
critical value of u1.

Considering the soft-soil section (Fig. 7) and by taking moment
of all forces around point O2

SMO2 ¼ 0→F9 cos dðm ×AH2 y2Þ þ AH ×F9 sin d × x2

þ cxAH × x2 ¼ q2 coswc

2

�
r23 2AO2

2

�þ cc
2 tanwc

�
r23 2 r22

�
(36)

giving

q2 ¼ q tan
�
45þ wc

2

�
þ cc

sin
�
452

wc

2

� (37)

Combining Eqs. (11), (15), (16), (19), (25), (26), (36), and (37) gives

Fig. 5. Free-body diagram for the wedge section (case of: w� 0, g� 0, q5 0, c5 0)
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H2
1 coswc q × tan

�
45þ wc

2

�
þ cc

sin
�
452

wc

2

�
2
4

3
5


cos2 upe2u2 tanwc 2 cos2ðup þ u2Þ

�

2 sin2 u2
þ cc ×H2

1 cos
2 up

2 tanwc sin
2 u2

×
�
e2u2 tanwc 2 1

�

¼ H1 ×F9 ×
�
cos d

�
mþ sin up cosðup þ u2Þ

sin u2

�
2

sin d cos up cosðup þ u2Þ
sin u2

	
2

cx ×H2
1 cos u

p cosðup þ u2Þ
sin u2

(38)

From Fig. 8, the following Eq. (39) can be derived:

qu9 ¼ 2P9
B

cos
�
c2wcomp

�þ ccomp tanc (39)

Combining Eqs. (35), (38), and (39) and after some simplifications

Fig. 6. External forces acting on the composite-soil section (case of: w� 0, g5 0, q� 0, c� 0)

Fig. 7. External forces acting on the soft-soil section (case of: w� 0, g5 0, q� 0, c� 0)
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qu9 ¼ qNq þ ccompNc (40)

where

Nq ¼ cos
�
c2wcomp

� A
B
× cos d

�
2H1 ×m

B
2 ðtanc2 cot u1Þ

�
�
1
4
cos

�
c2wcomp

�þ 1
2
sin

�
c2wcomp

��2tanc
2

þ cot u1
�� (41)

and

Nc ¼ tancþ cos
�
c2wcomp

�
D × cc

B × ccomp
× cos d

�
2H1 ×m

B
2 ðtanc2 cot u1Þ

�
þ 1
4 sin2u1 tanwcomp

�
e2u1 tanwcomp 2 1

�
2 ccomp

tanc2 cot u1
2�

1
4
cos

�
c2wcomp

�þ 1
2
sin

�
c2wcomp

��2tanc
2

þ cot u1
��

(42)

where

A ¼

H1 coswc tan
�
45þ wc

2

�
2 sin u2



cos2upe2u2 tanwc 2 cos2ðup þ u2Þ

�
cos d½m sin u2 þ sin up cosðup þ u2Þ�2 sin d cos up cosðup þ u2Þ (43)

and

D ¼

H1 × coswc

2 sin u2 sin
�
452

wc

2

� 

cos2 upe2u2 tanwc 2 cos2ðup þ u2Þ

�þ H1 cos2 up

2 tanwc sin u2
×
�
e2u2 tanwc 2 1

�þ cx ×H1 cos up cosðup þ u2Þ
cc

cos d½m sin u2 þ sin up cosðup þ u2Þ�2 sin d cos up cosðup þ u2Þ (44)

From Fig. 9, the angle of c is determined as

c ¼ u1 þ wcomp (45)

Fig. 8. Forces acting on the triangular wedge ABC (case of: w� 0, g5 0, q� 0, c� 0)
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In this analysis, the angle up was located within soil mass away
from the reinforced zone; accordingly, it was taken as 45�2w=2 to
represent Rankine passive-pressure zone. This also was confirmed
by the results of the numerical model of Hanna et al. (2013). The
value of dwas taken equal to wc, as it is located on the slip line of the
log-spiral curve in the composite soil, and cx was taken equal to
ccomp. Furthermore, after several iterations, the location of the force
F for the cases of qgu and qu9was taken as ð2=3ÞAH for the case of qgu
and ð1=2ÞAH for the case of qu9.

To estimate the minimum ultimate-bearing-capacity components
(qgu and qu9) of the foundation system, the forces F and F9 were
optimized with respect to the angle u of the log-spiral curves. The
procedure was applied individually for the terms qgu and qu9 by
assuming an arbitrary value of the ultimate load per unit area, then by
determining the angle of the log-spiral in the composite-soil part (u1)
using the Newton-Raphson numerical technique ½∂ðF or F9Þ=∂u1
5 0�. The angle c of the wedge was calculated using Eq. (45). A
similar procedure was followed to determine the angle of the log-
spiral curve for the soft-soil part (u2) by considering ∂ðF or F9Þ=∂u2
5 0. The value of the term qgu or qu9 was obtained, by trial and error,
when the difference between two subsequent values of forcesF orF9
was equal to 60.01. The mathematical calculations were coded in
a computer program written in Visual Basic 6. The ultimate bearing
capacity of the system is then given as follows:

qu ¼ qgu þ qu9 (46)

The produced bearing-capacity factors (Ng, Nq, and Nc) in this
investigation were grouped and presented in the form of design
charts in Figs. 10–12 for gcomp=gc from 1 to 2 and for ccomp=cc from
0.2 to 0.8, which were believed to cover a wide range of practical
cases. Furthermore, linear interpolation may be used for inter-
mediate values. The pronounced effect of native soil strength on
the bearing capacity of the ground can be seen in these figures.
Notably, owing to the increase of the unit weight of the reinforced
area, the driving force of the system increases and the bearing ca-
pacity decreases. Furthermore, an increase in the strength of the
native soil increases the resistant force against the foundation load
and, accordingly, increases the bearing capacity of the system.

Thus

qu ¼ 1
2
gcompBNg þ qNq þ ccompNc (47)

where ccomp, gcomp, and wcomp are the cohesion, unit weight, and
angle of shearing resistance of the equivalent soil/column system
(composite system) and are given as follows:

ccomp ¼ Ascs þ ð12AsÞcc (48)

gcomp ¼ Asgs þ ð12AsÞgc (49)

and

As ¼ replacement ratio�
As ¼ Acol

�
s2 for a square-column pattern

�
(50)

where Acol and s 5 cross section of the column and the spacing
between columns, respectively; and cs and cc 5 cohesions of col-
umn’s material (stone) and soil (clay), respectively. In this analysis,
the cohesion for the stone material (cs) was assumed to be zero; and
gs and gc 5 unit weights of column and soil materials, respectively.

Mohr-Coulomb failure criterion for the composite system is
represented as

tcomp ¼ Asts þ ð12AsÞtc (51)

Consequently, the angle of shearing resistance of the composite
system can be given by

wcomp ¼ tan21½Asms tanws þ ð12AsÞmc tanwc� (52)

where

ms ¼ n
1þ ðn2 1ÞAs

(53)

mc ¼ 1
1þ ðn2 1ÞAs

(54)

tcomp, ts, and tc 5 shear strength of the composite soil, stone
column, and the soft soil, respectively;ws andwc 5 angle of shearing
resistance of the material of the stone column and the soft soil,
respectively; and n 5 stress ratio, which is defined as the ratio
between vertical stress in the granular material and the cohesive soil.

Mitchell andKatti (1981) suggested that n is in the range of 2 to 6
and usually has the value of 3 to 4 for stone columns in clay, which is
in agreement with the range of 2 to 5 reported by Barksdale and
Bachus (1983) and the range of 2 to 4 reported by Fattah et al. (2011).
McKelvey et al. (2004) reported that, at higher loadings, the value of

Fig. 9. Determination of the wedge angle
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Fig. 10. Ng versus angles of shearing resistance for the reinforced ground: (a) gcomp=gc 5 1: (b) gcomp=gc 5 1:2; (c) gcomp=gc 5 1:4;
(d) gcomp=gc 5 1:6; (e) gcomp=gc 5 1:8; (f) gcomp=gc 5 2

© ASCE 04014043-10 Int. J. Geomech.
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n approaches 3. Han and Ye (2002) reported that the stress-
concentration ratio is equal to the ratio of the volumetric com-
pressibility coefficient of the soil to that of the stone columns;
whereas, based on finite-element study, Ambily and Gandhi (2007)
presented a figure showing that the stress-concentration ratio can be
estimated based on the ratio of column spacing/column diameter,
undrained shear strength of soft soil, and the modulus of elasticity
ratio of stone columns to the soft soil.

Enoki et al. (1991) proposed another equivalent soil model, which
considers the anisotropy for the ground reinforced with stone col-
umns. Accordingly, those authors derived the following equations:

wcomp ¼ p
2
2 2 tan21 ffiffiffiffiffiffi

Ka
p

(55)

ccomp ¼ ð12AsÞcc
ffiffiffiffiffiffi
Ka

p
(56)

where
Fig. 11. Nq versus angles of shearing resistance for the reinforced
ground

Fig. 12.Nc versus angles of shearing resistance for the reinforced ground: (a) ccomp=cc 5 0:2; (b) ccomp=cc 5 0:4; (c) ccomp=cc 5 0:6; (d) ccomp=cc 5 0:8
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Ka ¼ 12 sinws

1þ ð2As 2 1Þsinws
(57)

The method proposed by Tan et al. (2008) was used to convert
the plane-strain condition used in this model to the real three-
dimensional (3D) condition where the width of the stone columns
is adjusted to Br2c=R

2, where rc, R, and B are column and cell radius
in the actual case and equivalent plane-strain width, respectively
(Fig. 13). For square-pattern columns, R5 1:13B. The plane-strain
model was used previously to model the group of stone column—
reinforced ground by Madhav and Vitkar (1978), Priebe (1995),
and Deb et al. (2007), without any 3D conversion.

The concept of replacing a soil/column systemwith an equivalent
soil was used before by researchers such as Barksdale and Bachus
(1983), Priebe (1995), Bouassida et al. (1995), Lee and Pande
(1998), and Hassen et al. (2010, 2013).

Column-Installation Effect

During the construction of stone columns, it is expected that soil
adjacent to the columns undergoes some disturbances and smear
effect, which may influence the performance of the stone columns.
Weber et al. (2010) divided the disturbed area into three zones:
(1) penetration zone, where the sand particles are squeezed into
the clay; (2) smear zone, where soil particles experience signi-
ficant reorientation; and (3) densification zone, where the structure
of the clay does not appear to change but compaction of the clay is
measurable.

Fig. 13. Conversion of stone columns from (a) 3D to (b) plane strain
(Reprinted from Tan et al. 2008, © ASCE)

Table 1. Comparison of Ng between the Results Obtained by the Present Theory and the Classic Theories for Homogeneous Soils

Angle w
(degrees)

Bearing capacity factor (Ng) Angle c (degrees)

Present
study

Vesic
(1973)

Chen
(1975)

Terzaghi
(1943)

Soubra
(1999)

Frydman and Burd
(1997)

Bouassida and Jellali
(2002)

Present
study 451w=2

15 2.90 2.65 2.94 1.52 1.95 51.6 52.5
16 3.39 3.06 3.42 1.82 2.32 3.82 51.7 53.0
17 3.94 3.53 3.98 2.18 2.75 51.8 53.5
18 4.51 4.07 4.61 2.59 3.25 52.0 54.0
19 5.17 4.68 5.35 3.07 3.82 52.3 54.5
20 5.95 5.39 6.20 3.64 4.49 52.6 55.0
21 6.82 6.20 7.18 4.31 5.26 52.9 55.5
22 7.83 7.13 8.32 5.09 6.15 53.3 56.0
23 9.00 8.20 9.64 6.00 7.19 53.7 56.5
24 10.37 9.44 11.18 7.08 8.40 54.1 57.0
25 11.95 10.88 12.97 8.34 9.81 54.6 57.5
26 13.78 12.54 15.05 9.84 11.46 16.61 55.0 58.0
27 15.92 14.47 17.50 11.60 13.39 55.5 58.5
28 18.43 16.72 20.36 13.70 15.67 56.0 59.0
29 21.37 19.34 23.72 16.18 18.35 56.5 59.5
30 24.85 22.40 27.67 19.13 21.51 21.70 57.0 60.0
31 28.91 25.99 32.34 22.65 25.26 57.5 60.5
32 33.76 30.22 37.86 26.87 29.71 58.0 61.0
33 39.47 35.19 44.41 31.94 35.02 58.6 61.5
34 36.33 41.06 52.20 38.04 41.37 59.1 62.0
35 54.49 48.03 61.49 45.41 49.00 54.20 59.6 62.5
36 64.33 56.31 72.62 54.36 58.21 60.7 63.0
37 76.22 66.19 85.98 65.27 69.35 60.7 63.5
38 90.61 78.03 102.10 78.61 82.91 113.61 61.3 64.0
39 108.15 92.25 121.60 95.03 99.48 61.8 64.5
40 129.63 109.41 145.30 115.31 119.84 147.00 163.5 62.1 65.0
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Table 2. Comparison of Nq between the Results Obtained by the Present Theory and the Classic Theories for Homogeneous Soils

Angle w
(degrees)

Bearing capacity factor (Nq) Angle c (degrees)

Present
study

Vesic
(1973)

Terzaghi
(1943)

Silvestri
(2003)

Soubra
(1999)

Chen
(1975)

Bouassida and Jellali
(2002)

Present
study 451w=2

15 3.96 3.94 4.45 3.95 3.94 52.5 52.5
16 4.33 4.34 4.92 4.34 4.34 4.33 53.0 53.0
17 4.79 4.77 5.45 4.78 4.77 53.5 53.5
18 5.27 5.26 6.04 5.27 5.26 54.0 54.0
19 5.79 5.80 6.70 5.81 5.80 54.5 54.5
20 6.39 6.40 7.44 6.41 6.40 55.0 55.0
21 7.06 7.07 8.26 7.08 7.07 55.5 55.5
22 7.82 7.82 9.19 7.84 7.82 56.0 56.0
23 8.65 8.66 10.23 8.68 8.66 56.5 56.5
24 9.59 9.60 11.40 9.62 9.61 57.0 57.0
25 10.64 10.66 12.72 10.91 10.69 10.66 57.5 57.5
26 11.87 11.85 14.21 12.14 11.88 11.86 11.85 58.0 58.0
27 13.19 13.20 15.90 13.36 13.23 13.20 58.5 58.5
28 14.72 14.72 17.81 15.10 14.76 14.72 59.0 59.0
29 16.44 16.44 19.98 16.87 16.49 16.45 59.5 59.5
30 18.40 18.40 22.46 18.89 18.46 18.41 60.0 60.0
31 20.63 20.63 25.28 21.20 20.70 20.64 60.5 60.5
32 23.18 23.18 28.52 23.83 23.26 23.18 61.0 61.0
33 26.06 26.09 32.23 26.84 26.19 26.10 61.4 61.5
34 29.44 29.44 36.50 30.30 29.56 29.45 62.0 62.0
35 33.27 33.30 41.44 34.29 33.44 33.31 62.5 62.5
36 37.75 37.75 47.16 38.91 37.93 37.76 63.0 63.0
37 42.95 42.92 53.80 44.25 43.13 42.93 63.5 63.5
38 48.93 48.93 61.55 50.49 49.19 48.95 48.93 64.0 64.0
39 55.95 55.96 70.61 57.77 56.28 55.97 64.5 64.5
40 64.19 64.20 81.27 66.31 64.58 64.21 64.19 65.0 65.0

Table 3. Comparison of Nc between the Results Obtained by the Present Theory and the Classic Theories for Homogeneous Soils

Angle w
(degrees)

Bearing capacity factor (Nc) Angle c (degrees)

Present
study

Vesic
(1973)

Terzaghi
(1943)

Soubra
(1999)

Chen
(1975)

Bouassida and Jellali
(2002)

Present
study 451w=2

15 10.96 10.98 12.86 10.99 10.98 52.5 52.5
16 11.62 11.63 13.68 11.65 11.63 11.63 53.0 53.0
17 12.34 12.34 14.60 12.36 12.34 53.5 53.5
18 13.08 13.10 15.12 13.13 13.11 54.0 54.0
19 13.92 13.93 16.57 13.96 13.94 54.5 54.5
20 14.82 14.83 17.69 14.86 14.84 55.0 55.0
21 15.79 15.82 18.92 15.85 15.82 55.5 55.5
22 16.88 16.88 20.27 16.92 16.89 56.0 56.0
23 18.02 18.05 21.75 18.09 18.05 56.5 56.5
24 19.30 19.32 23.36 19.37 19.33 57.0 57.0
25 20.71 20.72 25.13 20.77 20.73 57.5 57.5
26 22.24 22.25 27.09 22.32 22.26 22.25 58.0 58.0
27 23.93 23.94 29.24 24.01 23.95 58.5 58.5
28 25.80 25.80 31.61 25.88 25.81 59.0 59.0
29 27.86 27.86 34.24 27.95 27.87 59.5 59.5
30 30.11 30.14 37.16 30.24 30.15 60.0 60.0
31 32.67 32.67 40.41 32.79 32.68 60.5 60.5
32 35.46 35.49 44.04 35.62 35.50 61.0 61.0
33 38.60 38.64 48.09 38.79 38.65 61.4 61.5
34 46.13 42.16 52.64 42.34 42.18 62.0 62.0
35 46.12 46.12 57.75 46.33 46.14 62.5 62.5
36 50.55 50.59 63.53 50.82 50.50 63.0 63.0
37 55.69 55.63 70.01 55.91 55.65 63.5 63.5
38 61.36 61.35 77.50 61.68 61.37 61.35 64.0 64.0
39 67.87 67.87 85.97 68.25 67.89 64.5 64.5
40 75.31 75.31 95.66 75.77 75.34 75.31 65.0 65.0
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Elshazly et al. (2008) reported the average of postinstallation
horizontal to vertical stress ratio, K, of 1.2 based on numerical
modeling and validation with the experimental work, which is
close to the value of 1 proposed by Priebe (1995). Egan et al.
(2009) reported that, at this time, it does not appear to be an
acceptable, rigorous means to account for the column-installation
effect. Weber et al. (2010) recommended the need to study the
effect of the remolded zone on possible reduction in bearing
capacity of the stone/soil system. Utilizing finite-element tech-
nique, Castro and Karstunen (2010) suggested a rough 15–20%
reduction of the undrained shear strength of the soil owing to the
column-installation effect. McCabe et al. (2009) reported two
studies, the first of which suggested an increase in horizontal
stress whereas the second of which stated the disappearance of the
increase in the horizontal stress in the soil once the installation of
the stone columns was complete. Six et al. (2012) recommended
increasing the efficiency of the stone columns by increasing the
value of K as a result of the installation effect; the decrease of the
clay undrained strength owing to the smear effect, however, was
not discussed in the paper. Indraratna et al. (2013) reported that
the effect of clogging influences the pattern of settlement at the
initial stage of consolidation.

In this study, Castro and Karstunen’s (2010) recommendation
was adopted in developing the present theory.

Validation

The theory presented in this paper was validated first with the classic
theories for shallow foundation on homogenous soil. In this case, the
cohesion and the angle of shearing resistance of the composite soil
and the soft soil were replaced by the values for the homogenous
soil. The values ofNg, Nq, and Nc were calculated for different values
of w (Tables 1–3). Notably, good agreements between the predicted
and values for the bearing-capacity factors Nc and Nq were found.
Furthermore, the proposed value for the wedge angle [Eq. (45)] was
in good agreement with the angle 45�1w=2, whichwas proposed in
the classic theories for homogeneous soils by several researchers.
For the case of Ng, the values predicted by the proposed theory were
slightly higher than those of Vesic (1973) and Soubra (1999) and

lower than those of Chen (1975) and Bouassida and Jellali (2002).
Although these discrepancies are within the acceptable range in the
field of geotechnical engineering, they may be attributed to the
difference in the values assumed for the wedge angle c.

Furthermore, the ultimate bearing capacity predicted by the
proposed theory [Eq. (47)] was comparedwith laboratory test results
and the numerical data available in the literature for the case of
a group of stone columns installed in soft soil. The results of this
comparison are presented in Table 4, where good agreement is
apparent.

Conclusion

An analytical model was developed for the case of a group of stone
columns in soft soil subjected to general shear failure. The model is
capable of predicting the ultimate bearing capacity of the reinforced
ground. The following may be concluded from this study:
1. The limit-equilibrium technique is a viable method of analysis

to model the case of soft soil reinforced with stone columns.
2. The failure mechanism of the stone columns and the surround-

ing soil was successfully idealized by a wedge, two log-spiral
curves, and a passive Rankine section.

3. The bearing capacity of the system can be determined by using
the general bearing-capacity equation of Terzaghi (1943) and
the bearing-capacity factorsNg,Nq, andNc given in this paper.

4. The results produced by the present theoretical model com-
pared well with the theories available for homogenous soil.

5. The results produced by the present theoretical model com-
pared well with the experimental and numerical results avail-
able in the literature for reinforced earth.

6. Design charts are presented for the prediction of the bearing-
capacity factors Ng, Nq, and Nc for the case of reinforced soil.
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Table 4. Comparison between the Ultimate Bearing Capacities of Ground Reinforced with a Group of Stone Columns Predicted by the Present Theory and
Available Experimental Results and Numerical Data

Number
cu or c
(kPa)

ws

(degrees)
wc

(degrees)
gc

(kN ×m3)
gs

(kN ×m3) As (%) B (m) q (kPa)
qu Measured

(kPa)
qu Present
theory (kPa)

1a 32 34 0 14 17.3 24 0.09 0 272 265
2a 20.5 34 0 9.9 20.3 40 0.05 0 160 176
3b 10.5 30 0 13.1 15.47 30 0.1 0 79 85
4b 11.5 30 0 13.1 15.47 30 0.1 0 75 93
5c 5 45 25 16.0 21 35 2.5 3.2 800 870
6c 5 45 12 13.0 21 35 2.5 2.6 352 334
7c 5 40 13 13.0 19 35 2.5 2.6 280 293
8c 5 45 15 14.0 21 35 2.5 2.8 420 392
9c 15 45 15 14.0 21 35 2.5 2.8 660 618
10c 5 40 13 13.0 19 30 2.62 2.6 275 261
11c 10 40 13 13.0 19 30 2.62 2.6 366 347
12c 15 40 13 13.0 19 30 2.62 2.6 458 433
13c 5 45 12 12.0 21 35 3 2.6 365 350
14c 12 45 12 12.0 21 35 3 2.6 508 491
aData from experimental work of McKelvey et al. (2004).
bData from experimental work of Hu (1995).
cData from numerical study of Hanna et al. (2013).
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